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PREFACE 


The material of tliis book is the outgrowth of a course of lectures 
which I have given from time to time at Harvard Universit}’’ on the 
subject of Dirichlet series and Laplace integrals. It is designed for 
students who have such a knowledge of analysis as might be obtained 
by reading the more fundamental parts of the familiar text of E. C. 
Titchmamh on the theory of functions. I have taken pains to include 
proofs of results which such a student might not know even though 
they might be available elsewhere. For example, the first chapter is 
devoted largely to the stud}' of the Riemann-Stieltjes integral. Al- 
though this material is in constant use by analysts it seems not to have 
been collected in convenient form. There are only a few instances 
where I have had to depart from this aim of having the book complete 
in itself. If he desires, the student may omit such parts without losing 
the fundamental ideas. ■ 

I wish to express here my gratitude to Professor G. D. Birkhoff for 
suggesting the WTiting of this book. I also wish to acknowiedge my 
indebtedness to Professor G. H. Hardy. For it was his course of lec- 
tures delivered in Princeton University in 1928 that first aroused my 
interest in the type of analysis here presented. M}- thanks are also 
due to Professor Marston Morse and his committee for requesting the 
inclusion of the book in this series. 

I gratefully acknowiedge the aid provided by the Milton Fund of 
Harvard University for the preparation of manuscripts. Finally, I wish 
to extend my thanks to the John Simon Guggenheim Memorial Foun- 
dation. It was during the year in wiiich I held a Guggenheim Fellow'- 
ship that I w'orked out much of the material appearing in the last 
chapter. 


D. V. W. 
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CHAPTER I 

THE STIELTJES INTEGRAL 
1. Introduction 

In this chapter we shall collect certain results of a general nature 
which we shall need later for the study of the Laplace transform. We 
shall give proofs of the more fundamental results, but for the proofs of 
a few theorems, rarelj’’ used in the text, we shall merelj^ refer the reader 
to a source. We begin with a definition of a Stieltjes integral. 

The importance of the Stieltjes integral for our purposes is that it 
includes finite or infinite series as well as the Lebesgue integral. For 
example, the Laplace integral in classical form is 

(1) /(s) = Te-'VWdf. 

Jo 

A Dirichlet series has the form 

(2) f(s) = i: 

The analogy between the two is apparent. The discrete set of exponents 
X„ in the series becomes the continuous variable t of the integral; the 
sequence of coefficients a„ corresponds to the function ip{t). As we shall 
see, both series and integral are included in the Laplace-Stieltjes integral 

(3) fis) = f e-‘^ da(t). 

Jo 

If a(i) is absolutelj'^ continuous, this becomes the Laplace integral (1); 
if a(() is a step-function, it becomes a Dirichlet series (2). If a(l) is 
an increasing continuous, function which is not absolutely continuous, 
the integral (3) defines a class of functions /(s) which cannot be expressed 
either in the form (1) or (2). 

2 . Stieltjes Integrals 

We now define the Stieltjes integral.* Let a(x) and f(x) be real 
functions of the real variable x defined for a ^ x ^ b. Denote by A 
a subdivisio7i of the interval (a, h) by the points xo , Xi , ■ • ■ , x„ , where 

a = Xa < xi < ... < x„ = 6. 
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By the norm 4 of A we mean the latest of the numbers 

Xpn — X, (i = 0, 1, , n — 1) 

Definition 2 1/ the bmtl 

lim 2 

where 

S £t S Ih -1 (« = 0, 1, , n - 1), 

eartsfs independently of the manner of shMtvision and of the choice of the 
numbers £, , then the hmi{ is caHnf the Slieltjes integral of f{x) with respect 
to a(x) from a lob and is denoted by 

(1) / f(x)da(x) 

The definition is easily extended to include complex functions Thus 
if 

/W-/i(x) + «/.(x) 

a{z) = at,(i) + io,(i) 

where fi{x), fi{x), fti(z), ajfx) are real, wc define the integral (1) by the 
equation 

f'f(x)da(x) = fj,(x)da,(x) - fji(x)da,{x) 

+ *J fsU)dai{x) +ij* /,(z)da,(T), 

provided all of the integrals on the right exist 
The integral (1) reduces to the Riemann integral if a(x) = z For 
this reason it is sometimes called the Riemann-Stieltjes integral m 
contradistinction to the Lebe^gue^tieltjes integral which we shall 
mention later 

Introduce the following notation • 

Mk = ub f[x) 

m* = lb /(z) 

(2) 5, = gJlf.t«(^*+0-«(x*)l 

Si =» 2 »n»Ia(zM.i) - a(z*)) 

• We abbreviate lean upper tound u b &ad greateet tower bound by 1 b 
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Theorem 2. and a{x) are real hounded functions ina ^ x ^h 

and a{x) is in addition non-decreastng, then a necessary and sufficient 
condition that (1) should exist is that 

(3) lim (Sa — sa) = 0, 

2-*0 

independently of the manner of subdivision. 

The condition is necessa^J^ For suppose (1) exists and has the value 
I. Let 6 be an arbitrary positive number. Then it is possible to de- 
termine n and the so that 

0 ^ M, - /(^O <6 (A; = 0, 1, 2, . . . , n - 1). 


Hence 

A=0 

^ ^/fe)[«(n+i) — a(a:ji)] + e[aib) — a(a)], 

i-O 

so that 

7 ^ Ijm (Sa g lim iSa ^ / -f f[a{b) — aCa)], 

i-»0 J—O 

lim Sa = 7. 

a-»o 

In a similar wa}' 

lim Sa = 7, 

so that (3) is necessarj'. 

Conversely, let the condition (3) be satisfied. Set 

n— 1 

o’A = S/fe)[a(xi+i) — a(a;0]. 

i=0 

Then 


Sa ^ o-A ^ (Sa 

To show that o-a approaches a limit we need onlj'^ show, by virtue of (3), 
that Sa approaches a limit. Given e > 0, we wish to show that there 
corresponds a number do such that if Sa. and Sa, are any two sums (2) 
for which the norms 5i and 82 are both less than So then 



THE STIELTJES INTEGRAL 


[Cn I 


Let Aj be a 5ubdi\ ision of (a 6) all the po nts x mvoh ed m the 
svibdiviston Ai and A Then 

sj SSa,< 5i 
Sit S Si, 

By (3) v:e can determine so that 

Sa — *4 < 2 (5 < &) 

Hence for ti and less than <■ 

0 ^ Si - Sa. < * 

0 ^ 54, - 54. < ‘ 

ISa — Sa, I < t 

This completes the proof of the theorem 

3 Funehoas of Bousded Vamhoo 
Let us consider certain properties of non-dccreasing functions and of 
functions of bounded \anstion 

DEmmov 3a £</ a(i) be non-decreasing tn a 5 * ^ 6 A point 
Xi of Ihu interval is a point of iniartabtUty of a{t) if (here exists a tiro* 
sided lone-«drd »/z ts a orh) nnjjhborhood of Xt tn which «(*) i* constant 
DEmmoN 3h A point of incrtase of a non-decrrosinj /unchon rs 
one which is not o point of tmarwbtftly 
Theorem 3o If a noa-decrfosin^ function has a finite number of 
points of increase it is disconfmuouj at these points and constant brttreen 
them It IS (hen a sUp-funclion 
The proof is simple and is omitted 

Re shall ha\e frequent use for functions of bounded \anation A 
complex function is of bounded variation il and ooh if its real and 
imaginary parts are of bounded variation If a{x) is of bounded lana 
tion m a S 2 i b wc denote the total \anaUon of afi) in the inters al 
a i X < t where < < 6 b\ 7,«) or bj V [aU The foUon'ing familiar 
results* frequently nnll be useful 

TavoaEM 3b 1/ a(i) isareal/itndioit oj bounded lariafioii in (a b) 
then there exist two functions a fx) « (x) xihith are non nepafiie non 
* Conipare E C Titchmarsh {1932} p 3S3 
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decreasing ai^d bounded in (a, h), rohich vanish at x = a, have the same 
pomts of continuity and discontinuity as a{x), and are such that 

a{x) — a{a) = ai(x) — a 2 {x) 

F„(x) = a,(x) + a^ix) (a ^X^ b). 

Theorem 3c. If ai(x) and a^ix) are monotonic and boiwded in (a, b), 
and if a(x) = ai(x) + o! 2 (x), then 

Va(x) ^ 1 ai(x) — ai(a) [ + 1 « 2 (x) — a 2 (a) | {a ^ x ^ b). 

4. Existence of Stieitjes Integrals 

We now consider an important case in which the Stieitjes integral 
exists. 

Theorem 4a. If f{x) is co7itinuous and a(x) is of bomided variation 
in (a, b), then the Stieitjes integral of f{x) xoith respect to a(x) from a to b 
exists. 

It is clearly no restriction to assume that fix) and q;(x) are real. By 
Theorem 36 we may also assume that a{x) is non-decreasing and 
bounded. We may now apply Theorem 2. Since fix) is uniformly 
continuous in a ^ x ^ 6, to an arbitarary positive e there corresponds 
a So such that 

Ml — rm, < e (fc = 0, 1, • • • , n — 1) 
if the norm S is less than Sq . Hence 

0 ^ »Sa — Sa ^ e[a(6) — a(a)] 

for such a subdivision. It thus becomes clear that the condition §2 (3) 
is satisfied, so that our result is established. 

Theorem 46. If fix) is of bounded variation and a(x) is continuous 
in (a, 6), then the Stieitjes integral of fix) loith respect to a(x) from a to 
6 exists and 

(1) f fix) daix) = fib)aib) ~ fia)aia) - f a(x)df(x). 

Jo 

To prove this choose an arbitrary subdi^^sion A of (o, 6) and form the 
sum 


ffA = Z/fe)[a(Xi+i) - a(Xi)] ixi g ^ Xfc+i). 
By use of partial summation we have 

Tl-l 

■ta = g o-(x,)[/(f J - fi^^j)] - a(a)[/fe) - f(a)] 


«(6)[/(6) -/($„_i)] -f /(6)a(6) -fia)aia). 
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As the maxunum of the differences xw.i — Zi (fc = 0, 1, • • • , n - 1) 
approaches aero so too will the maxunum of the differences fo — a, 
^ ^ , 6 — Hence by Theorem 4a era will 

approach 

<.M dni) + /(iww - /(o)»(.) 

as the norm of A approaches aero This proves the theorem 
Equation (1) is called the formula for inteffration by parts for the 
Stieltjes integral 


6. Properties of Sbeltjes Integrals 

We non collect certain useful properties of the Stieltjes integral The 
functions f(x) and a(z) In the following theorems are complex unless 
otherwise stated It is obMous that 

j* daix) — «(6) — a(e), 

and that 


If a{x) u constant 


Theoreu 6a 7/ /i(z) and /*(z) are contmuoui, if ai{x) and cn{x) are 
of bounded variation in a g z £ b, and if ki. It , h ,lt are any constants, 
then 




= E £ k,l, J /.(z) da,{x) 


Theorem 5I> If fi^) is continuous and a(x) is of bounded variation 
in o S I S 6, then for any etna < x < b 


(2) fix) dx(x) - £ Slf) dx(x) + / fix) dxlx) 

(3> UjWdowisf llWldV.W S Maxl/WlT.m 

'•'« I tsisl 
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To prove (3) one needs the more obvious property that if fix) and 
gix) are real and continuous \vith/(x) g gix), and if a(x) is non-decreas- 
ing, then 

[ f(x)da(x) ^ f gix)da(x). 

Ja 

The first inequality (3) is sometimes written in the form 
If /(x)dQ:(x)| g f |/(x) I ida(x) I 

1 Ja I Ja 


In connection with (2) we observe that the existence of the two 
integrals on the right does not imply the existence of the one on the left. 
For example, if 

fix) = I (0 ^ X g 1) a(x) = 1 (0 g X < 1) 


we have 


but 


= 0 (1 < X ^ 2) =0 (1 ^ X g 2), 


+ f /(x)da(x) = f /(x)da(x) = 0; 
Jo Ji 


f /(x)da(x) 

•'0 , 

cannot exist since fix) and a(x) have a common point of discontinuity 
at X = 1. The defining limit may be made to have several different 
values by different choices of the points f, . 

Theorem 5c. If fix) is continuous and a(x) is of hounded variation 
171 a ^ x b, then 


Fix) — f fit) dait) (a g X g 6) 

is also of hounded variation in a % x h and 
Vrix)^ f \fit)\\dait)\ 

^ a 

Moreover 


F(x-\-) - Fix) = /(x)[a(x+) - Q;(a;)] (o ^ x < b) 
Fix) - Fix-) = /(x)[q!(x) - a(x-)] (a < X g h). 
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In the definition (4) of F{x) it is of course assumed that 

- f - 0 

It must not be supposed hone^er thatF(a+-) is also zero as in the case 
of the Lebesgue integral The example /(/) = 1 as well as equation (5) 
shows that this is not always the case We shall use the following 
notation 

F(b) - F(o+) - 

F(6-) - f 

Theorem 5d If the /undiens 

/.(r) (n = 0 1 2 ) 

are continuous a(x) of bounded coriatiOA m a g z S h and if the senes 

E/.(x) 

conurges uniformly to fix) on that tnUnal then 

/(i) da(z) - 2 / f..{x)da{x) 

The proof is similar to that of the corresponding theorem for Riemann 

6 The Sheltjes Integral as a Senes or a Lebesgue Integral 
consider in this section certain useful special cases of the Stieltjes 
integral It is clear from the definition of the integral that if o;(z) is a 
function with a continuous first denvatiAe and f[x) is continuous in 
a S a; S t then 

j fix}da(x)~ j f{x)a(x)dx 

On the other hand it a(z) k a step-function 

o(^) = 0 (a S X g zo) 

= Co + Oi -f -I- «* 1 (z* 1 < z < xt A = 1 2 n) 

a(x) = Co -H Cl -b + a, (z« ^ x S 6) 

a S zo < Zi < zj < 


< X. ^ 6 
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then 

-6 n 

(1) / /(x) da{x) ~ ajixt). 

J a A.-*0 

Note that we have not defined a(a;) at those points .rt which cannot coin- 
cide with a or h. The definition of a(x) at such points may be made 
in an arbitrary fasluon vdthout affecting (1). 

It was stated earUer that the integral of a continuous function with 
respect to an absoluteb^ continuous function is a Lebesgue integral. 
Let us prove this result. 

Theorem 6a. If f{x) is contwmiis and <p{x) belongs* to L in 


a 


^ X ^ b, and if 


a{x) = J (p(t) dt (a ^ c ^ b; a ^ X ^ b), 


then 

( 1 ) 


f fix) dcxix) = f fix)^ix) dx = f f(x)a'(x) dx. 

•'o 


Here the Riemann-Stieltjes integral (1) clearly exists since a(x) is of 
bounded variation on (a, b). The integral on the right of (1) exists as 
a Lebesgue integral. For an arbitrary subdivision A of norm 5 we have 


O-A 

rb 


^ r^k+1 

fA = /(xi) / (pit) dt 

A=0 Jxt. 

fXk+i 

- J m<pit)dt = i: [fixk) -mut) 

Ja i=0 


dt 


I dt 


1 0-A - f f{t)<pit) dt max \fixf) - fit) | f ] ^(0 | 

f\^it)\dt, 

where is the largest of the numbers 

* function Hx) belongs to (p > 0) in a g x g 6 if measurable there and if 

J 1 v>(x) [p dx < CO . 

11 ahout explicit statement xee assume that all fxmetions employed are measurable. 
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By the uniform conimuitj on a £ x £ b it follows that il/i tends 

to zero -with 5 Since Oi tends to thetefUvand side of (1) as 5 approaches 
zero our theorem is proved 
An important result of a similar nature follows 
Theorem &b JJ j[x) and < f { x ) we nmtiwuous orA ts beundsd 
varwhon tn o ^ z ^ b and tf 

0{x) = j 9{0da[t) (o^xSb aSc^b) 

then 

{'Kxjdfiz) = J^/(xWi)da(i) 

It 13 clear that both integrals exist b> Theorem 4a and Theorem 5c 
Then if 

ffi“ 2 /(*-*)/ «’(Odot(() 

we have as in the previous proof 

I « - /»Wl) Ml) I S J/a j‘ i 1.(0 1 1 Ml) I 

from wh ch the conclusion is evident 

7 Further Properties of Stieltjes Integrals 
Let us investigate to what extent the definition of /(x) or of a(x) can 
be changed rwthout affecting the value of 

( 1 ) fnt)Mx) 

Theorem 7o If fix) i» ctmfmuvus and a(x) is of bounded tartaiion 
tna i X S b and tf a(x) takea on a constani rafue c of a set of points E 
which ts dense in (a 6) and wbteh titefudes the points o ond b then 

J* /(x) d<*(x) = 0 

This follows at once from the definition of the integral The limit 
of Definition 2 exists independently of the manner of subdivision 
Hence we may choose the i* in E so that the limit is surely zero 
As a result of this theorem wc see that the value of (1) is unchanged 
if the definition of a(x) is altered at a countable set of points of the 
mterval a < x < b provided a(x) remains of bounded variation 
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Theorem 76. If ai(*) and a 2 {x) are of bounded variation ina 
and differ by a constant c in the set E of Theorem 7a, and if fix) is con- 
tinuous in a ^ X S b, then 

J f(x)dai(x) = j f(x)da 2 (x). 

The proof is ob\aous. 

Theorem 7c. If a(x) is non-decreasing with at least n + 1 points of 
increase, if fix) is continuous and non-negative with at most n zeros in 
a ^ X ^ b, then 

f fix) daix) > 0. 

Jq 

There is at least one point of increase Xo of a(x) at which fix) is not 
zero. Suppose a < Xo < 6. Then for all positive numbers 6 sufficiently 
small 


a(xo + 5) ~ eci^o — 5) > 0 (a < Xo — S < Xo + 6 < 6). 
Hence 

I fix) daix) ^ / fix) daix) 

Ja Jxa-S 

^ ' min fix) [a(xo + 5) — a(xo — 6)]. 

By the continuity of fix) the right-hand side of this inequaUty can cer- 
tainly be made positive by choice of 5. An ob\'ious modification of 
the argument gives the result when xo is a or 6. . 

The application of this theorem usually made is to the case in which 
a(x) has infinitely many points of increases and fix) has but a finite 
number of zeros. 


8. Normalization 

We now introduce the notion of a normalized function of bounded 
variation. 

Definition 8. If a(x) is of bounded variation in a ^ x ^ b, it is 
said to be normalized there if 

a(a) = 0 


a(x) = 


a(x-0 + a(x — ) 


2 


(a < X < 6). 
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■ft e observe that normalizalion of a function <*( 1 ) does not change the 
value of the integral of a continuous function vnth respect to «(z) 
More preciseb ^'eha\e 

Theorem 80 // f(i) rs (onlinnoua and a(x) ts of bounded variation 
tn o < I S b then there exists u normaftzed /unction a*(i) of bounded 
toriation in 0 S z i b «ucA tAot 

£;(i)daM - 

In fact we may define «•(*) as follous 
a-ia) = 0 

+ {a < X < b) 

a*(W = «(b) - «(o) 

Then it is clear that a*(i) is normalized and by Theorem 7o that 
/{r)dla(x) - a(fl) - «*(x)) - 0 
from i^hieh our result follows 

Theorem 86 ///(x) w emtinuoua and o(x) t» 0 normaltted function 

of bounded lartation tn a S x S b then the function 

F(x) - fjmMi) (0 s * s » 

ts also normalized 

For by subtracting equation §5 (6) from §5 (5) we ha%e 

Theorem 8c If a{x) is a normalized function of bounded variation in 
a g X < R /or every K > a and if 

Iim a(i) s= A (x e E) 

X becoming infinite through the tel E of points of continuity of a(x) then 
lira tt{i) = j4 

For if e > 0 we can find an x* such that 

I «(*) — A I < * (i e E X > lo) 
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from wliich it is clear that for anA’’ a; !> Xo 

(1) ! Oc{x+) - A\^ 6 

(2) i a(a;-) - A \ ^ € 

(3) 1 a(x) - ^ I ^ e. 

Inequality (3) follows from (1) and (2) since a(x) is normalized. Tliis 
establishes our result. 


9. Improper Stieltjes Integrals 

Let /(x) be continuous in a ^ x < «> and let a(x) be of bounded 
variation and normalized in a g x ^ Z? for everj' i? > 0. Then we 
define the improper integral of /(x) A^fith respect to a(x) on the infinite 
inteiwal (a, «>) by the equation 

(1) [ f(x)da(x) = lim [ f(x)da(x). 

v<x ♦» •Za 


lYhen tlie limit (1) exists, the integral (1) converges; otherwise it 
diverges. In a similar wa}" we define improper integrals over (— »=, a) 
and “) by the equations 


f f(x)da(x) = lim f f(x)da(x) 

J»eo R^ao J—R 

f fix) daix) = f fix) daix) + f fix) da(x). 

J~>eo vQ J^eo 


Thus an mtegral with an infinite limit of integration is to be regarded 
as a “Cauchy-value,” as defined above. 

In particular if a(.x) is a step-function, '(1) may become an infinite 
series 


(2) [ fix) daix) = aifixi). 

Jt=0 

Note that the meaning of the integral (1) has been chosen in such a wa}’’ 
that the series and integral converge or diverge together. 

We say that (1) converges absolutely if and only if 

ri/(x)|dy„(x) < 00. 

*’a 

Again the series (2) converges absolutely if and only if the integral (2) 
does. 

Theorem 9. If fix) is continuous ina^x < co, if a(x) is of hounded 
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vanaiton tna £ x < R for every R > a and tf a*(x) ts the ncrmatued 
function of a{x) then 

m - JT 

■provided the first inte^ol converges 

First let R belong to E the set of points of continuitj of a[x) (and 
of a*(x)) Then by Theorem 8a 

(4) j'jM dab) - f ‘/M da’b) 

By Theorem 86 the integral on the nght of (4) considered as a function 
of f? IS normalised But 

lim /(x)tftt'(i) = /(r)da(z) 

by (4) Hence bj Theorem 8< 

/ /(*)da*(r) - ^ /(r)(fo(t) 
and the result is established 

^ote that the convergence of the second integral of (3) does not imply 
that of the first as one may easily «ee by taking /(;) » 1 and 

«(r) •= 0 X 9^1 2 3 

a(x) =1 1=12 3 

10 Laws of the Mean 

^e discuss here the laws of the mean for Stiehjes integrals 
Theoreu 10a //o(x) ts nm-detreasing (or nen-tnereasing) andf(x) 

ts a real continuous function tn a S x ^ b then 

(1) /_ Sb) dab) - /(t)l«(« - «(o)l (a S I a 6) 

The proof is similar to the classic proof of the first law of the mean 
for Riemann integrals If 

(2) «(i) = 


(3) 




(a i X 
(a £ X H) 
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where ^(x) is non-negative, equation (1) becomes 
J f{x)<p{x) dx = /(I) £ (p{x) dx. 

Theorem 105. If o:(x) is real ond continuous cindf(x) is non-dccrcnsin^ 
(or non-increasing) in a ^ x S t>, then 

(4) J fix) da(x) = f(a) J da(x) + f{b) da{x) (o ^ ^ ^ 5). 

For, 

J f(x) da(x) = f{b)a(h) — f{a)a{a) — J a(x) df(x) 

= f(b)a(b) - f(a)a(a) - a(^) f df(x), 

Jq 

by Theorem 10a. This is precisely equation (4). 

In particular if a(x) is defined by (2) and (3), equation (4) becomes* 

J f(x)<p(x)dx = f(a) J ,p{x)dx -f/(5) (p{x)dx (a ^ ^ ^ 5). 

which is the Weierstrass form of Bonnet’s second law of the mean. 

Corollary 105. If a(x) is real and continuous and f(x) is non-nega- 
tive non-decreasing in a ^ x ^ b, then 

[ f(x)da(x) fib) [ da(x) (a ^ ^ b); 

Ja J ^ 

if fix) is non-negative non-increasing in a S x ^ b, then 

J fix) daix) = fia) J <pix) dx (a ^ | g 5). 

♦ Note that in this case we cannot appeal to Theorem 6o to show that 

f fix) daix) = f fix)^ix) dx 
•fa Ja 

since f(x) is not continuous. That the result is true one sees easily by using 
Theorem 15d to change the order of integration in 
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Another closely related result* is contained m 
Theorem 10c If f(x) ts non-negatne WTi-decreasing and continuous 
and if a(r) is real and of bounded tanation in a x ^ b then 

f - A/m 


where 

(5) I b / da(t) S A S u b I da(t) 

ss*S*J> 


To prove this set 


u b 

■s>s» 


p{l) = a(W - «<r) 

Six) = U lb Six) L 

•s*s» 


Then 

I = £/(r)</.(i) - 

- Kdim -y f mdtM 


(a S I S 6) 


Since fid) is not negative and f(z) is non-decrcasmg 

/ g fia}u + m - /(o)w “ m) 
I S fia)L + 1/(6) - /(o)IZ, - Lfib) 

Hence 


I “ A/(6) 

where A is between V and L and hence satisfies (5) This completes 
the prooJ of the theorem 

CoROLLAUr 10c If fix) IS non ne^tiie non-^ncreastng and con 
hnuous (hen 

j‘Hx)daix) - ««)B 

where 

1 b f dait) ^ B ^ ub [ dail) 

It 15 easy to extend the theorem to include improper integrals Por 
example if f(x} is non negative non-decreasing continuous and 


' Sec It T Boas |1937a} p 8 or R P Boas and D \ W dder [1939] p 6 
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bounded in a ^ a: < w ; if a(x) is a real function of bounded variation 
in a + e ^ a: ^ for every sufficiently small positive e and of such a 
nature that 


and q:(«>) exist, then 


[ f(x) da(x) 

•>a+ 

[ f(x)da(x) = f(«>)A, 

Ja4- 


where 


lb. f da(i) ^ A ^ u.b. f da(t). 

o£x<ec Jx a£x<« »'X 


agx<co »'X 


11. Change of Variable 

"We discuss here the formula for the change of variable of aStieltjes 
integral. 

Theorem 11a. If f(x) is continuous, a{x) is of hounded variation, and 
|3(x) is continuous increasing with no points of int)ariahiliiy in a ^ x ^ b, 
then 


f fix) daix) = f fiPix)) da(/3(x)), 

Ja 


a = /3(c) b = /8(d). 

The proof follows at once from the definition of the integral. Clearly 
both integrals (1) exist bj’’ Theorem 4a. But 


'll fix,)[aix,+i) — «(a;.)J = 23/(/3(l))[a(8(i.+i)) — a(/3(/,))], 


where 


X, = |8(<.) 


(f = 0, 1, . • • , n - 1). 


Since 8(0 is increasing the sequences {x,}? and {i.}? are increasing 
together; and, by the continuitj’^ of Pit), norms of the corresponding sub- 
divisions approach zero together. Hence equation (1) must hold. 

Theorem 116. If fix) is continuous, a(x) is continuous increasing 
with no points of invariability, and if yix) is the inverse of a(x), then 


J pb ^a(b) 

fix) daix) = / fiyix)) dx. 
a J a(n) 


( 2 ) 
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This follows from Theorem llo by setting p{x) of that theorem equal 
to yix) of Theorem 115 

It may happen that the integral on the nght-hand si^e of (2) exists 
as a Lebesgue integral even though /(a:) is not continuous In this case 
Its value IS taken as the definition of the left-hand sule The integral 
on the left is then called a LebesguenStieltjes integral In fact it is 
possible to relax further the conditions imposed on et{x), in which case 
some care in the definition of the inverse r(i) must be exercised Since 
we shall hai e no need for this degree of gcnerahty we omit the details 
As an example m which (2) exists as a Lebesgue-Stieltjes integral but 
not in the Riemann-Stieltjes sense, define <»(x) as e' and /(z) as zero or 
imity accordmg as i is rational or irrational 

12 Variation of the lodefimte Integral 
^e next consider the vanation of an indefinite Stieltjes integral 

<i) 

If a(«) is of bounded variation and/(z) is continuous in a g z £ 5 it 
IS eMdcnt that d(x) is also of bounded variation there and that its total 
\Bnation does not exceed 

(2) £l/(l)|l<lo(l)l 

This follows from Theorem 5c l\e wish to show in fact that it is pre 
ciscly equal to this integral 

Theore^i 12 Lei a(z) and /(z) 6e respcelwely of bounded vartaUon 
and continuous in a g z g 5 Then the tariahon of 0{x), defined by 
(1), IS (2) 

Let «(x) be the ^anatIon of a(0 in the interval a g ( g z Denote 
the integral (2) bj J, then 

I wound) 

For a given subdivision A of norm 6, 

a = xt < Xi <xt < < z, - b 

set 

a -£|/"*‘/to*.d)| 

Then 

0 g 5i g J 
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We T\Tsli to show that by choice of A the sum Si may be brought arbi- 
trarily near to J. j v j- • • 

Let e be an arbitrary positive number. Choose 5o and a subdivision 

A of norm 5 less than 6o such tliat 

n— 1 

(3) 0 < u{b) - X i a(xi+i) - 1 < e 


and 

(4) !/(«') - fit") I < « (U' - 1 < So ; a ^ ^ ^ b). 

This is possible bj’' the definition of u(b) and b}'' the uniform continuity 
of/(a:). 

By the first law of the mean 


n-l rit+l 

J = 11 1/fe) I duit) ix, ^ ^ Ji+i). 

JL-0 Jxt 


Hence 


J rn+i 

fit) dail) 

It 


n — 1 ( /•** + ! I /•*1 + I 

J- Si = 11 \m) I \ dnit) - dccii) 

k~Q I*’*! I 

1 I 

+ S / /(ft) dait) 

The first of these sums does not exceed 

max \fit)\\uil)) - S t a(a;i+i) - a(xi) li ^ max |/(i) ) e 

Oglgii 1-0 ) 


by (3). The second is not greater than 

n-l i I'Sfc+i 


n-1 rsk+\ 

H im)- fit)] dait) 


^ eit(b) 


b}^ (4). This establishes our theorem.* 

CoROLLAHY 12. Let a(x) and fix) be respectively of bounded variation 
and continuous in (— «>, «>) and let 


(5) 


ri/(011da(0 


< 00. 


‘The essentials of this proof were concocted orally by J. D. Tamarkin nd 
S. E. Warschawski during the course of one of their nocturnal promenades. It 
could of course be obtained from the more familiar corresponding theorem for 
Lebesgue integrals. 
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Then the t'anahon of 

»)- [ m Ml) 

jn(-M ac) ts the integral (5) 

13 Sbeltjes Integrals as Infini te Senes , Second Method 
A\e saw in section 9 that an improper Stieltjcs integral become‘9 an 
infinite senes if the function a(t) is cho!>en as a step-function with m 
finitclj many jumps Here we shall show that the same result may be 
achie\ed for a finite interval and a continuous a(0 by choice of the 
function integrated 

THEonEM 13a Let f(x) be defined by the equations 
(O X < Cj 

/(x) “I (a g Cl S h), 

(wi Cl g X 

and let «(x) he non-deereastng tn (a h) and continuous at x “ Ci Then 

/V{x)«i) - «,!«(» - <.W) 

This result is obtained by integration by parts or directlj from the 
definition of the integral 

Theorem 136 If Ct Ct, Cm are distinct points o/ (a £ x g 6) 
if a(i) ts fwn-decTca«n^ tn (a 6) and can/tnuous at f\ese point* ond if* 
/(x) = S a* (- =0 < * < «) 

then 

l‘md=M = g W6) - oto)h. 

This follows from Theorem I3o for the present function /(x) is the 
sum of m functions of the tjpe integrated in that theorem 
Theorem 13c If Cx e% are potnU of (a b) i/ fAe series 


conicrges absolutely if 

/(x) = X W* (- « < z < as), 

<iS< 

•^n this notation it is to be undemood that/(x) is zero if no « lies between 
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and if cc{x) is non-decreasing tn {a, b) and continuous at the joints 
Cl , Co , • • • , then 

f fix) daix) = "ff, [a(6) — a(ci)]z<A . 

Ja i-1 

Let € be an arbitraiy positive number. Determine m so that 

fl 1 KJ. I < f . 

Write 

fix) = 52' Mt + 12" ul = fiix) + fzix), 

wlieie in the first sum k runs through the integers 1, 2, • • • , m; through 
all larger integers in the second. 

Introduce a subdivision A of (a, b) of norm 6. Set 

Cti = 2/i(^«.)[a(a:i+i) — aCxji)] + S/2te.)[afe+i) — «(®0] 

i=0 /-"O 

t I n 

"" O' n "T j 


Xk ^ ^ Xji+1 . 

Clearly 

Ifsix) I < € 

l<r':i ^ e[aib) - a(a)]. 

We may choose S so small that 

m 

a'n — 12 lidaib) — a(cO] < « 

A-l 

by Theorem 136. Also 

52 Wi[a(6) — afe)] ^ «[«(6) — «(“)]• 


L Wj.[a(6) — a(cA,)] — (T„ < e[l + 2a(6) — 2a(a)], 
^ 5 is sufficient!}'- small. This shows that 

CO 

lim (Tn = 52 tialaib) — aid.)], 

6->0 l.=l 

and the proof is complete. 
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U Further Conditions of Intefrebility 
The results of the pre\ lous section liable us to discuss the integrability 
of one function of bounded variation with respect to another Pre 
liminary to this discussion we introduce two lemmas 
T,r\om 14a Let /(*) he 0 / bounded wiriahon tn on tnlenol 0 S * S b 
klf{x) be defined ouletde tketTdertaltn any way so thatf(a-) andf(b+) 
exist andletthepointso/di8e{>nitniitlyaff(x)tna S * S bbeci cj 
Then thefunchona 

E_t/W-/fa-)l (-■o<x<«) 

- E (/(a+) - /(u)l (-«<!<») 

*»<» 

are eantinwiua in » < 0 ) except at the points Ci c* where 

(1) *>{C») — ) “= fiCs) — /(C*-*) 

(2) I9(c*+) - *(ca) - 0 « 4 '(ci) - Hck-) 

(3) ^Cc*+) - ^(c.) - /[*+) - /(e*) 

The proof will be sufficiently clear if we prove (1) Since /(x) la of 
bounded variation the eenea 

gl/W-ZCa-)! 

converges Corresponding to a given positive < we determine m so that 

,Ej/ta) -/(«-)!<. 

If Xo IS not one of the 0 we can find a positive i so small that the points 
Cl c* c« are not m the interval (*« — 5 ij + 8) For h in abso 
lute value less than this 3 we have 

iv-(xo + A) - sfCxa)! S |/{c*) -/(ct-)| < e 

*»— *<«»5«4+* 

This proves that ^(x) is continuous except perhaps at points ci 
For a point c we have 

t^{x) =/(0 -/ICf-) + 2*I/(=i) -/(ci-)l (C, ^ l) 

= 23 l/(ct) - Act-)] (x > c,) 

••s* 

where the pruned summation is taken over all the c* mdicated except e 
The function defined by the pruned summation is continuous at x « c 
by the first part of our proof Hence (I) is established 
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Lemma lib. Under the conditions of Lemma l4a th£ function 
g{x) = fix) - <pix) - ypix) 
is continuous m a ^ x ^ b. 

The proof follows in an obvious way from equations (1), (2) and (3). 

Theorem 14. If fix) and a(x) are of bounded variation in a ^ x ^ b 
and have no common points of discontinuity, then each is iniegrable with 
respect to the other from a to b. 

We may assume that a(x) is non-decreasing. Then since gix) is con- 
tinuous it is integrable with respect to aix). The same is true of tpix) 
by Theorem 13c and of xpix) by an obvious modification of that theorem. 
It is consequently true of fix) and our result is established. 


16. Iterated Integrals 

In this section we state without proof several theorems regarding the 
change in the order of iterated integrals. 

Theorem 15a. If fix, y) is continuous in the rectangle a ^ x ^ b, 
c ^ y ^ d and if aix) and 0iy) are of bounded variation in the intervals 
aSx-^b, c^y^d, respectively, then 

f daix) f fix, y) d^iy) = f d^iy) [ fix, y) daix). 

va VC VO 


Theorem 15b. If fix) is continuous in a ^ x ^ b, if ^iy) is of bounded 
variation in c ^ y ^ d, and if aix, y) is a continuous function of y in 
c ^ y ^ d for each x in a ^ x ^ b and of uniformly bounded variation 
in X for all values of y in c ^ y ^ d, then 


£ fix) dx aix, y) dpiy) = ^ dpiy) ^ fix) dxo;(x, y). 


A proof of this will be found in H. E. Bray [1919]. Compare also 
N. Wiener [1933] p. 26. 

Theorem 15c. Let fix, y) be continuous for all x and y; let aix) and 
Piy) be functions of bounded variation in every finite interval; let the integrals 



fix, y) d^iy), 



fix, y) daix) 


be continuous functions of x and of y respectively for all values of these 
variables; a7id let at least one of the iterated integrals 

[ I daix) I 


f \fix,y)\\d^iy)\ 


I d^iy) I J |/(a;, y) | [ daix) 



26 


THE STIELTJES INTEGRAL 


[Ch I 


be finite Then 

Cl) £ (fsCi) f(x y)d0{y) = v)daix) 

By an integral of the form 

ne mean 

f ]/(» V) i dVM - /’ l/(» ?) I dv,lx) 

n here T i(i) is the \ anation of a(0 m 0 ^ f £ z and Tf (ar) is the i ana 
tion of a(t) in X S t 5 0 

This theorem is a apceial case of the following more general one m 
which the integrals imohed are Lebesgue-Stielt;os integrals V,e shall 
refer to rt aa the Fubini theorem 

THEORESt Ifkf Let ft(x) and $(jf) be funeliona of bounded tartalion m 
fiery inlenal and lelf(x y) be $uck that at least one of the tCerafed 
integrals 

£lJa(,)|£l/(x,j,)UdS(v)l 

£iwi£i/<i rfiiwi)! 

i* finite Then (I) holds 

For a proof of this theorem see S Saks (1933) pp 76 81 In the 
application we shall have to make of this theorem each of the simple 
integrals involved in (1) will exist as Riemann-Stieltjcs integrals at 
least for all but a countable number of values of the parameter 

IG The Selection Pnnciple 

In this section we discuss the selection pnnciple or diagonal process 
as applied to an important result of F Helh 11921] concerning hounded 
sequences of functions of bounded variation • 

16 1 Be begin bj considering bounded sequences of constants 
Theorem 16 1 Let the eomjdex eo slants a« , and the postine number 
A be such that 

1 a- . < 4 (m « = 0 1 2 ) 

• Compare also A \V ntner [19391 p 8i 
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r/ifi?! (here exists a set of positive integers 

7!o < 7Jl < 7*2 < • • • 
and-a set of immhers Oo , ai , • • • such that 

liin Qm.ni = a-m (m = 0, 1, 2, • • •)• 

i-*OQ 

Since the sequence {ao,n}n=o is bounded, there is at least one limit 
point, Avhich we maj' denote by flo • Hence we maj’" find integers 

(1) TiS < n? < 7lS < . • • 

such that 

lim flo.fic = flo- 

t— 

Likemse the set {ai,„;}”=o has a limit point Oi , so that we may find 
integers 

7!o < Tii < 77^ < • • • 

all included in (1) such that 

lim ai.„| = Oi . 

t-*W 

Proceeding in this way we obtain for anj”- integer m a set of integers 

no <7}T <n? < ••■ 

all included in the set 

n^-' < nr' < vr' < ■■■ 

and a number Om such that 

lim a „,„7 = Om . 

t — *00 

If now we set 

7!f = n'i (i = 0, 1, 2, ... ) 

it is clear that the sequence {tz,-}” is increasing and that 

lim a„.„f = a„, (7?z = 0, 1, 2, • • 

16.2. We turn next to sequences of monotonic functions. 

Theorem 16.2. Lei the real non-decreasing functions a^ix) and the 
positive consta7it A be such that 

1 a„(a:) ] < A 


(7! = 0, 1, 2, . . . ; a g .T g b). 
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Then there ex%st» a set of tnlegert 

n« < nt < Bi < 

and a non-deereasiTig bounded /undum a(i) such that 

lim or.,(i) = 0 ( 1 ) (a g a: S b) 

Arrange aU the rational numbers of (a 6) m asequeoce (z.jr Then 
apply Theorem 16 1 to the set of numbers 

Cmjt — aniXm) (o OT = 0 1, 2, ) 

V,e thus obtam a function a(ar) defined at the rational points and a 
sequence of integers 

(1) nj < «? < nj < 

such that 

lun a,»(z«) — <»(i«) (m ■» 0 I, 2, ) 

Now set 

hm «.*(x) a(r) 
hrn a.;(r) * «(*) 

Then clearly 

o(i-) « q(x-.) “ (m « 0 1, 2 ) 

Moreover from their \erj definitions it is evident that a{z) and a{z) 
are non-decreasing functions Their common points of continuity are 
consequently dense in (a b) Let y be such a pomt Then 

5(tf) = «(V) 

since one can find & sequence of rational numbers { z . } “-o f or which 
y = lira*.,, 

and since a{x) = a(z) for each of these rational numbers IVe define 
o(y) as 

“(y) = «0f) = o(y) 

Thus a(z) has been defined at all but a countable set of points 
, the points of discontuiuity of «(x) or a(x) Apply Theorem 
16 1 to the set of numbers 

“■ijl*.) 


(t m « 0 1, 2 ) 
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We obtain a set of integers 

72o < Til < ”2 < • • • 

all included in the sequence (1) and a sequence {cm}” such that 

lim an,(*m) = Om (m = 0, 1, 2, • • •)• 

Complete the definition of a{x) by the equations 

a(2m) = Om (m = 0, 1, 2, ••• ). 

We then see that 

lima„,( 2 :) = ct(x) {a ^x ^b), 

t-*oo 

that a{x) is non-decreasing in (a, b), and that 

I a(x) 1 g A. 

This completes the proof of the theorem. 

16.3. The results of the previous section are easily extended to se- 
quences of functions of bounded variation as follows. 

Theorem 16.3. Let the sequence of functions {an(x)}” be of uni- 
formly bounded variation in a ^ x ^ b and stick that 

I a„(o) I < A (n = 0, 1, 2, ■ • . ) 

for some constant A. Then there exists a set of integers 

7!0 < ni < 712 < • ■ • 

and a function a{x) of bounded variation in a ^ x b such that 

lim a„,(x) = a{x) (a g x g 6). 

'' - t-^ao 

It vill be sufficient to prove the result for real functions. For, if 
^„(x) and Yn(x) are the real and imaginary parts of a„(x) respectively, 
the sequences {/3„(x)}” and { 7 „(x)}? both satisfy the hypothesis of the 
theorem. For a suitable sequence of integers {77j}f_o and a function 
(8(x) of bounded variation we should have 

lim /3„j(x) = /3(x) (a g X g &). 

l-*co 

From the sequence {7i?}tLo we could then pick another {nl}JLo , and we 
could determine a function y{x) of bounded variation in (a, b) such that 

lim = 7(x). (o g X ^ 6). 

t— “ 
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The complex function «(z) \ ho e real and imagmarj parts are ^(x) and 
^(x) rcspectnely would then be the function of bounded %anation 
sought (n‘!" the sequence sought 
To prov e the theorem in the real case wc write a,{i) as the difference 
of two non-decreasing funetons 

«■>(*) “ ~ f»(^) + a,(a) 

V[a,i: = -f f,(x) 

Bj hjTiothesis there exists a constant 3/ such that 

0 S <M (n == 0 1 2 ) 

so that the sequences |ii«(x)|* and ({'■(x)}" satisfj the conditions of 
Theorem 102 Moreo\cr the sequence |a,(o))o is bounded by hj 
pothesis Hence by three applications of the selection principle we 
obtain the de«ired result 

CoR 0 Li^R\ 16 3 The theorem holds tf the tnlertal a £ x £ h re 
pUiced by a £ z < « tkrougkoul 

For let V be a uniform upper bound for the total \aristion of the 
sequence j«i.(x))" on a < x < oe B> the theorem there Mists a se- 
quence of integers 

(1) nj < «{ < nj < 

and a function a(x) of total lanation not greater than 1/ such that 

(2) hm o. (z) » «(*) (q £ z £ o + 1) 

Moreover it is possible b> a second application of the theorem to pick 
from the sequence (!) a «ubsequence 

n| < nl < n* < 

and to determine a function /S(x) of variation not exceeding tf in 
fl < X £ o -h 2 such that 

Ijn «,.(x) = ^(x) (o £ X £ o -h 2) 

But by (2) ^(x) = a(z) ino£z£a-|-l so that /3(x) maj be regarded 
as extending the domain of definition of «(i) Thus bj use of sue 
cessne subsequences i\e successnelj increase the domam of definition 
of a(x) Finally bj use of the diagonal process we obtain a «!ubse- 
quence of the integers 


tit < n <nt< 
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such that 

lim «„,.(») = a(x) (a ^ X < «>). 

i-*oo 

It is clear from the waj'^ in which q:(x) was defined that its variation in 
a ^ X < oo does not exceed M. This completes the proof of the 
corollary. 

16.4. Another result, which we shall need, was proved independently 
by E. Helly [1921] and H. E. Bray [1919]; compare also G. C. Evans 
[1927] p. 15. 

Theorem 16.4. Let the sequence of functions [q:„(x)}o he of uniformly 
hounded variation in a x ^ h. let 

lim a„(x) = a(x) (a ^ x ^ h), 


and let f(x) he continuous in a ^ x S h. Then 


lim / f(x)dan(x) 

n— *eo Ja 



f(x) da(x). 


The hj^Dothesis implies that a(x) is of bounded variation. Hence 
there exists a number T which is not less than the variation of an}’’ of 
the functions aa(x) or a(x). Let e be an arbitrary positive number. 
Choose a subdivision of (a, h) of norm so small that the oscillation of 
f(x) is less than e in any of the sub-intervals. If the points of sub- 
division are 

(1) a = Xo <• Xi < • • . < Xm = 6. 

we have 

Hn = f f(x) da„(x) — f /(x) da(x) 

*'a Ja 

r®<+l m—l mxi + i 

= S J [fix) ~ f{xi)]da„{,x) - E / [/(x) -/(x,')]da(x) 

+ S /(x,-) f d[a„(x) — a(x)]. 

*a=0 

Hence 

iHnl ^ eT + eT -i- max l/(x) j X) / d[a„(x) - a(x)] . 

a^x^6 t*»0 I 

By letting n become infinite we obtain 

lim 1 1 g 2eT, 

n—^co 

from which the result is immediately obvious. 
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Corollary 16 4 Under ike amdthona of the theorem 

j I dar(x) I g ^ J 1 da,{z) | 

For i/ A IS an arbitrary subdivision (!) of (a, 6), then 

2 j ^ da,(i) j s 1 1 

AUov.mg n to become infinite ^e obtain 

2 I +») — Mr.) I ^ Um f I da:,(r) [ 

But bj a suitable choice of A the left-hand side of this inequality may 
be brought arbitranl> near to the vanation of «(r) m (a, b) This 
estabh^hes the corollary 

16 3 It should be ob«er.ed that the results of the previous section 
do not bold for an infinite inlenal In fact Theorem 16 4 fails if the 
h} pothesis holds in a £ f < h and the integral is replaced by a Cauchy* 
value 

£‘'/Wd..w 

For, take o = 0, b =• I, /(z) *» 1 , and define a,(») as follows 

«,<*) =0 (o g » g 1 - 

= nx — n+1 ^l-^ga:<l^ 

Then the sequence {a.fi) }“ is of uniformly bounded vanation in (0 1) 
and 


lim a,(z) =s a(i) *= 0 


lim j datiz) = lun a.(l — ) = 1 
da(x) = «(1— ) = 0 


But 


(0 g i< 1) 
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By use of an exponential change of variable this example also shows 
that the Helly-Bray theorem, Theorem 16.4, does not hold on an infinite 
interval. 


17. Weak Compactness 

In later work we shall have occasion to use several theorems concerning 
weak compactness of a set of functions. We state them here for con- 
venience of reference and refer the student to a proof.* 

Theorem 17a. If for some real number p greater than unity each func- 
tion of the sequence {a„(a;)}“ belongs to the class V" in (a, b), and if there 
exists a constant Mp such that 

f la„(t)l^dl<Mp (n = 0, 1,2, ...). 

then it is possible to find a function a(x) of V' in (a, b) and a sequence of 
integers 


no < ni < n2 < - •■ 


such that 


lim f a!„,(<)/3(0dt = f a(t)^(t)dt 

*>a VC 


for every function /3(x) of ” in (a, b). Moreover, 

I £ I a{t) r ^ I £ I «„.(/) 

Theorem lib. If the functions of the sequence { a„(x) j ” are uniformly 
bounded in a ^ x ^ b, then there exists a function a(x) bounded there and 
a sequence of integers 


such that 


no < ni < 712 <•■ . 



oinSOKi) dt = f a{t)p{t)dt 

vn 


for every function p{x) of L in (a, b). Moreover, 


true max ] a{x) \ ^ Ijm true max | (x) I 

* See, for example S. Banach [1932] p. 130. 



34 THL STIELTJES INTEGRAL [Ch I 

In the latter theorem the sjmbol 

true max I a(x ) } 

.s*s* 

means the greatest lower bound of numbers w for which 
almost everywhere in (a, b) 

It K easily seen by an esponenlial change of vanaWe that these theo- 
rems hold equally well on an mfinite interval 
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1. Region of Convergence 

Let a{t) be a complex function of the real variable t defined on the 
interval 0 S t < “ . Denote its real and imaginary parts by a'it) and 
a"{t) respectively, 

a{t) = «'(0 + zV'(i). 

Let a{t) be of bounded variation in the interval 0 ^ i ^ E for every 
positive E. Clearly this will be the case if and only if a'{t) and a"(0 
have the same property. 

Let s be a complex variable with real and imaginary parts cr and r 
respectively, 


s = <r + IT. 


It follows from Theorem 4a of Chapter I that the integral 



exists for each positive R and for every complex s. It has the value 
__ 

/ e cos rtda\() — / e”""' sin rida'^i) 

Jo Jo 

pR «R 

+ f / e sin rtda'it) +i e cos rida''(i). 
Jo Jo 

We now define the improper integral 


( 1 ) 


f e “da{t) = lim f e ’‘da(i) 

Jo R—*oo Jo 


If this limit exists for a given value of s we say the integral (1) con- 
verges for that value of s. Or, we saj'^ that the right-hand side of (1) 
IS the Cauchy value of the integral at its upper limit. If the limit (1) 
does not exist, the integral diverges. 

It is sometimes useful to consider the Cauchy value of the integral 
at its lower limit also. If a{t) is of bounded variation in the interval 

35 
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c £ ( £ A for every positne « and every positive R then we use the 
notation 

(2) e~"da[t) = Iim j e~“dait) 

when this limit exists For example if a!{0) = 0 «(0 = t sin (l/<) 
(t > 0) then a(i) IS not of bounded variation in any interval including 
the ongm Yet the integral (2) exists for <r > 0 and 

€~*‘da(i) = « *‘(sm (1/0 di (cr > 0} 

\\ e shall understand throughout when the integral (I) is wTitten that 
o(<) 13 of bounded vanation in (0 R) for everj positive R, when (2) is 
w ntten that a(0 is of bounded v anation in (« R) for all positiv c numbers 
« and A A\e now prove* 

Theorem 1 If 

(3) ^ub -M < ^ 

then (1) comergeefor eierjfi/or u.htck v > vt and 

(4) j/ e- M‘) = (•-».) j[* dl, 

iiherc 


- j[' c '"dMO 


(u g 0) 


the integral on the right hand side of (4) conierging absolutely 
For if ^{u) is defined by (5) we have 

^ e "i)a(0 

by Theorem 66 of Chapter I Integration b> parts giv es 
I e“*'da(l) = e e 


By (3) 

• See D V Wiader (192J1J 


lim e 


'*‘0(R) = 0 
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for O' > 0 - 0 . The same hypothesis shows that 





converges absolutelj’’. In fact 

1 1" dt ^ jW jf 


g-(<r--oUdi = 


Jlf 


ffo 


(o- > (To). 


Hence the theorem is established. 

Corollary la. If ike integral (1) converges for s = ao + fro, it con- 
verges for all s = O' + ir for which a > ao • 

For, the convergence of (1) at s = So implies (3). 

Corollary 16. The region of convergence of (1) is a half-plane. 

For, Theorem 1 shows that the divergence of (1) at a point s = So 
implies its divergence at all points s for which a < ao ■ Hence three 
possibilities arise; 

(а) the integral converges for no point; 

(б) it converges for every point; 

(c) it converges for a > <tc and diverges for a < ctc . 

In case (c) we define the number <Tc as the abscissa of convergence, the 
line (T = o-c as the axis of convergence. In case (a) we write Xe = + “ ; 
in case (b), cr,, = — The following examples show that all three 
cases may actually arise; 


(a) re-’‘e‘‘dt 

(o-c = W) 

Jo 

(b) re'”e-“dt 

o 

II 

1 

8 

Jo 

(c) f e"" dt 

Jo 

(cc = 0). 


When the integral (1) converges it defines a function of s which we 
denote by/(s). This function is called the Laplace-Stieltjes transform 
of a{t). If 


/(s) = r e-’‘,p{t)dt 

Jo 

we refer to/(s) as the Laplace transform of (p{i). In either case/(s) is 
called the generating function. The function tp{t) is usually* referred to 

* This is the terminology adopted by most authors. But S Pincherle [1905] 
reverses the names of these functions. The complex inversion formula for the 
Laplace transform reveals a certain reciprocity between the two functions which 
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as the determining functitm bat -we shaU someUmes u"® this name {oi 
a(() also 

2 Abscissa of Convergence 

In this section v,e shall derive a formula for the abscissa of con 
vergence of a Laplace integral in terms of lU determining function 
This formula is the analogue of the familiar one m the theor} of poner 
series 

- = lim 
p 

Here p is the radius of convergence of the power secies 

21 l\e first establish certain relations between the order properties 
of the determining function and the convergence properties of the corre- 
sponding Laplace integral 
Theorek 21 If 

a(0“O(e”> ((-»*) 

for some real numficr y then the integral 

(1) jf « "WO 

converges for o > y 

The hjTpothcsis implies the existence of a constant V such that 

lo(()l g \ie‘ (0 S t < =») 

since we are assuming that oft) u of bounded lanation in eier\ finite 
intenal Hence* 

jTe-'aWi/Xi Vjf*. (, >7) 


makes tho confusion of terms undentandable The tenainology adopted here 
seems the more natural since (1) reduces to a power senes if a(0 is a suitable 
step funciioti In. that ease the sam ot the senes is always refewed to as the 
generating function of the coefficients of tbe senes 

• The symbol < means that the integral on the left is dominated by the one 
on the tight or that the integrand <sf the first is in absolute value not greatet 
than that of the second over tbe nhole range of integration 
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so that the integral on the left-hand side of the inequalit5' converges 
absolutely for <r > y. Moreover 

r e~”da(i) = a(E)e“"' - a( 0 ) + s ^ e-“a{t)dt 
Jo Jo 

a{R)e = o(l) (jB — > =0 ; O' > y), 

so that the integral ( 1 ) is seen to converge when a- > y. In fact 

f e~'' da(t) = s f e~’‘a{l)dt — o:(0) (cr > y). 

Jq Jq 


This establishes our result. 

CoROLLABY 2 . 1 . If a(co) exists and if 

a(i) - a(co) = 0{e^‘) 

/or some real Tumber 7, then the integral (1) converges for <t > y. 
This follows at once since 




r 


e “ d[a{t) — a(oo 


>' = /■ 


' d<x{t). 


If 7 < 0 and a(«) 0 this corollary jdelds a larger region of con- 

vergence than the theorem, for a(<) itself is no better than 0(1) and by 
Theorem 2.1 ce ^ 0 . B3" Corollary 2.1 ctc ^ y. 

Note that the exact converse of Theorem 2.1 is not true, as example 
(c) of §1 shows. That integral converges for cr > 0 , but a{t) — t is not 
bounded. 

2.2. We now proceed from the convergence properties of the integral 
to the order properties of «(/). 

Theorem 2 . 2 a. If the integral 

(1) f e-’‘da{l) 

Jo 

converges for s = So = y + iS with 7 > 0 , then 

For, by Theorem 6b of Chapter I 

a(0 -a(0) = f d^'‘dP{n), 

Jo 

where 


( 2 ) 


Kt) = 

Jo 


' da(n) 


(0 < t < 00 ). 
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Integration by parts gives 

a(() - aCO) = Pity*' 

By hypothesis exists, so that 

hm [a(0 - o( 0 )]e“*“ = ^(<*>) - lim ^ e"‘*piu)du 

= lim jf c'‘“l5(*) — ^(u)]du 

It 13 easily seen that this last limit is lero if the real part of «o is positn e 
whence 

a(0 - «»(0) = <>(«’') 

0(1) = ©(e*") (t -♦ 

Theoresi 2 2b If the tnUgral (1) cenurget for «*»<# — y + »i wlh 
Y < 0 then a(,») extiti and 

a(0 -«(») = <'(«’') ((-«) 

Since y is negatiie the integral (1) converges for * «* 0 so that the 
existence of ft(«) IS assured But 

«(») - o(() “ e**'(f/9(u), 

where ^(0 is defined by (2) Integration by parts gises 

afoo) - ait) = -e"'p(0 — s# ^ e'*“/3(u)du 
lim [ 0 ( 05 ) — a( 01 e **' = — 0 (<») — lim Soe”"'* j e*‘‘fl(u)du 

* lima^e ’** j e'*‘(^(w) — 0(u)Jdu 
« 0 

This proves the theorem 

It IS to be noticed that both theorems are false when 7 = 0 For if 
a(0) = 0 a(0 » I (t > 0), the integral (1) converges for all s Yet 
a[t)_9^ 0 ( 1 ) as I becomes infinite Also if a(0 = 2 (< g 1), a(0 = 
2-\/^ (t > 1) (1) becomes at a = t 
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a convergent integral. Yet a(«>) does not exist. 

2.3. By use of these results we may frequently express a Laplace- 
Stieltjes integral in terms of an ordinary Laplace integral. 

Theorem 2.3a. If the integral 




da(f) 


(1) /(so) = f 

JQ 

converges with co > 0, then 

(2) /(so) = So f e“'°'o!(0df — a(0). 

The integral (2) converges absohitely if So is replaced by any number with 
larger real part. 

For, 

re-’°'da(t) = + So f e~‘“cx{t)dt - «(0) 

Jo Jo 

By letting E become infinite and making use of Theorem 2.2a we obtain 

(2) That the integral 

(3) re-’‘a{t)dt 

Jo 

converges absolutely for a > <to follows from the fact that 

a:(0 = o(e‘'“') 00 ). 

But it must not be supposed that (2) converges absolutely or even that 

(3) converges on the whole line o- = <ro . For example, if 

and if cro = 1, then (3) converges for So = 1 + f since (1) becomes 

Jo Vt^^- 

But (3) does not converge absolutely at s = 1 + z, nor does it converge 
at s = 1, since by Fubini’s theorem 

/■ e-A /' - r r e-i, - r ^ „ 

Jo Jo Vu Jo -vu Ju Jo Vm 

Theorem 2.36. If (1) converges with ao < 0, then a(co) exists and 

(4) /(so) = a(=o) - a(0) + so f e-’'“[cc(jt) - a{oo)]dt. 

Jo 
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The integral (4) converges afwoiirfrftf if replaced bj/ any number tnlli 
larger real part 
For, •we ha%e 

fist) = — o(“=)I 

Integrating bj parts and u«ing Theorem 2 2b we obtain (4) 

2 4 \\ e are now m a pofjtion to establi-h the fortnuls for the absci*'^ 
of con\ergencc 
Theobem 2 4a 1/ 


- log tt(t) I 


A 0, 


then v.bI. far the integral 

(1) I ('“Mi) 


FiM consider the ca-'c i > 0 We«how that (1) «)n%erge8 for^ > k 
Let « be an arbitrar) po$iti%e eonstaot The h>pothesis imphea that 
«(/) - 0(e'**") ((-.«) 

Hence b^ Theorem 2 1 the integral (1 ) con% erges for ^ > L + * That 
i'., (1) con\ergea for « > I 

A\e «how next that (1) di'crges for » < X Suppose it conxerged for 
s “■ Y where 


(2) 0 < Y < A 

B\ Theorem 2 2a we «houId baxe 


a<0 = o(t’‘) (t— *®) 

But this implies the existenre of con-lants 1/ and 4 such that 
0(0 ‘ < Me" 

for all t greater than (« Renee 

log 1 a(0 i < log 1/ + Y< (fa < t < *), 

whence 


- log q(0{ 


This contradicts (2) that our theorem is established for po'itnet 
If A < 0 the same argument U'Od for positixe A shows that (1) con- 
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verges for a > k. The hypothesis now clearly implies that a(co) = 0. 
If (1) converged for o- = 7 < k, we should have by Theorem 2.2b that 

«(0 = o(e^‘) 


whence 


lim 

4 — *00 


log I ait) 1 
t 


= k <k. 


The contradiction shows that (1) must diverge for a < k, and our result 
is completeh’’ established. 

Corollary 2.4a. If 


lim 


log 1 ait) 1 


+ co(- co), 


then (Tc = CO (— co). 

Theorem 2.4b. If the integral (1) has a non-negative abscissa of con- 
vergence (Tc , then 


(3) 


(Tc = lim 

t-»co 


log I «(0 

t 


First suppose Cc = 0. Then if the limit superior in (3) were different 
from zero we should have a contradiction by Theorem 2.4a. If (7c > 0 
and if the limit superior (3) were different from Uc and different from 
zero we obtain a contradiction again by use of Theorem 2.4a. If this 
limit superior were zero we could conclude only that (Tc ^ 0; but this 
also contradicts the hypothesis. 

Theorem 2.4c. If 


t “♦co V 


= 0 , 


and if a{t) approaches no limit as t becomes infinite, then = 0. 

For, the hypothesis clearlj"^ implies that (1) converges for a > 0 and 
diverges for s = 0. Note that the theorem is false without the hypothe- 
sis that ait) approaches no limit. For, if a(«) = 1 - e“‘ then A: = 0 
but Cc — —1. 

Theorem 2.4d. If «( co ) exists and if 
(4) ih^ logj ag) - a( ^| ^ ^ ^ 

t-^eo t 


thc7l Cc = 1. 
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For, fc = 0 


First note that fc = 0 implies (4) whenever «(«) exists 
implies for every positive < that 

a(I> = 0(e") 

«(<) -«(«)“ 0(e‘') 

and this implies (4) 

Now Corollarj 2 1 shows that (1) converges for <r > Z On the other 
hand if (1) converged for « » > < I, then r would be negative and we 
should hav e by Theorem 2 2fr that 

ofeo) - oft) = o{e’‘) (<->«) 




S r < Z 


The contradiction shows that (1) diverges for a < t Hence t 
Theobem 2 4« // (1) ftas a neffoOte absassa of eonvergenee 

«(«) exists and 


(6) 


> { 
then 


Clear!) (1) must converge at « - 0 so that afw) exists Also 
(«(ee) — a(() I IS bounded 80 that the limit supenot (5) la less than or 
equal to zero Hence Theorem 2 4d is applicable, giving a contradiction 
if the limit supenor (5) were different from c, 

2 5 All the theorems proved thus far m this chapter apply equall) 
well to Dirichlet senes 


( 1 ) 




0 S Xj < X* < Xj < , hm X. = 00 

For if a{i) is defined by the equations 

aft) = a» + a, + + 0 , (X, < I < X*+0 

(2) a(0) = 0 

we have 

^ e~'‘daU) = 52 

whenever the integral or senes converges 
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For example, we have 
Theorem 2.5. If 


log 


(3) 


lim 

n-*oo 


i-1 




= k 9^ 0, 


then the abscissa of convergence of (2.4) is k. 

To prove this we must show that if a(<) is defined by (2) then (3) 
implies 


(4) 


iS = k. 

<—*00 i 


Setting s„ equal to the sum of the first n coefficients cjt , we have 


logj^l ^ lo^l ^ lo^ 0..<t< X,„), 
t t 


so that 


On the other hand if 


iS 


Ita < k, 

<“*00 t 


it must be possible to find k' < k such that 

< k’ 


log I «(0 I ^ 


t 


for all t sufficiently large. That is, for n sufficiently large 

log I s- 1 


Letting t approach X„ , we obtain 

log I Sn I 


Xn 


< k' 




(Xn f Xn+l). 


whence 


ita ^li-l a k' 

n-*« An 

contrary to the hypothesis (3). Consequently (3) implies (4). , 
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3. Absolute Ccnyergence 

Denote the total Aanation of the funelion n(0 in the intenal 0 g 
< g X by u(z) The integral (1 1) w said to comerge absolutclj at a 
point s = 0 - + tr if the integral 

(1) ^ e“"|da(/)l = 

comerges. In particular, if a(0 ts an mti^ral of a function p(t), 
a(f) = ^ 

then 

«(t) = ^ lv>(v)ldi/, 

and (1) become® 

It « also casj to ecc that nhcn a(0 w defined V>n 12 5 (2) the integral (1) 
becomes 

a- k 

so that our definition in this ca.se conforms mth the usual notion of the 
absolute convergence of a eenes 

3 1 We now show the e\iatcncc in some cases of a half-plane of abso- 
lute coniergence 
Thlorem 31 ff (he tiitcjraf 

fl) c'*'da(t) 

conicfffcs fl6sofw/f/i/ /or s = <r» -f- ir#, then i( conicrges uniformly and 
absolutely in the half-plane <r 2 <r« 

For 

e "d«(0 <K e~"'‘duii) a ^ ai 

This result enables us to define an axis of absolute com ergence c = <r,, 
proceeding as in the definition of a. The follow mg example shows that 
ge and tr« need not be coincident 

jp c e*'dt 


(2) 


a>o} 
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Here ctc = 0 and = k. The integral converges absolutely for a > k 
sinc6 

le-'V‘sinc"‘-| ^ (0 ^ t < co). 

It does not converge absolutely for s = k since 

r* , . kt I 1 , f f°° isiu u\ ^ 
j I sm I ~ g dti — «> . 


u 


The relation 


f 

Jo 


e *'e^‘ sin e^'dl 


1 /■” sin u 


= -f 

kJi 


u* 


afk 


du 


shows clearly that = 0. 

That the axis of absolute convergence may disappear completely for a 
convergent integral is seen by the example 


(3) 


r sin e‘‘dt= f j^^^du. 

Jo Je (log uY 


Here «rc = 0 and era = “ • 

3.2. It is clear that the results of section 2 are applicable to the axis 
of absolute convergence mutatis mutandis. For example, we state 
Theorem 3.2. If 


lim 


log uiO 


k 9^ 0, 


where u{t) is the total variation of a{x) in the interval d ^ x ^ t, then 
the integral §3.1 (1) has the abscissa of absolute convergence Og = k. 

3.3. We next prove a result concerning the relation between ctc and ag . 
Theorem 3.3. If a{i) is monotomc in the intervals 


where 


then 


<t < A„+i (n = 0, 1, 2, . . . ), 


0 — Ao Xi <1 Az <C • • • 
lim A„ = 00 , 


— (Tc ^ lim 


log n 



for the integral 

( 1 ) 


A, 
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U e may assume that 


— logn 

I'" Tcr 


i < ®, 


for otherwise there is nothing to prove CIcarlv I is not negatii e It 
follows from Theorem 2 5 that the senes 






has abscissa of convergence equal to I if I is positiv e The same is true 
if I =» 0 for the senes diverges when a = 0 and Theorem 2 1 can be 
used to show that it convoiges for all positive values of t 
Suppose that (1) converges for a = «» Then there exists a positive 
number 7?» such that 


In particular 

(2) |jf\--<(«(lr)|s 1 

By Theorem 5c of Chapter I we have 
0 ) 1 
( 4 ) lol'c’-'-ISl 

where 

£»(A*+) “ o(^») “ o” 

<»(^irn) ■“ On- 


(R , li ' > R,) 

«> X. > R>) 

(X. > R,) 
(X. > Ro), 


(n “ 1. 2, ) 


To prov e the theorem wc must show that the integral 3 (1) con\ erges 
for er > ers + 1 or that the senes 


e‘'*du(() 

comerges in the same region On account of the monotonic character 
of a(0 m the interval X, < / < X.m it follows that 

/*. «""*»(() j + 

But by (3) and (4} the senes 
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will coilverge whenever the series 


(5) 


Sc 

n-l 




does. But we have seen that (5) converges when o- - o-q > Z. It 
remains to consider the series 

J: I e-’‘dait)\ 

n««l *'Xn4- I 


Set 


Then 

f^n+1 


Pn(t) = f* e-’’‘''daiy) «> X„ > Ro). 


^n+ 1 


c-^‘dait) = 

K+ •‘K+ 


“(o — so)t 


dpn(t) 


rK+1 

= + (i - So) I ( 






B}"- (2) we see that 1 /5„(0 | ^ 1 when / > X„ for all n sufficiently large. 
Hence we need onlj”^ show that 


Sc 

1 


— (o — cq)^; 


■'+■+/ < 00 
Jo 


when <T — (To > 1. This is clearly the case, so that the theorem is 
established. 

Corollary 3.3.* For any Dirichlet series 


S «nC 

n*»l 


•Xft« 


we have 


. p— logn 

(Ta — <Tc ^ hm 


n— *eo Xn 

For, in this case a{i) is constant in each of the intervals 


Xn < t Xn+l 

As further examples of the theorem consider the integrals §3.1(2) 
and §3.1(3). In the first, Xn = — ^ — and I = k. In the second, 
X„ = log log n-ir and Z = «> . 

* See E. Landau (1909], p. 732. 
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4 Uiufontt Convergence 

W e have «!een that the general Laplace-Stjcltjes integral with abscissa 
of absolute convergence v, converges uniformlv when v S va 4- i for 
everj' positive 4 The conclusion docs not remain true, however, if f, 
13 replaced by <r. We are thus led to define an oris of uniform con 
vergence 

4 1 Ue first establish 
Theorem 4 1 Tf the integral 

(1) ^‘e-V«(0 

conierges uniformly for s = oo + tr — oo < r < « then tl conierges 
uniformly m the half plane v ^ <r» 

Given an arbitrarv positive* nemust show the existence of a number 
So independent of <r and r for a g tf# — « < t < « and such that 

(2) I /_»''♦”" rf««)|<. (SSR.) 

We choose So so that 

(3) \[‘e (Saft,-®<r<«) 

This » possible b> the hypothesis of uniform convergence on the line 
<r ■» « Define a function 0(t r) bv the equation 

Hi, t) - / <)«(y) (I B 0, - » < T < «) 

Then (3) becomes 

(4) IW.r)l <2 (fgSo.-« <r<cc) 
If R' IS an arbilraty number greater than R then* 

■=-/'« '■■■■'<(, fld r) 

for everj real r Hence 

~L r) 

+ (v-«ro)| 

r) - (ff - (To) J e r)dt 

• The notation di6(t indicates that r is to be held constant during the 
integration 
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for O' > 0 - 0 . B}’- use of (4) we obtain 


/■ 

Jr 


-((T+tT)r 


dait) 




-W-ao)l 


di < 


for <T > Co ■ This relation is also true if o- = o-o , as one sees directly 
from (3). Hence (2) is established. 

4.2. We now introduce the following 

Definition 4.2. If for every positive e the integral §4.1 (1) converges 
nniformly in the half-plane c c„ e a7id fails to do so in the half-plane 
c Cu — e, the7i c-a is called the abscissa of uniform convergence and the 
Ime tr = (Tu is called the axis of uniform convergence. 

It is clear that Cc ^ Cu , and Theorem 3.1 shows that Cu ^ Ca. In 
order to obtain a formula for er,, in terms of (x{t) we first introduce the 
functions 

^{x, t) = f e da{t) (x ^ 0; — «> < r < oo) 

Jo 


T{x) = u.b. l/3(x, t)| (x ^ 0). 

— oo<T<ao 

We shall need two preliminar}’' results. 

Lemma 4.2a. If 

(1) r(x) = O(e’0 (x-^oo) 

for some real 7iu7nber y, then the integral 

(2) [ e-’‘da(t) 

Jo 


converges uniformly in the half-plane c ^ y d for every positive d. 
Since 


jf e-^’^^^‘da{t) = e-^‘d,0(t, r) = e~^^0(R, 0 + <r jf” e-^‘/3(i. r) dt, 

it \\ ill be sufiicient to show that 

lim e~'"^p{R, t) = 0 


imiforml}' for c ^7 + 5, — oo <t< and that 
lim 0 - f e~'’‘ 0{t, t) dt = 0 

s-»co Jr 

uniformly in the same region. But in that region 

I t) I g = 0{e~''‘) 


(R- 
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Here 1/ is a constant independent of o and r, so that the lemma « 
established 

Lemma 4 2b // /or a posdtue number 7 Ike integral 




conterges uniformly in Ihetntenal — «> < t < »•, then 

T(i)=O(e ’0 (x-*«) 

Since ( 3 ) comergca umfonnly we can find a number Rt independent 
of r in (— 00, 06) such that 

I s I wax.) 

Set 

r(i, f) - frio, -«<!<«) 

Then for z > 0 

Furthermore, Me have 

4(t 0 - jf' e"4t(( r) - «». i)«” - 7 j(" r) * 

I ') I S -K<" + 7 S Xt” + K(e” - 1) 

S 2X<” 

That i«, 


and the proof of the lemma 13 complete 
Bj u e of these results we are now in a position to proi e 
Theorem 4 2 If 


then 
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We show first that the integral (2) converges uniformly in the half- 
plane <r ^ A: -f 5 for everj’’ positive S. It follows from the h3’pothesis 

that 

T{x) = (x-> «), 

and then by Lemma 4.2o that the integral converges uniformly for 
(T ^ k S. 

On the other hand (2) must fail to converge uniformly in the half- 
plane 0- ^ A: - 5 for every positive S. Otherwise it would converge 
uniformlj’' on some line a — y where 0 < 7 < A:. Then bj’' Lemma 4.26 
we should have 

T(x) = 0(e''^ 


whence 


lim 


log T(x) 


<k. 


This contradicts the hjT)othesis. Hence the proof of our theorem is 
complete. 

CoROLLAHY 4.2.* If o-„ > 0, then 




ffu. 


If 


x-^so X 


> 0 , 


the proof follows from Theorem 4.2. It is impossible to have 


lis a 0, 


for this would implj' that 

T{x) - 0(c"“'=) 


(x — > 00 ). 


This, bj"- virtue of Lemma 4.2a, would implj^ that (2) converges uni- 
formlj' for c ^ fo-„ , contrarj' to hj'pothesis. 

4.3. It may be shown b}' example that it is possible for o-„ to be 
greater than Cc . In this case we have thus far proved nothing about 
the uniform convergence of the Laplace integral in the neighborhood of 

* This theorem was first proved by H. Bohr [1913] in the special case in which 
(2) is an ordinary Dirichlet series. 
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the axis of con\ergence In this connection the following remit will be 
useful 

Theorem 4 3 If the integral 

(1) l^e’‘da(t) 

conicrges al s = oo + ira , and tf II and K are any comtanta for which 
H > Q K > \ then the integral ( 1 ) eonierges uniformly in the region A 
dtfined l>j; the ineguditiea 

(2) 1 s — * 1 1 5 K(a — (<r ^ «») 

Note that if « is in A uemast have <r > at or else s = s* Hence by 
Corollary la the integral (1) converges in 4 If e is an arbitrary post 
tne number ’ac wish to show that we can detennine a number Ro in 
dependent of a in 4 such that for ft > ft# 

(3) |/%“<fa(l)|<. 

Set 

«l) - 1 « ‘"iaM (0 g ( < ») 

and determine ft# greater than II and such that 

\0it)~m)\<t/K 

for all values of t and ( greater than ft# This is possible by the con 
vergence of (1) at s# 

Then 

e ’'daW =« e-'*— 'dlP(0-«ft)I 

» (» - s#) J e “ ''”13(0 - 0(R)}dt (<T > ffo) 
for any positive ft If ft > ft, 

I /“« •'wol I— (, >,.) 

1 •' s I A <r ~ OD 

Hence if s is any point of 4 not s. 
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m 


Tf s = So 



|/3(«)-^(i2)| ^^<e, 


so that (3) holds for all s in A, and the theorem is proved. 

We now investigate the nature of the region A. Setting cr — co = x 
and T — TO = y we see that the boundaiy curve C of A is S 3 ’^mmetric in 
the x-axis and that the equation of the part above that axis is 

y = - 1)"= (x ^ 0). 


The first and second derivatives of y with respect to x are 


, ^ X-e=""(l + ffx) - i 

y 


y” = 


Since 


_ 1 ) 1/2 

HK-e‘'’^[K-e-"%2 + Hx) - 2 - 2Hx] 
- 1)^1- 

^ I + 2Hx 


K%-“\2 + Hx) ^2 + 5Hx + 2ffV ^ 2 + 2Hx, (x ^ 0) 

we see that the curve is concave upward above the y axis. It passes 
through the origin and increases monotonicallj" as x increases. Since 

lim y' = (K- - 1)*'= > 0, 

x-*04- 

the cun'e C has a cusp at tlie origin, the angle between the two tangents 
being 

2 tan~'(Z- - iy'\ 

As X becomes infinite y becomes infinite. The region A consists of 
the cuiTe C and the part of the plane l}’ing to its right. The half-line 

y = (K- - iy'"-x (x ^ 0) 

lies entirel}’ in A, but no other half-line through the origin ndth greater 
slope lies entirely in A. 

Set 

tan T = (K' — I)”'", sec t — K. 

Then the angular region 

1 s — So 1 ^ K(<r — Co), {a ^ co) 

lies entirely m A, a result which is also clear from the fact that (4) 
ent y implies (2). We have thus proved 
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CoROLL.\BY 4 3 If (I) eoniergeafor « = ro + ifo tf K > 1 tt 
conicrges uniformly tn tht rtgton 

I « — «• I S Kia — <ro), (<r & ffj) 

4 4 We pro\e next the foUowing rewIt • 

Theorem 4 4 If the tntegra^ §4 3 (1) converges a< « = «o and if f{ « 
any positive nuniber, it eomerges uniformly in fhe region A' defined hy the 
inequality 

For, if s IS a point of A', then 



Let j bo an arbitrary positue number If ^ S i «e can determine 
H' > H so that 


o — ft 

Hence if s belongs to A' and is such that « cn g i it aUo belongs to a 
region A of Theorem 4 3 

{.>..) 

The remaining part of A' where a — »# < 5 can be included m a tri- 
angviVat TcgWHi of tVietype described in CoroWary 4 3, so that the theorm 
H c'^tablished 

Corollary 4 4 If H and S are any postfiie numbers and if §4 3 (1) 
eomerges at s ^ so , then tl eomerges «nt/ormfy in the region 

(1) o Z a, + S. I r I ^ e"' 

By Theorem 4 4 the integral eomerges uniformly m the region 
|t - T,| _ 1 

If s satisfies (1) then 

I r — TO ( S I T« I + c" < — 1 

for all e sufficienllj large The remainder of the region (1) can again 
be mcbiried la a tnaagalat region 


Compare E Landau 1190$] p 739 
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5. Analytic Character of the Generating Function 

It is now easy to see that a Laplace integral represents an analytic 
function in its region of convergence. 

Lemiia 5. IfO^a^b, then the function 

f(s) = f 6 ‘“da(t) 

IS entire, and 

f\s) = (-1)" f e-^U^dail) (k =1,2,3, 

Ja 

By the unifoim convergence of the exponential series we have 

Ka) - fe-'d«it) = t ft-MO 

Ja n®*0 •'O 

Clearly this series converges uniformly for s in any bounded region, so 
that its sum, f(s), is entire and 

= t, r (-0"da(0 (k=l,2,...) 

(n — fc) I Ja 
= f e~“(-t)’‘da(t). 

Ja 

This completes the proof of the lemma. 

By use of this result we establish; 

Theorem 5o. If the integral 

(1) /(s) = r e-’‘ da(t) 

Jo 

converges for o- > o-c < ro , then f{s) is analytic for a > ctc , and 
/(«(s) = f e'-”i-t)''da{t). 

Jq 

For if So is an arbitrary point in the half-plane a > <tc , we can sur- 
round it by a circle K which also lies in that half-plane. By Theorem 
4.3 the integral (1), and hence the series 

00 ^n+1 

/(s) = Z e“’'da(0, 

J n 

converges uniformly in K. Since each term of the series is entire, we 
may apply the theorem of Weierstrass concerning the term by term dif- 
ferentiation of series to obtain the desired result. 
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From the analogy with power «enes one might be tempted to suppose 
that a function defined b> a Laplace integral would ha%e at least one 
cmgulanty on the axis of comergence of the integral This, hoae^er, 
Is not the case The integral 

/{*) = ^ e'"e'sm(c*)d( = 

clearlj has <t, = 0 for its abscissa of come^encc But for «• > 0 we 
ha\ e, after integrating by parts 

/(s) = cos 1 - < dr 

This integral converges for o > —1, so that this equation senes to 
extend the funetion/{») anah’ticalli into the half-piano s- > —1. That 
>s, /(*) certainlj has no singularities on tlu: imagmarv axis, the axis of 
com’ergence of the original Laplace integral In fact one could «ho« 
easih bj "uccessixe integration bi part* that f[s) is entire 
A case in nhieh there is certainh a «ingulanti on the axis of con- 
Ncrgence i- deacnbed in the foUoNnng theorem • 

Theorem 56 // «(<) is monotomc Ihtn fht real pennt of the am of 
conicrjence of 

/(.) - (-••Ml) 

i»o singularity of f(i) 

Ite statement of the theorem a-sumes that the absci»»a of comer- 
gence ir<, Is finite It is no restriction to assume it rero For 

(2) f(s 4- ot,) c'*'rf;3(() 

nhere 

m - ^ €-—d.M (0 s i< «) 

The integral (2) has ab-cissa of comorgence rero and its determining 
function d(/) 13 al'O monotonic For definiteness ve take a(0 non- 
decreasing 

A-v^uming that <r, = One mu-t pros e the ongtn a -ingular point of /(si 
Suppose the contrars then the ‘sene- 

/W-g^^U-D* 

•Compare II Hamburger (10211 p 306 



§6] UNIQUENESS OF DETERMINING FUNCTION 59 


converges for some real negative value of s, saj^ s = —5. That is, 
A-5) = t /" «-(-<)* <;«&) 

A,-0 " ! •'0 


(3) = re"'|: n(5 + l)'(0't?«(0 

= f e'*' 

Jo 

if the interchange of summation and integral signs is permissible. To 
justify this we have 

„«<+■> = t « ± R‘ (0 s i s s), 

it«0 fc 1 JL=0 A: ! 

so that 

(4) I’e-'Ml) - fe-%-ttd„(t) 

Jo lt =0 •'0 


by Theorem 5d of Chapter I. 

Now series (4) converges uniformly for 1 ^ i? < <» since it is dom- 
inated by the series 


f (S + 1)^ 
h k\ 


Jq i.=o K ! 


which we have assumed converges to /( — 5). Hence we maj'’ let R 
become infinite in (4) to obtain (3). That is, the Laplace integral repre- 
sentation of /(s) converges for s = —d contrary to the hypothesis Cc = 0. 
The contradiction shows that /(s) must have a singularity at s = 0, 
and our proof is complete. 


6. Uniqueness of Detennining Function 

We shall show that the determining function a(<), if it is normalized, 
is uniquely determined bj" its generating function /(s), 

(1) f(s) r e-^‘da(t). 

Jo 

We shall also consider the integral 

(2) f(s) = r e'’*da(0. 

In the case of the integral (2) we note first that its convergence* for 
* See §1 for our conventions conceining the integial (2). 
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any fixed s = «o implies the existence of a(04-) Tor, d we set 

0) - I ,-'-dcM (0 S 1 S 1) 

we have 

«(i) - «(.) = f't-c -Ml) - ’'•'m') 

w ■ ,, 

- e-WO + «. J e“'K‘) dl (0 < < < 1) 


Since ^(0+) exists bj virtue of the assumption that (2) converges at 
8 *= c« it follows from equation (3) that a(0+) also exisU ^\c say 
that the function a(0 of (2) is normahted if a{0+) is rero and if 




«>o) 


0 1 To prove uniquene*.? theorems for 6(1) or G(2) ne need 
TniOHEM Cl If «(0 IS a normalszcd funtitoi of hounded varialton 
in (0 1) such that 

(1) |''•<l.(0-0 (n- 0,1,2 ), 

then a(0 ts idenlicalli/ zero m 0 g t £ 1 
Since ft(0) =5 0 bj hypothe«is equation (1) with n equal to zero 
shows that a(l) is rero Hence (1) becomes after integration bj parts 


(2) 

1 t'a(t}dt » 0 

(n = 0 1, 2. ) 

If 



(3) 

0(0 “ a(«) du 

(0 S < g 1), 

then 0(1) 

= 0 b) (2) with n = 0 and (2) becomes 


(4) 

(rmdi-o 

in = 0, 1, 2. ) 


If e IS an arhitrarj positive number it is possible by virtue of the 
approximation theorem of Aleierstrass to determine a polynomial P(t) 
which approximates to the continuous «»njugate ^(0 of 0(() mth an 
error less than < 

(5) 


1/J{0-P(0|< 


(0 s < g 1) 
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Hence by (4) and (5) 

f' 1/3(0 = f ^(0[l^ - Pii)]dt 

Jo •'0 

fVcoNt ^ 6 f'lmidi. 

Jo Jo 

Since e was arbitrary this shows that /3(/) is identically zero in 0 ^ i ^ 1. 

By (3) we then see that a(i) is zero at all its points of continuity. 
Since these are dense in (0, 1) and since for every i between zero and 
unity «(?+) and a(i — ) both exist, it is evident that 

a(f+) = a(f-) = a(i) =0 (0 < ^ < 1). 

Hence a(t) is identically zero in the closed inten^al (0, 1), as was stated 
in the theorem. 

Corollary 6.1a. If 

( 6 ) [' rda(t)=0 (71 = 0,1,2,...), 

•'0 + 

artd if a(t) is normalized, then 

a(t) =0 (0 < f < 1). 

By our conventions the existence of (6) implies that a(t) is of bounded 
variation in (e, 1 — «) for every positive e. Moreover, equations (6) 
with 71 = 0 shows that a(0+) and a(l — ) exist. The first of these 
limits is zero since a(t) is normalized, the second is also zero bj’’ (6). 
Hence (6) implies 

(7) [ fait) dl = 0 (n = 0, 1. 2, . . .) 

Jo+ 

Since a(t) is integrable in (0, 1), equations (7) imply (2), and the con- 
clusion is obvious. 

CoROLL-iRY 6.11). If <p{t) belongs to L in (0, 1), and if 

[ t”<r(t)dt = 0 (71 = 0, 1, 2, ...), 

Jo 

then <p(t) is zero almost everywhere. 

6.2. We now prove a result which Avas due to M. Lerch [1903] in its 
original form. 

Theorem 6.2. If so is a pomt in the region of convergence of §6(1) 
and I is a positive number, if a(t) is normalized,* and if 

Compare Definition S- of Chaptei I. Heie we mean, of course, that a(0 is 
normalized in the interval (0, R) for every positive R 
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(1) /(sa + = =0 (n = 0, 1, 2, ), 

/A/n 

a(0 = 0 (0 S « < «) 

For, set 

8(0 = [ e—'Mu) (0 g K «) 

Then 0{t) 13 of bounded \anatK)n in <0 A) for c%er\ po«itive R and 
j3(oo) =» 0 In terms of 0(0 equations (I) become 

« 0 (n = 0,l,2,..) 

Set equal to a new \anable u and obtain 

( 2 ) 14 ‘ 88(1 ' log »■')- 0 ( o - 0 , 1 , 2 , 

death 0(r‘ log u~') la normaUied so Uiat we roai applj Corollarj 
6 la to show It indentiealh zero But b> Theorem 5c of Chapter I 

e(t+) - 0(f-) - < - a((+)] (0< f < «) 

Henco <*(0 w i(ienticall> zero m (0 § f < «) 

Corollary 6 2a Ij in Theorem C 2 equations (1) ar< replaced hj 

then 

o[t) = 0 (0 < t < *) 

For, wc ma> define 0{<) as before It is no longer of bounded \ ana 
tmn in an intensl including the ongin Equations (2) become 

^ u"d 0 (r'logw ') = 0 (n = 0, 1, 2, • ), 

but Corollary C la is still applicable 
CoEOLLARi C 2b If in Theorem 6 2 efuahons (I) are replaced by 

= 0 (n = 0 , 1, }, 

irhcre <f{() belongs to L tn (0, R) far eiery posihie R, {ften ^(t) ** 
almost eitryirAere 
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For, bj’’ Theorem 6.2 the function 



du 


vanishes identically. Its derivative is ^{i) almost everj'’where. 

6.3. We may now prove the desired uniqueness theorem. 

Theorem 6.3. There cannot exist two different normalized determining 
functions corresponding to the same generating function. 

The proof is obvious. More precisely the theorem means that if 
ai(t) and ai{t) are normalized and such that 

f e~‘‘daS) = f e-“daoXt) 

Jo Jo 


for all s in some common region of convergence, then 

ai(t) = aiit) (0 g i < co). 


Or, if 


f a ‘‘<fli(t)dt = f e tpiif) dt 
Jo Jq 

for all s in some common region of convergence, then 

<pi{t) = 

for almost all positive values of t. 


7. Complex Inversion Formula* 

We shall next obtain a formula which gives the determining function 
a{t) in terms of the generating function /(s), an inversion formula for the 
Laplace transform. The Cauchj^ formula for the coefficients of a power 
series in terms of its sum furnishes an analogue for the result which 
we shall obtain. 

The Laplace integral with determining function a{t) reduces to a 
series in powers of e'’ if 

a(0) = 0 

«(t) = s„ = Cl + 02 + • • • + a„ ' (n — 1 g t < n; n = 1, 2, 3, . . .). 

Then 

/(s) = ■P'(z) = Z a«z" (z = e"’). 

n— 1 

* See J. U. Tamarkin [1926] where a historical introduction to this subject is 
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F(z) 




2« Je (I - 2)2’*' 


F(z) 


where the integration « taken m the positiic sense over a circle C, 
I z I = 7 , the radius y being less than unit 3 and Jess than p, the radius 
of convergence of (1) A change of vanablc gives 


( 2 ) 


2stJ , l-t~* 


ds 


c logi, c > log\ e > 0 
7 i> 

Bj the theorj of re«idue« one could show* that the mtegral (2) can be 
replaced 

o(() = = A I ^ ds (n - l< ( < n, c> 0, c > log 

^^e do not give the detaiU since we shall give a rigorous proof for the 
general Laplace tnin«fomi The present approach merel) shows the 
type of formula to expect, and shows why one must expect the restnc 
tion c > 0 m the general formula below 

7 1 For the mv er«ion of the integral wc «hall need a result concerning 
the familiar Ehncblet jntegral, the proof of which we insert for 
completeness 

Theorem 7 \ If a(l) is of boundfd larutlion tn 0 S t i 5i S > 0, 
then 


(1) Im - f 0(1) 

r-« r Jg t 2 

Clearlv if equation (1) is true for each of two functions «(t) it is true 
for their «um Hence it ts no lestnction to suppose a(t) real In fact 
It 13 no restriction to «uppo«« that «(/) is non negative, non-decreasing 
As a final reduction we mav suppose that a{0+) == 0 since 


See, forexsmple E Landau (19091cbapter77 
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Then if e is an arbitraiy positive constant we can choose -q so that 
a{t) < € when 0 g f ^ 1 ? < 5. By the second law of the mean 



sin Tt 
t 




t 


+ 




” sin Tt 


t 


dl 


( 0 ^ 5 ^ v)- 


Bj' the Riemann-Lebesgue theorem 



sin Tl 
t 


dt 


^ eA, 


where A is a constant such chat 



sm IT 
t 


dl 



sm x j 
dx 

X 


^ Att. 


Since e was arbitrarj*, our result is e'stablished. 

7.2. An immediate consequence of this result is: 

Theohem 7.2. I.J (s{ii) belongs to L in (— «>, «>) and is of bounded 
lariation in some two-sided neighborhood of a point t, then 


( 1 ) 


Urn i r ni - f) 

r-*eo TT J^ao t 'll 


<fiit +) + ^»(/ — ) 
2 


For, if e is an arbitrary positive number, we can determine R greater 
than t, greater than —t, and so large that 

^ Z J 1 Idu ^ e 

TT It — t Jr 

Also 


i/ .(«) 

I TT Jr 

- J-a t — U 


sin T{i — w) 
t — u 

.^in T{i — u) 


du 

du 


1 

~ J-R 


<p{xi) sin T{t — u) 


t — n 


dll 


TT Jo V 




b\ an application of the Riemann-Lebesgue theorem and of Theorem 7.1. 
Hence 


lijn |1 r <piu) sin Tit - v) -b) -b -) 

r-K I ■n- J-co t — U 2 

from which (1) follows at once. 


^ 26 . 
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ConoLi-ART 7 2 J/ v(«) Wo'ff* to L jn (R «), and if i < R then 
to 

r-« Jm i — u 

7 3 We first de\clop an m\ersioti formala.* for the case m which the 
dctermimng function «(/) is the integral of a function >f{t) That is 

(1) /(*) = e~‘'vil) dl, 

and we «eek to detennme <?(/) in terms of/{s) 

THroRZii 7 3 If ir(u) Motigs lo L in (0 R) for eiery positae R and 
if the integral (1) eonrergea abiolulcl!/ on the line a = c then 

lim " O ^ 

If in addition <fi(u) is of hounded itsriaUon in a neighboThood^* of u ^ t 
{t S 0) then 

to jT, 0“'" * - (' > »> 

® .vj^) (,.0) 

For an) %alue of ( we hi\e 

27, L , “ 27 1 / >*> i 

■» I — U 

The interchange of the order of integration here effected is justified bj 
u e of Theorem 3 1 the integral (1) being unifonniv comcrgeiit along 
the r ertical line vgment from c — fT to c + iT in the complex s plane 
II t-fii) !■> defined to be zero in (— x 0) the function v'tw)e belongs 
toLinf— « x) so that Theorem 72 IS applicable to It The con 
elusion of that theorem McWs Theorera 7 3 
7 4 The condition imposed on v(u) in the neighborhood of « « 1 is 
preci'eJv Jordan’s condition for the con\ergcncc of the Founer senes 
corresponding to v(m) All the familiar con^ergence teats for the 
* B Itiemann llS"6) 

••ThisisatTCO-sidedMvghbaihooditt^O angtt baodneighboihoodif l“<J 
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convergence of these series have their analogues in the present theoiy. 
The following corresponds to Dini’s condition. To simplifj^ the state- 
ment of the theorem let us define ip{u) to be zero for negative values of u. 

Theorem 7.4. If belongs to L in (0, R) for every positive R and 
if the integral §7.3 (1) converges absohitely on the line cr = c, then for any 
negative t 


lim J—. 


/»e+xT 

/ f(s)e‘‘ 

Jc— »r 


ds = 0. 


If for some fixed non-negative t the limits <p{t-\-) and tp{t—) exist and for 
some positive d 


I + ^) - I ^ 

Jo u 

f I - ■») - v« zLI *, < 

Jo u 


then 


lim ^ I . 

r-*«) ^TTl Jc-tr 


f(s)e“ ds 


+) 4- — ) 

2 


Bj' use of Corollar}’- 7.2 it is easj’’ to see that we need only prove the 
equation 

1,^1 

r-»M TT Jt~s t — u 


<p(t+) + — ) 

2 


(—00 < t < oo), 


where 5 is positive but as small as we like. obvious changes of 
variable we see that it will be sufficient to prove 


(3) 

(4) 


lim i ~ +) 

r-»co IT Jo u 

Urn 1 r‘ <p{t - - ^jt -) 

r-»co IT Jo u 


sin Tu du = 0 


sin Tw du — 0. 


Since 


( 6 ) 


<p{t + u)e - t-) _ [^(i -f «) _ tp{t -f )]e"‘“ 

w u 

^ <p{t+)\e'^ - 1] 


u 
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it IS clear that the function on the Irft-hand b de of the equation belongs 
to L m (0 3) for S sufficiently ^all Consequently y\e mas applj 
the Riemann Lebesgue theorem to establish (3) \ similar argument 

applies to (4) 

7 5 It must not be supposed that the integral 

(1) Si 

tiecessarilj comerges Thus if v(f) = 1 in 57 3 (1) then /(«) = j ' 
for <r > 0 The conditions of Theorems 7 3 and 7 4 are both satisfied 
so that the pnneipal y alue of (1) ensts But if { = 0 c = I it is clear 
that (1) dnerges In this connection we prose 
Theorem 7 5 hnder tht condition* of Tleorem 7 4 the tniegral (1) 
ctmiergea v.hen / < 0 or tchtn t S 0 «/ v(n) contiimou** ot u = / 
Let T and C be arbitrary positne constants Vi e wi li to shoyy that 



when T and U become infimte independent!) This will prove that 
2-5 

conseiges ^\hen this is established it will be piident to the reader 
how to modif) the argument to treat the integral 

a/, y'*'"'* 

It mil be sufficient to «hoypi thnt 

i ■*“ = » <' > ® 

or that 

r-S.. /,7 ^ 1 “ 

for some small posituei Making u e of hypotheses §74 (I) and §74 
(2) of equation §7 4 (5) and of tbe Rretuann Lebesgue theoTCTn vre see 
that ive need onl) proye that 

— k""' - »-"l iv} - 0 

• Recall that if(u) bas bewi defined as lero for u < 0 
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Since ^(<+) = this is equivalent to 

lim r‘s5l5L:AiIV^j,_o. 

r-*co,i7-*co **0 y 

But this follows from Theorem 7.1. The modifications necessary if t 
is negative or zero are apparent, so that the theorem is established. 

7.6. An invemion formula for the general Laplace-Stieltjes integral 
is easih" derived from the foregoing results. 

Theorem 7.6a. If ci{i) is a normalized function of bounded variation 
in (0, R) for every positive R, and if the integral 

(1) f{s) = r e-‘‘ da(t) 

•'0 


has an abscissa of convergence <tc , then for c > 0, c > ce 



«(() 

(1 > 0) 

(2) 

T— ♦eo 27rl "c— tT* S 2 

(i = 0) 


0 

(t < 0). 


Note that if a(t) is an integi'al of <p{t), then (1) reduces to §7.3 (1). 
If (2) is foi-mally differentiated ^Yith respect to t it reduces to §7.3 (2). 
It is important to observe the condition c > 0 here imposed. 

If 0 - > 0 and <r > ffe, then bj' Theorem 2.3a 


(3) f{s) = s f e ’‘a(t) dt 

Jo 

the integi-al converging absolutely. We have now only to apply 
Theorem 7.3 to the integral (3) to obtain our result. 

Corollary 7.6a. For any negative t 

If t is not negative but is a point of continuity of a{t) for which* 

{ i “(i + u) — a(f) 1 + I a{t — u) — aif) | }tt~’ du < «> 
for some positive 6, then 

a{t) 

^ = «(0+) 

. 2 

* We are assuming that a(i) is zero for t g 0. 


27ri Je-ico s 


(i>0) 
(f = 0) 
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This {oWo\\3 at once from ITiecweni 7 *» 

TrtEOREM 7 6?> Under Ote conditions of Theorem 7 Ca with Oc <c <Q 

(t>0) 
(t =0) 
({<0) 

This theorem is onl} applicable nhen the integral has a negatne 
abscissa of con\ergcnee m which case «(“) certainlj exists Bj 
Tlieorem 2 36 ive hai e for all s with real part greater than o-. 

(4) + 


r-« 2x1 J< r a 


r(0-a(^) 


»i:o4-) 


-<*(») 


a(«) 


But it IS a familiar fact tint for anj negitiie c 

fo 


lim ^ f ^ ds ■ 
r^«2rtJ« IT « 


2 

-1 

Appliing Theorem 7 3 to the integral (4) we haic 


(f >0) 
tt-0) 
It <0) 




'a(0-«(») («>0) 
o(0+) " g(”) (( = 0) 

[o (t<0) 


Combining this result with (5) guea the result of the theorem 
\^e obscnc that Theorem 70a or Theorem 7 06 when applicable 
mnj be used to gne a new proof of the uniqueness theorem for the 
Laplace-Stieltjes integral that is of Theorem 0 3 


8 Integrals o! the Betenmnmg Function 
Equation §7 6 (2) proiides a formula for determining an integral of 
v(«) when /(s) IS defined b> §73(1) Wemai generalize this to obtain 
all the successive integrals of p(«) Set 

v»i(f) = «»(u) dll (< > 0) 

P.«) = jf V. i(«)du 0>0n = 23 ) 
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Then 

(1) cpM) = j‘ - <p(.u) du it > 0). 

In accordance ■with the ideas of Liouville and Riemann equation (1), 
with 7 ! replaced by an arbitrarj^ positive number p, is taken as the defini- 
tion of the integral of y(7t) of order p. Note that for negative t the inte- 
grand need not be real for non-integral values of p. Consequently we 
consider onlj'^ non-negative values of t. We shall need several prelimi- 
nary results concerning these integrals.* 

Lemmma 8o. If <p{u) belongs to L in (0, R) for every positive R, the 
same is true of yp(w) wJmi p > 0. 

For, 

f I yp(0 \dt^ f dt f ~ ^ ' I <p(u) 1 du 

Jo Jo Jo 1 (p) 

We have here made use of the Fubini theorem to change the order of 
integration. 

Lemma 8b. If <p(u) belongs to L in (0, R) for every positive R, then 
for p ^ 1 is of bounded variation there. 

It is no restriction to assume <p{u) real. Then write <p{u) as the dif- 
ference of two non-negative functions, 

<p{u) = |<p(u) 1 - {1^5(w) I - (p(w)}. 

It is clear that ippiu) is the difference of two non-decreasing bounded 
functions. 

Le.mma 8c. If (p{u) belongs to L in (0, R) for every positive R and is 
of bounded variation in a neighborhood* of a point u = t {t 0), then 
/«■ 0 < p < 1, (pp{u) is of bounded variation in a neighborhood^ of u = t 
and satisfies a Lipschitz condition of order p at u = t, 

<Ppit + li) - <pp{t) = 0(1 h 1") 1 0, t + h > 0). 

We may assume without loss of generality that <p{u) is real. Let 
ipiu) be of bounded variation in an interval (a, b) where a ^ 0. Let t 
and X be interior points of the open interval (a, b). Then 

r(p)<pp(a:) = [ (a: - uy~^(p(u)du + f (x - uy~^<p(u)du 

Jo Ja 

= Ii(^) + 

* Compare G. H. Hardy [1918], G. H. Hardy and J. E. Littlewood [1928], 
t This is a two-sided neighborhood if 1 > 0, a right-hand neighborhood if f = 0. 
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Since li{x) has a bounded demahve obtam‘*d by differentiation under 
the integral sign in a neighborhood of x =Mt is of bounded vanation 
there and satisfies a Lipsdiit* condition of order unity (and h'^nce of 
order p) at x =t Wnte J,(i) as a Sttelties integral 

( 2 } /i(x) = w>(o) + ^ (x-uyd^(,u) (a<x<b) 

P 

It IS only necessary to consider It(x) If t = a = 0 this equation makes 
the result stated obvious For since ^(u) is the difference of two non 
negative non-decreasing functions in (a b) it is no restriction to assume 
at once that ^(u) is it«elf such a function Then f»(r) ts non-decreasiag 
in a neighborhood of < *= 0 and 

/iW-Olh*) (h-*0+) 

If t > 0 and if a g fi S ft g 6 vve have 

UU) - Ji(li) - j‘‘ ((. - «i)'d^(«) - 1^" 0. - ii)'ds.(«) 

” / ~ ~ “ «)*ldi»(K) 

+ j (f, - u)*di!>(u) - /i + /» 

Cleailj and h are non negative so that It[x) is non-decreasing in a 
neighborhood of x = f Moreov er for f* = f -h A and ti =» f I > A > 0 
we have 

1, s /.'(' + *- “)'[i - ® *■ /.**'<“> 

h £ A'J dip{u) 

If A < 0 take fi = t -f- A and (i =» t The above argument 'hows 
that 7* and are again 0(1 A (O Consequently we have completed 
the proof that is of bounded variation in a neighborhood of m = t 
and that ^,(a) satisfies a Lifschitz condition of order p at u = f 
8 1 By u^e of the foregoing results concerning generalized (fractional) 
integrals we now prove easily 
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Theorem 8.1. If <p{u) belongs to L in (0, R) for every positive R, 
and if the integral 


f{s) = f e 
Jq 


has an abscissa of convergence Cc , then for p ^ I 


1 

TTl J e—tj 


"&e"ds 


r-^00 ^TTt Je—iT 


t ^ 0 
t ^ 0, 


where c > Cc , c > 0 

If p is a positive integer it is easj’- to see by integration by parts that 

(1) /(s) = s” f e~“<pp{t)dt {<r > 0, a- > cf). 

Jo 

This equation also holds for all p ^ 1. For, consider the integral on 
the right, wdth (Pp{t) replaced b}’' its integral expression §8 (I). Inte- 
gration bj" parts, if p > I, gives 

(2) jT" ^,(0 dt = jT" e-" dt jf ‘ yiOO du. 

After changing the order of integration this becomes 

f e-VpCO dt = r M du f dt 

Jo Jo Ju r(p - I) 

This interchange is justified by Fubini’s theorem provided the iterated 
integral 

I I '"■<“> ' /. f(^ /' I '■■w I 

exists. This follows from Theorem 2.2a when v > 0, o- > Vc . 
Integrating (3) bj'^ parts now gives 

(4) [ e-“v>p{t) dt = s-^ f du = /(s)s“^ 

•'0 Jq 

which is equation (1). By Lemma 8b pp(i) is of bounded variation in 
(0, R) for every positive R. Moreover, since 
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and since, bj Theorem 2 2a, 
vi{t) = OCe'**) 


v».(0 = 0(c'*'O («-»«,pfel), 

so that the integral (1) converges absolutely for r > 0, <r > <Tc 

By Lemma 8b ^,(u) is of bounded variation in any finite intenal of 
the positiv e axis Hence Theorem 7 3 is applicable to the function 
/(s)i * defined by the integral (1) The conclusion is preciselj Theorem 
81 

82 For the case in which 0 < p < 1 »e must impose the further 
restriction on ^(u) that its Laplace transform should have an axis of 
absolute convergence 

TnEORESt 8 2 7/ ^(u) saltsfita tk' condiltons of Theorem 7 3, then 
/or 0 < p < \ 

(„ 

2rl !• to (IS 0), 


’ll 

The interchange of the order of integration is justified b> Fubini’s 
theorem for a > a. For then 

jf I #?(«) I du < « 


Hence §8 1 (4) is still vahd ’Moreover it is clear by Fubmi's theorem 
that the integral on the left of §8 1 (4) is absolutely convergent for 
(T > <r. Under our present hj-pothesis it is nl«o clear by Lemma 8c 
that ip,{u) lo of bounded vanation in a neighborhood of w = f Hence 
Theorem 7 3 is again applicable The conclusion is (1) since bj Lemma 
8c the function is contmuous at u = f 
8 3 In Theorems 8 1 and 8 2 ne made use of the pnncipal values of 
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the inversion integrals emploj’^ed. In this paragraph we give a suffi- 
cient condition for the convergence of these integrals. 

Theorem 8.3a. Under the conditions of Theorem 8.1 the integral 

(c > 0, c> (7c) 

•fc — loa 

converges for all t if p > 1. 

For, we showed that 

(1) /(s) = s” ( C~^‘v5p(0 dl (cr > 0, cr > <7c) 

Jo 

and that 

® 1 ' 

The integral (1) converges absolutely. Since <pi(v) is of bounded varia- 
tion we see bj^ Lenuna 8c applied to (2) that ^9p(u) satisfies a Lipscliitz 
condition of order p — 1 at every point ti =? L Hence <Pp{n) is con- 
tinuous and the functions 

[s9p(f -h u) - <pp(0]h“‘, [,p^(l - u) - <p,(()]u~^ 

belong to L for 0 ^ tt g 6 for some positive 6. Our result is conse- 
quently established by use of Theorem 7.5. 

Theorem 8.35. If <p(n) satisfies the conditions of Theorem 7.3, then 
(he integral 

r'”-(^e”ds (OcrJ 

Jc— too 

converges for 0 < p ^ 1. 

Again we obtain (1) as in the pi-evious section. The integral (1) con- 
verges absolutely. For 0 < p < 1 w'e see by Lemma 8c that <pp(u) 
satisfies a Lipschitz condition of order p at = t. The remainder of 
the proof follows as in Theorem 8.3a. 

9. Summability of Divergent Integrals 

In section 7.5 it Avas pointed out that the integral §7.5 (1) may be 
divergent. For this reason we were obliged to consider the principal 
value of the integral. If we relax the conditions imposed on <p(u), for 
example Joidan’s or Dini’s condition, this principal value may not exist. 
To treat this case we introduce the notion of the summability of an 
integral. 
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Definition 9 * The integral 

[‘m du 

ts summable by anthmetie means or by Cesaro’s means of order 1, {C, 1) 
to the value A if 

It IS easy to sec that 

f [ * ” £ (' ■ 

so that the term arjlhmctiv mean »s justified This equation mak*^ 
evident the consl'>tcnc^ of the method That is if 


l|m /^/(«) 


dM « A, 


then (I) follous For it is a familiar fact that if a function approaches 
a limit ita anthmetie mean approaches the same limit 
Oil FMMx 0 lo // »»(t> helonpj to L in (0 6) and tf crisis 
<^en 


( 1 ) 




lAi) 


fin* (Tl/2) 




the limit of the left hand <ndc K 1/2 so that (1) is \alid when v:(f) « 
constant If t is pien there exists f = f(«) such that 

(0 S < g f) 

[• ( v(l) - y(0-h) I 


kfo -si(0+)| < * 

Then 

I ^ j‘ Iv-(0 - »(0+)l 41 1 < , + 

2 ft fin’ 

W0-t.(O+))~ 

from uhich (1) is immediate 

• See E. W Hobson (tg^J toI 2 p 3&t 


dl 


tdlSe 
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Lemma 9.16. If P{u) is bottndcd in (0, <»), then 

“ f r ‘‘ C"*' * 


/or a?!?/ positive S 
For, 




/3(w) 


1 — cos r« 
id 


du + 


/: 




Clearl}' 

7i(T) = oQ (T-^co), 

and 

I,{T) = o(l) 


bj' the Riemann-Lebesgue theorem. 

9.2. The lemmas of the previous section permit us to establish easily 
the following result.* 

Theorem 9.2. If <f>{u) belongs to L in (0, R) for every R > 0, and if 

f(s) — f e~’‘<fi(t)dt (a > (Te < “), 

Jo 


then for c > <7e the integral 


27rf 


-e+*« 

/ /(s)e** 

VC — »«0 


ds 


IS summable (C, 1) to zero for i < 0, to v>(0+)/2 if t = Q, and to 
[^(i+) + ?>(^— )]/2 whenever these expressions have a meaning 
Since 


( 1 ) f 

Jo 

conveiges uniformly for -T ^ ^ T, where T is arbitrary, we have 



* Compare G. H. Hardy [1921], 
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i = A|'.u-uy-'s=^d. 

+ ■!» - I. + I, 

By Lemma 9 lo 

to /. - 

r-~» ^ 

Let a be an arbitrary ptwitive number Then 

- A (i' + /.')'" + + 


By Lemma 9 la 


v«+> 


To treat /< we introduce the function 

S(y) ^ I + «)<"'* du (y ^ f) 


“ «)(w)e''*rfu 

Smee (1) conicrge* it follows that 0(y) is a bounded function (1 being 
fixed) But 

By lemma 9 H> we see that/* lends torero with l/TsolhatourtheoreTQ 
IS established 

9 3 Following a familiar termmolog) we sav that the set of \ alues t 
for which 

fl-/Cr)ld(=o(W (h^O) 

IS the Lebe«gue set lor the function /(t) The Mlomng result* mil 
now be established 


Compare G If Hardy fiy»ll 
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Theorem 9.3. If <p{u) helo7igs to L in (0, R) for every positive R and if 

fis) ~ f ^ ‘‘ fpif) dt {(T > Cc < 

Jo 

the 7 i for every t ^ 0 in the Lebesgue set for <p{ii) the integral 

(1) . fWds (c > cc) 

StTZ J c— too 


is summahle (C, 1) to <p{t). 

It mil be sufficient to prove that 
, sin" {Tu/2) 


1- 2 
lim 

r->co TTi 


f <p{t - u)e‘ 
-•'0 


du 


u- 


+ 


[ <p(t "b 

Jd 


sin" iTu/2) , 1 




duj = <p{t) 


or, by §9.1 (2), that 

1 / \ sin" {Tu/2) , 

hm = / &5(t{) 5 -^ du - 0, 

r-*« i *^0 

miu) = ipi/ — u)e‘'‘ -J- ((>{i "b u)e — 2(p{t). 
But, if t is in the Lebesgue set, then 

( 2 ) 

Hence 


.h 

= I ! I du = o{h) 
Jo 


{h-^0). 


1 r”’’ sin'Tw f*" 

i «(u) du^T ! o>{u) 1 du = 0 ( 1 ) (T oo). 

i Jo u Jo 


Also 


If , . si 

m / “(W) - 

i Jl/r 


sin^ {Tu/2) 


u~ 


du 


s 1 f‘ l» 

T Ji/T u~ 


(u) 


du 




By virtue of equation (2) each term on the right-hand side of the last 
equation is clearly* o(l) as T becomes infinite, so that our theorem is 
proved. 

Corollary 9.3a. The integral (1) is summable {C, 1) to ,p{t) for 
almost all positive t. 

* One may apply I’Hospital’s rule for the last term. 
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Corollary 9 36 Two fvneliona ^(0 whieh differ tn a set of ^positive 
measure on Ike posiltie t-axis cannot have ike sam» Laplace transform 
This 13 again the uniquenesa theorem which we have pro% ed before 
The present section gives a new proof 

10 Inversion When the Deternuning Function Belongs to L* 
Another case in which it is desirable to di»;uss the inversion formula 
IS that in which ^(0 belonf^ to L* on the interval (0, ®) That is 

f i»(i)i’i« < » 

We use the notation 

1 1 m = vt(0 

to mean that and belong to L' (p > 0), in ( — « , «>) and that 
lim j |«>j(0 “ «»(0 0 

We must first see if the generating function is defined when ^(f) 
belongs to V 

Theorem 10 If belongs to L* »» (0 *■) Ihm 

(1) / e"*V(*)<i( 

exists /or ff g 0 and defines a function /(«) there which « analyfic for 
«• > 0 Moreaier, 

(2) /W - f t-'Mdl (« > 0) 

the integral coniergtng absolutely for o > 0 and 
it) 

(3) 1 1 m f(ff + *t) = /(ir) 

For, since belongs to L* in (0 «) the same is true of c~*V(0 
for any positive <r The existence of (1) follows from the Plancherel 
theorem, and /(ff + it) considered as a function of t is the Founer 
transform of a function which is aero for negative I and is \/2t e”*V{0 
for positive t That (2) converges absolutely follows from Schwarz’s 


[/ I fW I iJlJ S jC e“”' dl f I ,.(1) 1’ dt 
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The anahyticity of /(s) follows from Theorem 5a. That it is the same 
function defined by (1) results from familiar facts concerning mean 
convergence.* 

Finally, since /(o- + tV) - /(tV) is the Fourier transform of 
[e^‘ — l]¥;(i), we see bj' Parseval’s equation that 

[ l/(<r + [‘dr = 2ir f (c | cs(0 \‘ dt. 

J-OC ‘'0 


As a tends to zero through positive values, the right-hand side of this 
equation tends to zero b}'^ Theorem 4.3, so that (3) is established. 

10.1. For the present case the inversion formula now takes the fol- 
lowing form. 

Theorem 10.1. If fis) is defined as in Theorem 10, then 



(2) 


l.i.m. 


T-*« 

or for c > 0 

„CI (2) 

(1) 

c « « 

— l.i.m. 

2iT r-*eo 

and 



‘liri J-ij 


<p(i) 

0 


— l.i.m. / /(c + fr)e"' dr = ] 
Zir r— « J-T 0 


(p{t) 


(t ^ 0) 

« < 0 ), 

((^0) 

« < 0 ), 


jf" 1 ^«) r df = i £” i/(c + ir) 1= dr. 

This is an immediate consequence of the Plancherel and Parseval 
theorems. We observe that (1) is equivalent to the two equations 


lim 

r->M 


jf v>{t)e + fr)e"' dr 


df = 0 


lim 

r-*eo 


£l£ 


/(c -|- ir)^^^ dr 


dt = 0 


10.2. From §10.1 (1) we could conclude that 

■I rC+iT 

m /„,/<*•■* fc>o) 

con'v erges in the mean to <s{t) over everj^ finite interval. But we can 
show that (1) cannot converge in the mean to <p(f) in the infinite interval 
( - CO , 00 ) unless /(s) is identically zero. To establish this we shall need 

* See, for example, E. C. Titchmarsh [1932], p. 390 (iii). 
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the following result which H a special case of the general uniqueness 
theorem in the theory of Founer transforms 
Lemma 10 2 l/vit) belongs to L* andtf 




smxtdi = 0 


(OO) 


for all X then is zero for abnosl all ■positiie lalues of i 

Clearlj c~'V(0 and te '^(0 belongs to L in (0 ») The integral 


e ’t<e{l)cosxtdl 

convolves uniformly for all x ao that its value is also zero for all x 
Hence 


i z* i cosxtdt eO (o>0— ■»<!<«) 

-if ^W. (a>0) 

The interchange m the order of integration is justified by Fubinis 
theorem An appeal to Coroltar> b 2h concludes the proof 
We are now able to prove the following result • 

Tkeorem 10 2 ///(s) IS defined as tn Theorem 10 oni tt not xden 

tieaUysero then fore > Othefunelton 

(2) = 

2« Je-IT 

cannot belong (o L* tn the tntenal ~~» < t < <o for all large 
postliu values of T 
For set 

lPr(0 = 2«~'Vr(0 

Then 

¥^t> = }[c + ‘Oe* * dr 


f ^ It^r(t)|*dt ~ ® 

ddorsndN Riener (1938} 


IV e must show that 

(3) 
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for values of T arbitrarily large. An integration by parts gives 

. S(.c + iT)e“’-li.o-iT)r" _ir ,,, 

it t J-T 


Nov'/(c + iT) cannot be identically equal to f{c — iT) for all large T. 
For this would impb’^, by use of §10 (2), that 

r“ 

(4) / e '' ^(0 sin Ttdt =0 

Jo 

for large T and hence* for all T. Lemma 10.2 this would imply 
that <p{t) is zero for almost all positive i and hence that /(s) is iden- 
tically zero, contrar}'^ to h 3 "pothesis. 

Choose T one of the values for which (4) is not zero and set 

A = \f{c + iT) -f{c-iT)\9^0. 

Then b 3 ' wtue of the Riemann-Lebesgue theorem 

it<PTit) - [/(c + iT) - f(c - zT)]c*''^ 

4- 2if{c — iT) sin Tt -+• o(l) (t — >■ »), 


so that 

1 (<PT(t) II I - 2! / (c - iT) sin Tt\ (t > to), 


if to is sufficiently large. Since the last term is zero infiniteh’’ often, 
we have 

1 t.pAt) 1 ^ ^ 

in infinitely many intervals to the right oi t = to all of the same length. 
This insures that 

so that (3) is established for the value of T chosen. Since T may be 
chosen arbitrarily large, the proof of the theorem is complete. 

11. Stieltjes Resultant 

Let a(f) and (3(f) be two functions defined for t ^ 0. We make the 
following definition: 

*The integral represents an analytic {unction of T, since it is equal to 
/(c + rT) — f{c — iT) except for a constant factor. 
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Dcrujinov 11 The StuiUjea reauliaiU* of a(0 and d{t) ts the function 

( 1 ) y(t) = j a(t-u)d0(u) = 0(t-u)da(u) (t^O) 

when these two xnlegTals en*t ond ore e^uot 
If one of the functions is continuous and the other u of bounded 
vanation both vanishing at I = 0 both mtegrsls mil clearly exist and 
be equal for all positne t We shall be particular!} interested in the 
case in n hich both functions are normalized functions of bounded ^ ana 
tion Denote by P« the countable set of points where a(/) is discon 
tinuous with a similar meaning for Pj By the set P.,^ we under 
stand the set of points x which ha\e coordinates of the form 


X ~ -r.d- x», 

where i. and xs are the coordinates of points of P. and Pg respectn ely 
If at least one of the sets P, P« is empty we make the con>entiont that 
Pm.j shall then be empty 

II 1 With the conventiODs of the previous section we prove 
Theorem U I If a(0 and 0(0 are nomolued /unctions o/ bounded 
tanahm tnO i t S R >ettA dtseon/mutfies tn the sets P. and P$ respee> 
(ttefy tAen the SUelljes resultant 

■y(<) •* j[ 

exists for every t of (0 P) not in the set P^p 
For if t IS not m Pa+e it is clear that a(t — u) considered asa function 
of M can have no point of discontinuit} in common with one of 0(u) 
in the interval 0 ^ u ^ P Hence by Theorem 14 of Chapter I the 
resultant 7{<) exists for all t not m P,+, 

112 We now show that the Stieltjes resultant of two functions of 
bounded vanation which is defined by §11 (1) except m a certain 
countable set of pomts P^g may be defined there also in such a way 
as to become a function of bounded vanation 
Thxobem II 2a If a(l) 0(1) andylf) are defined as tn Theorem 11 1 
then y(l) may be defined in points P^+g to as to become a normalized func- 
tion of bounded vanation tn (0 R) 

It IS no restnction to assume that a(l) and 0(0 are real functions 
Then since a(0 is of bounded v aTiatym 

• Another term sometime* used la this eonneetion is conrolu/ion The Germsn 
word FaUung »a aUo used ta En^h texts ef N Wiener U933) p 71 
t Compare \ tV miner [I<t34Ip 9 
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a{f) = ffli (0 — “2(0 

7„(i) = «l(0 + «2(0, 

where ai{t) and m{t) vanish at < = 0, are non-decreasing, and have the 
same discontinuities as a{t). The function V a{() is the total variation 
of a(t/) in the interval Q S u ^ t. Functions /3i(i), and V^{t) are 
defined for /3(0 in a similar wa 3 ^ Then if t is not in Pa+& . we have 


( 1 ) 


y{i) — f ai(t — u) dPiiu) — f aait — u) d/3i(tt) 
Jq 


- f ai(t - u) dPiiu) + [ az(i - u) d/SsCu) 

Jo Jo 

If <1 and h are points not in Pa+^ such that 0 < < <2 and if i and j 

are either of the integers 1, 2, then 

/ «i(f2 — m) d^iiu) — / a.(fi — «) dPj(u) 

Jo Jo 

= [ [a.-(f2 — u) — ai(ti — u)]d0j(u) -f f ai((2 — u)'d^,-(ti) ^ O'. 
Jo J(i 

That is, each of the integrals (1) defines a monotonic function on the 
set complementary to Pa+/j . Each is bounded there since 

0 ^ f ai(i — u) dPj{u) ^ ai(0|8,(f) ^ ai{R)Pj{R) 

Jo 


Hence y{t) has a right-hand limit at < = 0, a left-hand limit at t = R 
and both right-hand and left-hand limits at intermediate points. Hence 
we may clearly complete its definition so as to make it a normalized 
function of bounded variation in (0, R). 

In subsequent work we shall assume that the Stieltjes resultant of 
two functions of bounded variation has been defined by the aoove 
method at all points. 

Theorem 11.26. If a(t), and y{t) are defined as in Theorem 11.1, 
then 

Vy{R) ^ YM)ym 

For, define a{t) and p{t) to be zero for negative t, to be a(R) and 
j3(P) respectively for t > R. Then 



a{t — u) d^{u) 
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if t IS not in Let 

0Sa = /, </, < <tM = h^R 
where the t are not in P.+4 Then for anj positive u 

S lo((+i - li) - a(( - «) S ^ ^ 

Hence 

5 y(U,)-y(l) S £l.(R)l<itf(ii)l - 

Since the right hand Mdc of this inequalitv is independent of the (i ue 
maj let the latter approach points of P^+e nnd in particular we mav 
let a and b approach tcro and R respectiveh The left band side can 
then be brought arbitranh near to the variation of y(0 ^ ^(B) «o that 
the theorem la proved 

US now e«taWish a fundamental result regarding the limiting 
value of a resultant function as the independent vanabic becomes m 
finite The re«ult contains in it the classical Cauchj theorem regarding 
the multiphcation of absolutel} convei^nt senes 
TltzoscM 11 3 I/A(i) and B(0 are nonnohrcd/uncftona of bounded 
tvnalwn tn (0 «) trbtcA (end (a limils A amf B reipecftiely aa t becomei 
in/!nile t^en C(0 Ifie StteUjes resultant of 4(<) and B{t) lends lo AB 
as I becomes infintle 
Smce 

C(l) - ABU) = £ MCI - u) - /llii[B(u) - B] 

it is no restnction to assume that 4 *= B =* 0 provided we reluiqui-h 
the hjpothesis /4{0) = B(0) = 0 implied bj the word ‘ normalized 
Change of vanable and integration bj parts gives 

C(l) - 1“" J(1 - K)dB(i.) + jJ^Bd - u)dAM 

+ - AWi)Bm 

It IS clearlj sufEcient to show that 

lim J'* A(t~M)dB{u) = 0 


( 1 ) 
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If Bill) is constant the result is trivial. Otherwise denote its total 
variation in (0, «>) by 7ij(oo). To an arbitrary positive e there corre- 
sponds a <0 such that for 2t > k 

1A(01 

Then 

I * f 

Ait- u)dBiu) ^ I dBiu) I ^ e it> to), 

1 Jo ’ b( °° ) Jo 

so that (1), and hence the theorem, is established. 

11.4. We prove next: 

Theorem 11.4. If ait), pit), and yit) are defined as in Theorem 11.1, 
and if 

Ait)= [‘ e~^°'‘ daiu), Bit)= f‘ e-’"'' dpiu), 

Jo Jo 

at) = f e-’'‘'‘dyiu) 

Jq 


for any complex number so , then (7(0 is the Stieltjes resultant of Ait) 
and Bit). 

For, let t be a point at which 


f Ait — u) dBiu) 
Jo 


exists. This has the value 


f e~’^'‘dpiu) '' e-’^^daix), 

Jo Jo 


which becomes, after integration by parts. 


jf e ° ^ ait — w) -{- so j a(x)e dxj dj8(M) 

= j[ ait - u) dpiu) + So [ e~‘'‘'‘dpiu) [ aix - u)e~’^^^~“Ux 

*'0 Jq Ju 

^ ^ ~ + «« j[ jf «(* - n) dpiu) 

= e-’»‘7(0 + So [\-‘°^yix)dx 

Jo 

= [ e-‘^^dyix) = at). 

Jo 
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Since P*+B “ P.+J by Theorem 5c of Chapter I the existence of ‘v(() 
for the particular t chosen above is assured For the existence of the 
integral (1) it is unnecessary that^fi) should be defined at the countable 
set P«+s Thus C(0 coincides with the resultant of A(0 and B(() 
except perhaps in P.+a But since both are normalized functions they 
must coincide throughout 

11 5 We are now able to pro\e the fundamental theorem concerning 
the product of generating functions, the analogue of Cauchj ’a theorem 
for the muItipUeation of poner senes 
Theorem 11 5 7/ «(t), P(0 ir(/) are defined a$ in Theorem 111' /or 
aery P > 0 and \f the xnU^als 

/(.,) - 

jw - t— 'mi) 

eomtrge ahwluUly Uun 

(1) /(«.)«<•,)- 

and 

(2) jf‘.-'lir(l)l S 

For, define A{i) B(0 C(0 as m Theorem 114, then by Theorem 12 
of Chapter I 

Y,m - 1(8(1,) I, 

so that A(0 and B(0 are of bounded sanation m the intenal (0, *) 
Hence the conditions of Theorem 11 3 are satisfied bj A(0 and B(0 
By Theorem 11 4 C(t) is the Stieitjes resultant of A(t) and B(f) Since 
A * /(So) B = p(si) we have (1) at once By Theorem 11 2h 

Vc(0 ^ 

Vc(*) S 

so that (2) IS abo established 
Corollary 115 If the eerteg 

/(sg) = 2 g(8*) = 2 
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converge absolufehj, so dogs the follmoing series whose sum is /(so)ff(so), 
f(so)g(so) = (a„5o + an-ih + • • • + aobn)e“"'° 

n «“0 

For, we have only to specialize the functions a(t) and /3(0 of the 
theorem as suitable step-functions to obtain this result. 

11.6. In this section ve obtain the analogue of a classical theorem 
of F. Mertens [1874] regarding the product of power series. This result 
differs from Cauchy’s result only in that the condition of absolute con- 
vergence is relaxed for one of the series. The product series is then not 
known to converge absolutel5^ 

Theorem 11.6a. If A(0 and B(t) are normalized functions of bounded 
variation in (0, R) for every R > 0, one of which is of bounded variation 
in (0, to), and if they approach limits A and B respectively as t becomes 
infinite, then C{f), their Stieltjes resultant, approaches AB as t becomes 
infinite. 

As in the proof of Theorem 11.3 we may assume that A = B = 0, 
that B{t) is of bounded variation in (0, to), and that 

C{t) = f‘'' A(t - u)dB(w) -1- f‘ A(t - u)dB(u) = hit) + hit) 

Ja ■ J j/2 

As before 

lim hit) = 0. 

(—0 


If we denote an upper bound of | A (i) [ by M, then 

1 hit) 1 g - Vsit/2)] = 0(1) (f -> °o). 

This completes the proof of the theorem. By use of Theorem 11.4 one 
may now easil j’' obtain : 

Theorem 11.66. If a(i), /3(<). t(0 are defined as in Theorem 11,1 for 
every 72 > 0, and if the integrals 

/(So) = j['°e""'da(i) 

gisa) = f e'~'’‘‘dffii) 

Jo 

converge, one of them absolutely, then 

fiso)gisf) = f e~‘°*dyit). 

Jo 

11.7. In this section we obtain an analogue of Abel’s theorem* on the 
• N. H. Abel [1826]. 
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product of power senes This relaxes the condition of absolute con- 
vergence of the factor senes but demands instead that these senes and 
the product senes all converge 

Theorem II 7a 7/A(f) and B(t) are normalized funettons of bounded 
tanaltons in (0, R) for eiery ft > 0, ?/ C(0 their Slieltjzs resultant, and 
tf these three functions approach A, B, C respcehiely as t becomes infinite, 
then C ^ AB 

Under the present hypotheses it is clear that the integrals 



/w-f.- 

’dAU) 


bW = 1 

'dB(t) 

com erge for x 

^ 0 and that for x > 0 


(1) 

/(i) " * j[ 

’dAiit). 

where 




Aid) = £ A(u)iiu. 

the integral (1) converging absolutely for x > 0 N’o« 

CiCO - I I I* A(y - u)dBM 

“ j[ — M)d!/ = ^ AiU - w)dS(u) 

Appljing Theorem 11 Gh we have 

(2) ;WsCri = I e-”dcm (i > 0) 

This integration bj parts is pennis^tible «ince C(() is of bounded varia- 
tion m (0, ft) for everv ft > 0 and is bounded m (0 ■») 

By Theorem 4 3 



§ 12 ] 


CLASSICAL RESULTANT 


91 


Since (2) holds for all a; > 0 we maj- now let x approach zero and obtain 
C = AB, the result which was to be proved. 

Again making use of Theorem 11.4 we can easih’" prove: 

Theorem 11.76. If a{t), /3(0, andyit) arc defined as in Theorem 11.1, 
then 

fe-'o'dad) r dm = f 

Jo Jo ■'0 

provided all three integrals converge. 

12. Classical Resultant 

We define next the classical resultant of two functions a{i) and b(t) 
defined for t ^ 0. 

DEFiNmoN 12. The resultant of a(t) ajid b{t) is the function 


[ ait — u)bin)du = f b(t — 2 i)a(u) 
Jo Jo 


du 


when these tioo integrals exist and are equal. 

Regarding the existence of the resultant we prove 
Theorem 12. If ait) and bit) belong to L in (0, R), then their resultant 
c(0 exists for almost all t of (0, R). 

For, define the functions a(0 and /3(0 as follows: 


( 1 ) 


ait) — [ aiu)du, /3(0 = f bin) du. 
Jo Jo 


These functions are continuous and of bounded variation in (0, R). 
hence their Stieltjes resultant 

7(0 = f ait — u) dfiiu) = f ait — u)biu) du 
Jo Jo 

exists for all positive t. But 

7(0 = I bill) du / aiy - ii) dy. 

Jo Jv 

Interchanging the order of mtegration we obtain 

(2) yit) = f fjy f _ y)5(y) — T ^ 

Jo Jo Jo 

so that c(0 exists for almost all t and is in fact y'it) for those values. 

12.1. For the present case the product'theorem becomes the following 
lesult. 

Theorem 12.1a. J/c(0 is the resultant of aQ) and 6(0, both of which 
belong to L in (0, R) for every i? > 0, then 
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(1) j" e-’*'a{t)dt ^ j[ e-‘'‘e{t)at 

proitded both tnlegrals on the left eomerge absolutely Then the integral 
on ike right eonierges absoluiely 

This IS a corollary of Theorem 11 5 if we deSne <j(0 and 5(1) b> §12 (1) 
Then the product (1) is equal to 

(2) 

where la the Stieltjcs resultant which we showed to haie the \alue 
§12 (2) hence (1) is eatabltshcd Since (2) eonierges absolutelj by 
§11 5 (2), the same is true of the integral on the nght of (1) 

use of Theorems 11 56 and II 76 we establish m a similar way 
the following two results 

TuEOnEi! 12 16 C nder the conditions of Theorem 12 la equation (1) 
holds if the integrals on the left both eomerge one of them absoluiely 
Theorem 12 le I nder the conditions of rttcorem 12 la equation (1) 
liolds xf oil tliree tnlc^als eonserge 

13 Order on Vertacal Lutes 
If 

(1) = 

has an abscissa of ordinao comergence a, we can see at once that on a 
vertical line o *= oi > <f, the function /(»% -f ir) cannot increase more 
rapidly than | r [ as | r | becomes infinite For, if r. < ffo < oi , we have 

/(n + f) - (., + Ir - „) dl, 

where 

(2) «I) - ^ t-'d-W) (0 S 0 

Then 

l/Cffi + *0 I g (ff, — + jrl) e'''**'''’'|(3(t) jdt 

lK^,+ *T)t = 0(lrl) 

However, we can prove a stronger result than this 
Theorem 13 If the integral (1) has an abscissa of convergence <r, , 
then 
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/(o- + ir) = o(| r 1) (1 t1-^<=o) 

uniformly in 5 ^ tr < «> for any S > 0. ^ 

Let e be an arbitrary positive number. We wish to show that there 
exists a number tq independent of a in the interval (Tc + 5 ^ “ 

such that 

(3) 1 /(ff + 1 ^ e 1 I (I I ^ ■ro)- 

If o-c < 0-0 < <r + S we have 

f{a + ir)= r dm), 

Jo 

where |3(() is the function defined by equation (2). We show first that 
if the number B is sufficiently large then 

( 4 ) 11 <5 

1 r Jr ^ 

for all T for which 1 r | is greater than some number n and for all a ^ 
(Tc + 5. We have 

Jr 

+ (cr - ao + ir) r dt 

Jr 

! T Jr T 1 \ti n / 

where M is an upper bound of /3(0, and h = ac + 5 — a-o > 0. This 
inequality makes it clear that ^ wall be satisfied for all numbers R 
sufficientl}’^ large. With a value of h so large that (4) Kblds we have 

h r« 1 r« g-^.j j_ 

I T Jo 1 r I Jo 

The right-hand side is independent of o- and may be made less than e/2 
by choosing ] t \ sufficiently large, say greater than a number to > n . 
Thus (3) is established. 

14. Generating Function Analytic at Infinity 

One of the sunplest kinds of functions which can be represented by 
Laplace integrals is the class of functions analytic at infinity. We ob- 
tain first the relation between the series expansions of determining and 
generating functions. 
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Theorem 14a Eiery function anahjUc at infinity is a gentraling 
function If 

(1) Sis) =* ! s i > c, 

then 

(2) /(s) -/(”) + j[ « "«.(;) dl „>c, 

uhereir(t) is the en/ire/uncfton 

(3) 


Obsen e that /(«) can be expre-aed os a Laplace-Stieltjea integral «ince 
the con<!tant/(«} can be «o expressed It u in this «ensc thaC/(s) w a 
generating function 

To prove the theorem we ba\c from (I) 

/(•)■=/(«) + Z«-j[ 


and the theorem is proved if we mw interchange integral and euenna 
tion signs To justif> this we have 


£ 1 ^’ 


the dominant senes converging for <r > c bj hjpothesis This proves 
the theorem 

To obtain a more precise result we need several notions from the 
theorj of entire functions 

DEFnonov 14a entire function ^pft) ts of order p tf and only if 
MW - |^|c<0| - 0(s’'*') (r-W 


for eicry positii'c « and for no negatne t 

DEFDirnoN 146 A function ^(0 of order p ts of type c if and oidy if 
M(r) = Ote^’’*) 

for cicry positue e and for no negatne c The type ts minimal or normal 
according as e is zero or not If no suck c exists the type ts maximal 
Clear]} 
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In the following lemma (see L. Bieberbach [1931] p. 238) <p{t) is de- 
fined by (3) and 

(4) k = lim Ti] On 

n-*w 

Lejima 14. The function <p(i) is of order 1 and type c 0 if and only 
if k = ce; it is of order less than 1 or of order 1 and minimal type if and 
only if k = 0. 

Theorem 146. A generating function is analytic at infinity and van- 
ishes there if and only if its determining function is of order less than 1 
or of order 1 and of normal or minimal (but not maximal) type. If the 
order is 1 and the type c then j s ] = c is the circle of convergence of the 
expansion of the generating function in powers of 1/s. 

Consider the two related functions 


(5) 

n— 0 o 

<p(t) = Eani". 

By Stirling’s formula 

lim (I On lim n| o„ = kf^. 

n“-*« 

By Lemma 14 the series (5) has circle of convergence | s | = c = 
^ 0 if and only if (p(t) is of order less than 1 or of order 1 and 
tjTje c. But f(s) is analytic at infinity and vanishes there if and only 
if 0 ^ c < 00 . By Theorem 14a, f(s) is the generating function of <p{t) 
under these circiunstances, so that the proof is complete. 

Corollary 146. The entire function <p(t) is the determining function 
for a generating function analytic at infinity if and only if 


(6) ITS '°g,lf4l < 

iq— w |f| 

This is equivalent to the statement that there exists a positive con- 
stant M such that 

o(0 = (Ml ->00). 

As an example take (p{t) = e'*. Here p = 1 and o- = 2. The gen- 
erating function f(s) = l/(s — 2) has circle of convergence | s | = 2 
for its expansion (1). 

^ *p(i) — sin t, then p = 1, cr = 1, f(s) = l/(s' -|- 1). The circle of 
convergence of (1) in this case is j s 1 = 1. 
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Corollary 14c Thefundum 

Jit) - j[" <!~"rit)dl 

u an entire function of 1/a tfand only tf y>(t) u entire and 

(!) »(I)-0(e-"') (|l|-^«) 

for every jmsxlne < 

This IS the case of the theorem in nhich ip{t) is of minimal type It 
IS of particular interest since It 13 a generalization of atheoremof Wigert* 
ivhich states that the function 

/(*) = S 

IS an entire function of 1/(1 — z) if and only if o, = «9(n) where *»(/) 
satisfies (7) In fact Wigerts theorem can be denvedt very simply 
from Coroliary 14c 

10 Penodic Determining Funeboa 
It 18 of interest w incestigatc the effect of periodicity of the deter 
mining function on the position of the singularities of the generating 
function e observe that the functions 

.-Vi"! 

have their singulanties at the integral points of the imaginary axis ^\e 
shall show that this is the general situation 
Theoboi 15 If a(t) »» o nonnalued function of bounded vanalwn on 
0 5 < S 2 t and of period 2» then the function 

(1) Jit) - ft "doW 

has no singularities except perhaps poles of order uniiy at the integral points 
of the imajtnary eiis 

Since «(0 13 of bounded sanation it has a Founer development 

«(0 “So* cos nt + 6, am nt (0 < t < «) 

• See for example G Faber I1903I p 369 
tSeeD V Uiclder {19^91 p 732 
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which converges boundedly.* By Lebesgue’s limit theorem we may 
multiply both sides of this equation b3'’ e (tr > 0) and integrate term 
bj'’ term between the limits 0 and <x>. This gives 



flnS + inn 

n=0 


(er > 0). 


Integration by parts now gives 


( 2 ) 


^ OnS^ + nb„s 


n“0 


But since a(t) is of bounded variation the sequences {na„}o and 
are bounded-f Hence it is easj’’ to see that the series (2) is uniformly 
convergent and represents an anahdic function in anj- finite region not 
including an integral point on the imaginar3’- axis. The nature of the 
possible singularities at these points is evident from (2), and the proof 
is complete. 

As an example take a(t) a normalized step-function which is zero in 
(0, x) and unity in (ir, 27r) with period 2'7r. Its expansion is 


a(t) = 


2 sin (2n -f l)i 
■jr n— 0 2n H* 1 


(—CO < f < oo). 


Then (2) becomes 


_ 1 _ 1 2s 1 

“ 1 + e-” ~2 X ^0 s- + {2n -f- l)^’ 

which is the familiar Mittag-Leffler development of the function. 


16. Relation to Factorial Series 


The Laplace integral enables us to obtain necessaiy and sufficient 
conditions for the representation of a function by factorial series.f 
Theorem 16. A necessary a?id sufficient condition that a function f(s) 
can he represented by a convergent factorial series 


( 1 ) 


/(s) = 


00 


E 


a„n! 

s(s -f 1) . . . (s -f n) 


is that it be a generating function, 


(2) f{s) = [ e-‘^<p(t)dt, 

Jq 

* See E. C. Titchmarsh [1932] p. 408. 
t See E. C. Titchmarsh [1932] p. 426. 
f Compare N. E. Norlund [1926], Chapter 6. 
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with determining function 

(3) »(l) - E 0.(1 - «■')• 


and 

e-i. 

(4) a, = 0(n*) (n «) 

for some posttne integer L 

Fir<t supposing that (2) (3) and (4) hold, let us prove (I) By ( 4 ) 
lun ^ 1 


That IS, the power senes 


So..- 


con%erge3 for 1 : 1 < I and <3) cometgcs absol\itcl> (or (0 g t < «) 
Formal integration gncs 


( 5 ) 


f = i; a.fe “(I - I'Td, 


i «(* +1) (* + n) 


To check the validity of this process "c hate oiilj to note that mte* 
gratmn o\er a finite range is xalid uniform convergence and that 


f f: |o. , <1 - e-Yt^'dl < » (o > I + 1) 


To \enfy this we have from (4) that there exists a positive constant V 
such that 


Ej * I (1 - «■')' < 1/ E ii'd - «■')■ 

Since 

and 

(?) ("t‘')~«‘/r(n-i) (»--) 

there must exist a positiv e constant A’ such that 
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i: i a„ I (1 - e-')" < iV £ 

n =0 n -=0 \ / 

(0 ^ i < 00 ). 

This establishes (6) and hence (5) for <r > A: + I. 

Conversely let (1) converge for some s. It must then converge for 
eveiy s Avith larger real part.* Choose an integer k for AA^hich it con- 
A^erges. Since its general term for s = k approaches zero, Ave have 

n f 1) • • ' + k)\ I ^ 

a„ = 0(^ ^ j (%-><«), 

and bj’- (7) 

fln = Oiv!') (n — > oo). 

Now define <p{t) by the series (3) and substitute it in (2). Since we 
shoAved above that (2), (3) and (4) imply (1) for cr > A: + 1, our proof 
is complete. 

* Compare T. Fort [1930] p. 177, or E. Landau [1906] p. 151. 



CHAPTER III 
THE MOMENT PROBLEM 
1. Statemeot of the Problem 

The moment problem of Uautdorff fiometiroes called the Ultle moment 
problem is the followng Gncn » sequence of numbers 

(1) r 

wc n\a% ask under what conditions it is i»«8ible to dctecmme a (unction 
a(0 of bounded \anation in the intenal (0 1) such that 

(2) !■ ((«(() (n-01,2 ) 

An} such sequence « ill be called a iwomenl seijuence It is ei ident that 
not eien sequence (I) has the form (2) since (2) implies that 

U.l S IWOlS 

the quantity on the right being the xanation of o(t) on the mten al {0 1) 
That IS eter} moment sequence is bounded It uas F Hausdorff 
(1021 g] uho first obtained necessar} and <njfficient conditions that a se- 
quence should be a moment sequence 
In section 6 1 of Chapter 11 we showed that a sequence can have at 
most one wpre^ntation (2) if a(0 » a normahted function of bounded 
V anation That is 

a(0) 0 «(() = (0 < ( < 1) 

Since noroialiiation of the function o(f) does not change the v alue of 
the integral (2) we maj assume without Io«3 of generahtj that a(f) ts 
normalized This w e do throu^out the present chapter w ithout further 
repetition of the fact 

Equations (2) may be regarded as a transformation of the function 
a(e) into the sequence {m«| "nus tcansformaf n is closelj related to 
the Laplace transform is in fact the di'screte analogue of the latter 
For if we replace the integer n by the \anaWe 8 in (2) and then make 
the change of vanable f = e"* we obtain 

100 
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It is thus clear that much light will be tlrrown on the Laplace transform 
by a solution of the moment problem. 

2. Moment Sequence 

We introduce several definitions: 

Definition 2a. 

aV„ = i: (-irff {k = 0, 1, 2, . . .). 

\m/ 

Definition 25. 

X,.„(x) = Qa:"(l - xf -”' ( k , 771 = 0, 1, 2, • • . ). 

Definition 2c. 

= (7^7) 2, . . . )• 

Definition 2d. A Bernstein polynomial for a function /(x), 

defined on the mterval (0, 1), is 

Bdfix)] - tfir^Uz). 

tn-Q \^/ 


The degree of the polynomial is k xmless 


E (-i)‘ 

T»»— 0 


when it is of lower degree or identically zero. For example, 

Bdl] = E = 1. 

tr—O 

Definition 2c. The sequence {Mn)o satisfies Condition A if a constant 
L exists such that 

k 

E!Xi.„|<L {k = 0,1,2, 

n—O 

For example, F 

/'n = t" da{t) (n = 0, 1, 2, . . .) 

with a(0 of bounded variation in (0, 1), then 

S - is (m) i' ■'“(0 - i' MO 

^ fl 

E lXi..| ^ |da(0| = F[a(0]5. 

n»0 J(l 
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That IS Condition A is necessary that the sequence (m*)* should hs\e 
the form (1) In particular the sequences 


i-i-X- 


(0 < c g 1) 


satisfy Condition A 

DEFiNmON 2/ IJ Pn(x) ts the polynomial 


P.(x) = E a-i:". 


an operator Jl/{P«(x)] called the moment of P,(x) with respect to the ie~ 
yucnce |ti«i u defined as 

J!lP.(x)l = E x.li. 

For example 

MM - M. , r Mix, .(I)) . 2 » 

If iu. has the representation (1) then 

MIP.W) - f P.U)Mi) 

Note that the operator ta applicable onlj to pol^nomiaU 
We shall now pitne that Condition d is also sufficient that the se- 
quence t/i,)" should have the representation (1) Re need a prelimi 
narj result 

Lemua 2 If ms a postlne integer, then 



uniformly for 0 g x g 1 

This 13 clear since each factor of the product approaches x unifomly 
in the interv al 0 g z g 1 
Re now prove 

Theorem 2a If the sequence satisfies Condition A, then 
p. = limAftB*l2'Tl (n = 0,1,2. 

For, by the binomial theorem we have for i. > ti > 0 
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c" = -x)+ xf-” = E - xY 

m—0 \ / 


>5^ ?«(?» — 1) •••(?« — n + 1) ^ 


- 1) • • • (?n - n + 1) ^ 

'■ " ‘ " .e, -i(i-i)...(t-„ + i)- 







E (iYm. 

m=0 \^ / 


_ V A'y(^‘y - 1) •••(%- n 4- 1) 

£;\ k{k-\) ... {k-n + l) 


- E (fYx..., 
^-0 \/^/ 


where y — 7n/k. Let e be an arbitrary positive number. By Lemma 2 
we see that we can determine A'o sucli that for k > h 


ky(ky — 1) ... {ky — n + 1) 


- y 


< e 


k{k — 1) • • • (fc — • n 4* 1) 

(y = ^~,7n = n,n + 1, ... fc^, 


and such that 


Hence 


§ < 0)'" 


< 


( Hn - M[Bdx”]] I < eL + 6 

This gi\'es us the desired result if n = 1, 2, . . . . If ?? = 0 


{k > ko). 

{k I> ko). 


yo = M[Bdl]]. 

Bj use of this result we can prove easily the main result of this section 
Theorem 25. A necessary and sufficieni condition that shoidd 
be a moment sequence is that it should satisfy Condition A. 

M e have akeady seen that the condition is necessary. To prove it 
sufficient define a step-function a^f) which is normalized and has rumps 
M.m at points m/k, 
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cn(0+) «»(0) =“ 0 

atCl— ) = jC 
«k(l) “= S X» « = f*« 

Then 

- I 

and bj Theorem 2a 

fi, = lim <* datU) 

The total \anation of «*(() js clearly 

nhich has an upper bound L independent of k Hence by Hell} s 
theorem i e Theorem 16 3 of Chapter I there exists a subsequence 
}a*,(0}T-« 0^ ^be sequence {a*{01? which approaches a hmit o*(l) o! 
bound^ variation m 0 £ t £ 1 But 

M* • I'm jf 

= lim n ^ I* — “t|(01 dl {n = 1, 2 ) 

>10 = Imiot/i) = «*(1) *= ^ da*[l) 

Since 

|a,,(l)-o*,«)|<2i 

we may employ the Lebesgue Jurat theorem and obtain* 

- ti j[ (■ V(l) - (n - I, 2 ) 

- Cda'd) 0,1,2, ) 

which IS what we were to prove 

* One could avoid the integratioaby pattaitTKeoveTn 16 4 of Chaplet I »ere 
used The Lebes^ue limit theorem is peiliapa more faTOiUu 
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If a*{t) is not normalized, we normalize it and denote the resulting 
function b}’' a{t). Then b}-- the uniqueness theorem, i.e.. Theorem 6.1 
of Chapter II, o;*(0 = q;( 0 in the set E of points of continuit}' of ait) 
Hence at these points 

lim ai.Ci) = ait) 

Since every subsequence of {ai(0}? has in it a subsequence which 
approaches ait) at points of E we have 

(2) lim aiit) = ait) it 8 E) 

^-♦co 

It can be shown in fact that (2) holds throughout the interval (0, 1) 
We may use Theorem 2b to prove an important result of F. Riesz 
[1909] concerning linear functionals. 

Definition 2g. To each function fix) continuous on 0 ^ x \ let 
tha-e correspond a number L[/(x)]. This correspondence is said to define 
a linear functional if 

(a) Ucifiix) + C2/2(x)] = CiL[/i(.t)] + CiL[fii^)] 

for every pair of constants Ci , Ca and every pair of continuous functions 
/i(-t),/2(.t); 

(b) |L[/(x)]| g ill- II /(x) II, 

lohere M is some positive constant and ji/(x) || is the maximum value of 
j/(.T) 1 OJlO g X g 1. 

For example, if 

ufix)] = m, 

or if 

Ufix)] = f fix)dx, 

Jo 

we see easily that L[/(x)] is a linear functional. In fact by reference to 
Chapter I we see that if 

(3) Ufix)] == ['fix) daix) 

Jo 

with aCx) of bounded variation on 0 ^ x g 1, then conditions (a) and (b) 
are satisfied with M equal to the total variation of a(x) on 0 ^ x ^ 1. 
Riesz s result is that (3) defines the most general linear functional defined 
on the set of continuous functions. We give a proof due to T. H. 
Hildebrandt and I. J. Schoenberg [1933]. 

Theoeem 2c. Every linear functional L[/(x)] defined on the set of func- 
tions continuous in 0 ^ x ^ 1 has the form (3) mth «(x) of hounded 
variation on 0 ^ x ^ 1. 
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To prove this 'et 

Hi*} = (n = 0 1 2 ) 

M e <ihow first that the «equence {>«,|# satisfies Condition A ^Ve must 
determine a constant A such that 

(4) Eia..!- a-0 1,2 ) 

But bj choosing «. - ±1 'uitabb nc hiiac 

IZj J-k - 1 = ^ (- 1)*^ ti*' 

Here ne ha\c u^od proporta (o) of the functional L and obsened that 
Since 

Is I^IS (»)*■<' - "'“*1 - ’ 

n e «ec by use of (6) that 

EUi.isJ/ 

SO that (4) holds nith 1/ « A Hence bj Theorem 26 

(5) Ltz-l- fi’Mi) (n = 01,2 ) 

for some function a(x) of bounded variation on 0 £ i £ 1 
Now let f(x) be an> function continuous on 0 S i g 1 and let t be an 
arbitrarj positive number Bv cierstrass s theorem we can deter 
mine a pob nomial P(z) such that 

l/(i) - P(i) I IS « (0 g I < 1) 

B> (5) (o) and (6) it is dear that 

W(x)l = i|/W - P(i)J + iIPWl = ZU(r) - P(i)l + l' P(i)d„w 
|lI/W) - I /WdaW] S 11 + |j["|P(x) 

Hence (3) follows and oiir theorem is proved 
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It can also be shown that Theorem 2h follows from Theorem 2c. 
Hence the problem of determining the general linear functional on the 
set of continuous functions is equivalent to that of determining the set 
of all moment sequences. 


3. An Inversion Operator 

Let us now introduce a new operator on the sequence {//„}“ by the 
following definition. 

Definition 3. An operator LK,t{fin} “is defined hy the relation 
La./iV} = Lii,t{y„} = (A: + 1)Xa,[a/] (k — 1, 2, ■ ■ • , 0 ^ t ^ I). 


The notation [kt] means the largest integer contained in kt. By 
means of this operator we can prove: 

Theorem 3. If {tin} o satisfies Condition A then 


Pn — Mm 


lim f t"LL,t{y} it 

h—*co •'0 


(n = 0, 1,2, ...). 


For, by the law of the mean 


where 



(A: + 1) ^ 
k 



0 < < 1 

(to = 0, 1, • . • , A: — !)• 

But we saw in section 2 that 


A /-mN" 


Mn = lim X! ( p ) Xl.m 

in = 0, 1, ...) 

r /rr 

l\" "1 

= lim Xa.a + X ( r 

') Xi.J. 

m=0 \fC 


To evaluate the first term we have 


Xa.a = mi = f if da{t) 

Jo 

MA= {«(!)- a(l-)} i^-^lci{l-)-a{t)}dt (A:=l,2, ...) 

hm \ni — a(l) 4 - a(l — ) | ^ Hm | a(l — ) — a{t) I = 0 


Mm = q:( 1) — a(l— ). 

Thus Mm must exist under Conditions A, and it remains only to show that 
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By the law of the mean we ha\e 


0 < < 1 


(m =s 0, 1, , i — 1) 




80 that the theorem cslaWj'=ihcd 


4 Cofflpl«t<ly Monotooic Sequences 
c now introduce the notion of a coropletcly monotonic sequence 
■DEHNniov 4 The W'juence «* completely monolome tj *U ele- 
fTicnfi are non nejrahie and tta mccctme di^crcnccs are alUrnalfly non 
pofiltve and non negative 

(-l)V,. so („i- 0,1,2, ) 

An equivalent form for the definition h 

. S 0 (m. ; » 0. 1, 2 ) 

For example the sequences 

('> {dn}’ 

are completely monotonic Note that this class is included m the class 
of sequences which satisfx Condition A For 

22 i »• 1 ^ HI — Mo = i 

We can now prove 

Theoresi 4a A necessari/ and tuffiaenl condihcw that the sequence 
|m«}“ should have the expression 

(2) ». - jf' fdaVl (" - 0, 1. 2. ). 

where a(t) ts non~decreastnq and bounded for 0 S / g 1 is that it should be 
eomplelelp monotonic 
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For the necessity of the condition we have 

(-l)*A'^^n = r r(l - ifdait) SO (n, A: = 0, 1, 2, . . 

Jo 

For the sufficiency we see at once that the given sequence must have 
the form (2) with a(t) of bounded variation on (0, 1) by Theorem 2h. 
But we showed in section 2 that if «(/) is normalized 

lim ai{t) = ail) 

k-*eo 

at all points of continuity of a{t). But ai.it) is non-decreasing since its 
jumps, Xi.m , are non-negative. It follows that a(t) is non-decreasing 
if property defined at its points of discontinuity. This completes the 
proof of the theoiem. 

Theorem 4f». A necessary and sufficient condition that the sequence 
shoidd satisfy Condition A is that it should be the difference of two 
completely monotonic sequences. 

This is obvious since ait) is of bounded variation if and only if it is 
the difference of two bounded non-decreasing functions. 

It is easily seen directty that the sequences (1) have the form (2). 
In the first case ait) is the non-decreasing function i; in the second it is a 
step-function with jump unity at f = c. 

6. Function of V 

In tliis section we discuss sequences §2 (1) where ait) is the integral 
of a function of class V ip > 1). That is, 

Pn = f f (pit) dt in = 0 , 1 , 2 , . . .) 

Jo 

[ Iv’CO 1"^^ < «>. 

Jo 

We introduce a condition wWch will guarantee that a sequence will have 
this form. 

DEFiNiTiON 5. The sequence {^njo satisfies Condition B for a qiven 
number p > 1 ?/ there exists a constant L such that 

(fc + ir‘i:ix..„r<L (fc = o,i.2, ...). 

n-O J > J /• 

For example, the sequence 
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satisfies Condition B i\ith p anj number less than 1/ff and greater than 
unitj Any sequence safi®f3ing this condition also satisfies Condi 
tion A For, by Holder's inequalitj 

The result to be estabh«hed is contained in 

Theoreji 5 Coridilicn B is ncctasary and ^uj^Clen^ Ihat 

0 ) (n = 0,l, . 

teficre p(t) belongs to L* on the tnfenal (0 I) 

Suppose first that the gi\en sequence has the representation (1) 
Then by Holder’s inequahti 

I X. . 1’ S |j[' X. .(1) Jl|’ ' £ X, .(I) I „(l) r il 

Since 

lie haie 

a + ir'tix,.rsj['Mi)i'<ii, 

so that Condition B is satisfied 

Convcrsclj, let |^,| •'alisfv Condition B Then the sequence of func- 
tions Lk «{p) defined bj Dcfiniuon 3 satisfies the incqualiU 

( 2 ) ( 1 - 1 , 2 ,..) 

= |X.o|'<I. (iL=%0) 

By Theorem 3 

t*' “ >1- = bm dt (n = 0,l,2, ) 

But b> (2) and Theorem 17o of Chapter I it is possible to pick from the 



§ 6 ] 


BOUNDED FUNCTIONS 


111 


sequence Li-.d/i} a subset and to find a function (p{{) of L such 

that for every function of 

lim f dl = f dl. 

J-.CO Jo Jo 

In particular, if ^(t) = t”, then 

lin — iJta = f l’'<p{i)dt. 

Jo 

But from Condition B we see that 

1 PJ: 1 _j_ j^p-D/p’ 

SO that 


= 0 . 

Hence our theorem is completely established. 

6. Bmmded Functions 

We treat next the case in which the sequence {^„} has the form §5 (1) 
with v9(i) bounded. 

Definition 6. The sequence ImhIo satisfies Condition C if there exists 
a constant L such that 

(1) (fc + 1) ! i < L (fc, m = 0, 1, 2, . . . , m ^ fc). 

For example, if 

Mn = - , (n = 0, 1, 2, . . . ), 

then 


{k + l)Xi.„ = 1. 


Sequences satisfying Condition C also satisfy A. For (1) implies 
Z IXi.n.] < Z r^TT = 

?n=0 Tn*=0 ”1” J. 

Theorem 6. Condition C is necessary and sufiicient that the sequence 
{mh}” should have the form 


( 2 ) 



with ^p{t) hoimded in the mterval 0 g g 1. 


(n = 0, 1,2, ...) 
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If f/iKl? Js defined bj (2) then 

a + 1) I xi . I i (I + 1) r(i - 0 *^ I »(o I di 

^ ub 

•S<S1 

so that Condition C is ‘talisficd 

Conversely, if C is satisfied the sequence of functions Lt of 
Definition 3 satisfies the inequality 

(3) iZi.Ul 1 = (i + 1) < /, (0 S f S = 0 1, ) 

Since Condition A must also be satisfied, Theorem 3 giies 

lira j[ I'll, (cl * (»- 0,1,2, ) 

But bj (3) and Theorem 176, Chapter 1 it w possible to pick from the 
sequence Lk ilfi) a subset iImI and to find a bounded function ^(f) 
such that for every function ^(() of class L 

lira j[' U, ilnIWOiil - j[' 

Aa in section 5 

It- — i‘m = r^U) dl (n “ 0, 1 , ) 

From Condition C 

Iml - |X.,| - 0(1) (I-.), 

so that Urn IS zero, and our theorem is proied 
tt e observe that Theorem 6 is the limiting case p = oo of Theorra 5 
The limiting case p 1 is not obtained by settmg p = 1 in Theorem 5 
For, Condition B with p = 1 becomes Condition A, which is sufficient 
to make a(l) of bounded \anatioa but not sufficient to make it the 
mtegral of a function d h Wc could show that (2) holds with vtO 
belonging to Z if and only if 

l^xlul -idlull* =“ 

ll'e shall have no use for this result, and since it is not easily interpreted, 
mdependently of the operator Z» i|p}, in terms of the sequence 111.1 
alone wc omit the proof here We shall give the proof for the corw- 
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sponding continuous case when we come to the studj' of the Laplace 
tiansfoim. 

7. Hausdorff Summability 

One of the important applications of the little moment problem occurs 
in the theor}' of the summability of divergent series. It nas in fact the 
study of the latter theory which led Hausdorff [1921a] to investigate 
the moment pioblem. We give here a brief outline of the theory.* 

We shall need to use the elements of matrix theory. The notations 
employed aie 

Qoo floi • • • Oot 
flio On • • - On 

Om Oil • • au 

Q -/3 = 0/3 = 7=11 Cm.n Ho 



I Cffin — y Umjbjnj 
t j=0 

/3 = a ' if a/S = /3a = 1 
We shall also use infinite matrices 


Ooo Ooi • • • 


In paiticular we reserve the letters v, t, fi and p for the following 
matrices, 


50 

51 

0 

0 

O O 


to 

h 

0 0 

0 0 



So 

0 

0 ••• 


L 

0 0 



«) 

0 

0 ... 


1 

0 

0 

0 

0 .. 

0 

Ml 

0 ... 


1 

-1 

0 

0 

0 .. 

0 

0 

M2 ... 

p = 

1 

-2 

1 

0 

0 .. 

• 

• 

• • • • 


1 

-3 

3 -1 

0 .. 





• 


• • 

• • 

• • • 

• • * 


* Compare E Hille and J D. Tainarkin [1933a], [19336], [1933c] and [1934] 
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li being called a diagonal matrix and p the difference matrix Then 

(1) T = aa 

transforms the matrLx a into r or if tie consider only the first columns 
of «r aud T the sequence (a,J» into {<»}« 

M c now introduce the notion of summabilitv 
Definitiov 7 The sequence summahle bj Ihe malnx a to 

the sum s if tie sequence ts defined bj (1) and if 

(2) lim f, *= 8 


More explicitly this means that the senes 
/- = 2 


(m * 0 1 2 ) 


all converge and that (2) holds 
For example if 


( 3 ) 



0 0 0 
\ \ 0 


then 


(. . ±‘- (m - 0 1 

TO + I 

and we hav e Holder or Ccs^ro summability of order one 
\\e show that the difference malnx p who^ elements are 


) 


IS self reciprocal 


7... = (n = 0 1 

= 0 {R = tn + lpi + 2 


m) 

) 


P “ p ‘ 

It will be sufficient to prove that 


(4) 

But 



TO - n 
m^n. 




- 2 T-.(i - = 
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and comparing coefficients %ve have (4). The reason for the term “dif- 
ference matrix” is clear since 

i: T-.nS„ = £ (-irfrV” = (-irA'^So 

7.1. We are now read}" to define Hausdorff summability. 

Definition 7.1. The matrix X is a Hausdorff matrix corresponding to 
the scquoice {ai„)o X = p/xp”*. The sequence {s„}o is sumniable to s in 
the Hausdorff sense corresponding to the sequence {pn}” , if the sequence 

r = Xcr, 


approaches s as ?! becomes infinite. 

It is easily seen that multiplication of Hausdorff matrices is com- 
mutative. 

As an example, we shmv that the matrix §7 (3) is a Hausdorff matrix. 
If X = II Im.n II, and p„ = l/(n -f 1), then 


09 00 


n«“0 n"»0 3«»0 3“0 


= i ymi r i\i - xYdi = f\i - ^ + ucTdi 
3«»<0 Jo Jo 

= M [' (1 - i)"--"t"dt = -1- (n ^ m) 

\n/ Jo /a -f- 1 


= 0 


(n > 7a). 


7.2. A method of summability is said to be consiste?it* if every con- 
vergent sequence is summable by it to the actual limit of the sequence. 
We wish to determine what sequences {p„} lead to consistent Hausdorff 
summability. W^’e base this study on a well known theorem of 0. 
Toeplitz [1911], which we now prove. 

Theorem 7.2. Summability by the matrix || c^.n || is consistent if and 
only if a constant K exists such that 


00 


U) 

12 1 Cm.n 1 < K 

(in = 0, 1, 2, 

...) 

{B) 

lim Cm,„ = 0 

?n— *00 

(n = 0, 1, 2, 

•••) 

(C) 

00 

lim 12 Cm,„ = 1. 

m— *09 n=0 ' 



* 

Other terms sometimes used are “legular” and 

“permanent”. 
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^\e first prove the sufficiency of these conditions If (A) {B) and 
(C) hold and if the limit of s. la s then 

^ |/--s£c.»|-f (sl|l - 
llm ~ a| g hm Ic-.U*. — *! 

+ ub Is. - si S 

where the numbers t. are defined as m section 7 Here N is an arbi 
trar> positive integer Hence b> (d) and {B) 

iimlC-slS^: ub !s.~sl 
Letting N become infinite we have 

lim ( C — s I S /f Jim 1 s» — 8 i s» 0 

from which it follows that U approaches s 
Next suppose that ^.approaches s whenever s« does Then that (C) 
IS necessary one sees by taking s, « 1 for all n Then 

C - 2 tw . (m - 0 J ) 

and since s. and t. must both approach unit} wc have (C) 

To show that (B) is necessary take *, = 1 when n =» I and take all 
other terms zero Then a. and t. approach zero But 

Im = CmJi (m = 0 1 2 ) 

so that (B) holds 

Finv-U} to show that (4) holds we first prove that all the senes (A) 
converge For suppose 

£ l«*.| = « 

for some integer h Then by a fanubar theorem of Abel [2] one can 
determine a sequence tendmg to teto sueh that 

gla.I..- « 
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Choose 


Sb = e„ sgn Ckn , 

so that 

eo 

h= 52 CnlCAnl = «> . 

Since consistonc}'' implies that all terms of {<„} are defined we have a 
contradiction. 

Set 


Z) I Cm.„ I = Tm < « 


(m = 0, 1, • • •). 


Then if (A) is false, 

( 1 ) 


u.b. = «. 

0gtn<ec 


Let Til be an arbitrarj" positive integer and determine mi such that 


m— 1 


E|c..i.n|<i >i- + 2. 

n-»0 

This is possible bj^ (B) and (1). Now determine > rii such that 




^2 1cb,j,7i1 '^,1, ^2 ^ 1 

n»«ni 


This is possible, since everj" series (A) converges. Now determine m^ 
so that 


rt*— 1 


12 lcB.„n| <1 > 2" + 2. 


n«0 


Continue the process. We shall have for the integers , mr , n^+i , 

n,+i— 1 to 

Z/ I Cnir.*' I 1} ^2 I i ^ ^ > iZ I I 1- 


n=0 


Now define {s„j as follows; 


s„ = 0 n < ni 


= - sgn Co.„„ 

T 


(nr^ n < Tir+i); 


lim Sr = 0. 

n-^oo 


so that 
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Also 

U = 2 c-r-s. > £ ^ 2 lc-,.! 

- S > r - 2 

Hence 

Iwn f* *= », 


contradicting the assumption that 

lim 1* » lim «» = 0 


Thus the theorem la pro^ed As ao illustration «ce that the matna 
§T (3) which leads to Holder or Cosiro's suramabilitj of order one 
corresponds to a consistent method of summabiht) 

7 3 Before applj ing Theorem 7 2 to the Hau«(]orff method of sum 
mabiUtv we must first obtain Ihellausdorff matn* m terms of the given 
sequence {*<.}" By definition of the Hausdorff transformation 
(1) r = p$if'~‘c 

c •msh to determine the elements I« , so that this vnll ha\ e the form 


Equation (1) means 

Now employ the familiar identity 


(m » 0, 1, 2, ) 


(m « 0, 1, 2 ) 


and obtain 




(n ^ S m). 








= 2 ^ »»•» 
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■where Xn.n is the number introduced in Definition 2c. We have thus 
proved that — Xm.n for n ~ 0, 1, • • • , ?« and = 0 for w = 
7)1 + 1, in + 2, • • • . 

Theorem 7.3. A matrix X is. a Hausdorff matrix corresponding to the 
sequence {fi„| if and only if it has the form 

X = IIWII, 

(- 1)"-" („ = 0, 1, . . . , 7n) 

= 0 (n = 777 + 1, m + 2, . • .)• 

7.4. We are no-n- able to apph' Toeplitz’s theorem to the Hausdorff 
method of summability. 

Theorem 7.4. The Hausdorff method of summability corresponding to 
the sequence {nn}” is consistent if and only if 

(1) Pn = f /" £?«(<) (71 = 0,1,...), 

Jo 

where a(t) is of bounded variation in (0, 1) and 

(2) a(0) = a(0+) = 0, a(l) = 1. 

To prove this ■we have onlj* to applj"- Theorem 7.2 to the matrix X. 
Condition (A) of that theorem coincides ■with Condition A of Theorem 
2.1. Hence the sequence {mu} must have the form (1) ■R-ith a{1) of 
bounded variation in (0, 1). Conditions {B) and (C) of Theorem 7.2 


become 



(B) 

bm M f' l"(l - i)"~"da(0 = 0 

Tn“+co / Jo 

(71 — 0, 1, 2, ... ) 

(C) 

lim f da(t) = 1. 

»rt— *eo Jo 


The latter shows that if we take a(0) = 0 then a(l) 
Abelian argument it is easily seen that 

= 1. a familiar 


/‘”(l-0"-"da(t) = 0 

»n— *eo \*'/ Jo 

(n = 1, 2, ...) 


lim f (1 - =a(0+), 

n-*6e Jo \ 1 

from ■R-hich we see at once that a(0+) = Q 

The example of Holder or Cesaro summability of order dne serves 



THE MOMENT PROBLEM 


120 


(Ch hi 


to illustrate the theorem We ha\eseen that this method is Ilau'dorff e 
method with 

Here a(t) = t a function which satisfies all conditions of the theorem 
7 5 As another example v\e show that ffolder s method of summation 
of lugher order is also a Hausdorff method Set 


Hi 

HI 


Sa + *1 + + Sn 

n + 1 


;/r*d-Hr*d- +Hr ‘ 

n+1 


(p = 2 3 


) 


DtFDiniON 7 5 The sequence {8»1* t* «ummn&lc hjf HoHcr e mef/iod 
oj order p (H, p) lo s i/ 

lim HI » 4 


VSo ha%e alreadj seen that the sequence is the first column 

of the matrix 

X<r = p*ip”'e 


1 

n+1 


(n = 0, 1, 2, ) 


Since [H\\ is found from |Hi| prccisclj as is found from {»,[ 
it IS clear that tHi}? is the first column of the matrix 


XV — PM*p '«r 


and in general that 1//J I is the first column of the matrix 


X'ff = pn'p *<r 

We ha\e thus pro\ed 

Theorem 7 5 The method of ttanmdbihly (// p) is a Hausdorff 
method corresponding to the sequence 


'■’“(n + l)- 

Clear\> (H, p) is consistent since 


(n = 0, 1 2 ) 
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That is, 




a(0+) = 0, ail) = 1, 

and all conditions of Theorem 7.4 are satisfied. 

7.6. We treat next Cesaro’s method of higher order. 

Definition 7.6. The sequence {s„} is summahle by Cesdro’s method 
of order p, (C, p), to s if 


/ m + „„o \ m - n / 


Theorem 7.6. The method (C, p) is a Hausdorf method corresponding 
io the segnence 


=p I'fo-ty 

fn +p\ Jo 


(n - 0, 1, 2, ...). 


For, by Theorem 7.3 


= Q p f (1 - dt (n = 0, 1, . . . , m) 


(n = m + 1, m + 2, • • •)• 


Evaluating the integral (1) vee obtain 


hm,n 


'm ~ 11 + p — 




Again it is clear that (C, p) is consistent since in this case 
ait) = 1 - (1 - 0" 

afO) = 0, a(l) = 1. 

7.7. We say that the method of summability by the matrix X is 
stronger* than that by the matrix X' if whenever the latter sums a se- 
quence to a sum s the former does also. Two methods are equivalent 
if each is stronger than the other. If we are dealing with Hausdorff' 
matrices we can obtain a very simple criterion for the comparative 

* IVe are using the terms “stronger” and "not weaker” interchangeably here. 
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strength of tw o matrices in tenns of the sequences |p.}o which generate 
them 

Let {fi,j and {n’^\ be tn o sequences giv ing rise to the mstricesXand 
X' respectively 

X = piip~' X' = 

If {s,} IS the «equetice to be eummed and a its matrix (that is, the 
matrix with the elements s. in the first column and with zeros el«ew here), 
we «et 

T * X« t' = X'tf 

Then it ls verv easj to express t in terms of t' In fact 

a =» pfaTV'e*, 

where (^*0 ‘ ii the matrix with elements 1/p. (n «» 0, 1, ) m the 

principal diagonal and with zeros eKewhere 
Then 

r « ppp'VfaO'V'x' » ppfaO’V’c' 

To sav that the method generated bj a is stronger than that generated 
bv p' u to saj that whenever the «equencc in the first column of r' 
converges to a sum t that m the first eolumn of r docs aUo That l^, 
the Hau«dorf[ matrix 

pp(p')” P~* 

IS consistent Bj Theorem 7 -1 (hts is true if and onlv ii 

( 1 ) ^ = |'rdo(l) (n- 0 , 1 , 2 , ) 

where afO is of bounded variation m (0 1 ) and 

( 2 ) «( 0 ) = a( 0 +) - 0 a(l) = 1 
Me have thus proved 

Theorem 7 7 Tke Hausdw^ jnrtXod of summabihfy corresponding 
io Ike sequence {p.l* ts stronger ttan that correjponrfin^ to {p»io */ oiid 
only tf (1) and (2) hold 

From this we see casil> tliat (C, q) ts stronger than (C p) if 9 > p 
For, b> Theorem 7 G the quotient (1) becomes m this case 

9 * (n + p)* 

pl(ji + 9)’ 


(3) 


(n = 0,l, ) 
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But this is 


-1 — f (q>p;n = 0,l, •), 

7> - 1) ! lo 


p! (g - p - 1)! Jo 

so that (1) is satisfied. To show that (2) holds we have 

^ = 1- 
(g — p — 1)! p! Jo 

Also (H, g) is stronger than {H, p) if g > p. For, in this case the 
quotient (1) becomfes 

orw- " i, - i ‘'hi] ' 


1 r^r 

n . / * = !• 

p - 1)! Jo L ^ J 


(g-p - l)!Jo L 

7.8. Finally, we show that the Holder and Ceskro methods (C, p) 
and (ff, p) are equivalent We have only to show that the two se- 
quences 

have the expression §7.7 (1), (2). For the first sequence we have 


(n + l){n + 2)\ ^.{n + p) I " (n - 0, 1, • . • 


where 


xPiO) = 0 

m = - e-‘)1 


(t > 0) 


Since = 1, the result is clearly tiue for n = 0. For n > 0, we 
have by successive integration by parts 

jf c""' d\p{t) = n(7i + 1)'’ jf e“"'[l - fT dt 

= n{n -f l)’’(-l)^A^n-' 

= — h!L±il!p|___ 

(n -f l)(ji + 2) ... (n + p)' 
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Ii\ e-\ch integtatioh by paits tbe integrated pirt vam«hes Note that 
^(0+) *= p! 

"*>’1 *= 0 (j = 0, 1 , p - 1) 




Since 


rMI) 


ac hale the repre«entaljon dc«ircd («(<) of bounded lanation 
a(0+) =» 0 a(l) • 1) for the first of the sequences (1) For the 
second a e ha\ e 

(n + l)(n + 2) (n + p) 

(n+l)»p' 

where 


( n-.0 1,2 ), 


^( 0 )« 0 , *( 0 +). 


This last differential operator IS of order p Toshow this \\eha\efirst 


lira e ‘ 


dr 


“‘M = (p - 1)’, 


0 ha\ e bj means of a «ccond integration by parts 


(n = 0, 1, 2, ) 
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Continuing the process we obtain 



(n + 1)(^ + 2) • • ■ (?i + p) 
pl(p - 1)! 





_ (n + 1)(^ + 2) • • • (71 + p) 
pl(n+ 1)” 

Since the above computation holds for n = Q we have in particular 


f(c 


1 ) = f #(t) = 1. 

*^0 


Now defining a{i) by equations (2), our proof is complete. 

We note that the proof of the equivalence of (C, p) and (H, p) could 
have been given more simplj' by observing that the sequences 

/ n j n + a \” 

\n + a/n=o \ n jn^ 

are both moment sequences for anj’’ positive a, and that the product of 
two moment sequences is again a moment sequence. We have preferred 
to obtain the explicit Stieltjes integral representation for the sequences 
in question. 


8. Statement of Further Moment Problems 

We treat next the moment problem of Hamburger, of which that of 
Hausdorff already discussed and that of Stieltjes to follow are special 
cases. The problem of Hamburger [1920ci] is to determine for what 
sequences {jun}” there unll exist a non-decreasing function a(i) such that 

(1) = f t”da{t) (n = 0, 1, 2, ...). 

The problem of Stieltjes [1894] differs from this only in the limits of 
integi-ation. The lower limit is to be replaced b.y zero. Alternatively, 
we may say that in the Stieltjes problem we add the additional 
restriction on q;(^) that it should be constant for negative values of the 
independent variable. If we further restrict this problem by the de- 
mand that a(i) should also be constant in the interval (1, 03 ), we have 
again the Hausdoiff problem. 

It is important to observe that neither the Hamburger nor the Stieltjes 
problem will in general have imiqiie non-decreasing solutions a{t) For, 
compute the following integrals : 

dt 


( 2 ) 


(n — 0, 1, 2, . • 
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where 

^0 = «"“'* sm («‘ *) (0 g i < ») 

= 0 (-«<«< 0 ) 
Making the change of variable t''* = u, the integrals (2) become 

4 sm «(iu = — 2tjJ 

„r(-la + 3)' (4n + 3)n 

= -2,4 + 

= 4"'{4n + 3)» 'in (n + l)r = 0 {n =» 0, 1, 2, • .)• 
Thus, all the momenta of the function «f(0 are zero 
Xow suppose 

-4(4n + 3)' (n- 0,1,2, ) 

Simple computaboni show that the function 

fl(t) = 0 t-«<lS0) 


a(0 » J e“*'^*da (0 S 1 < •) 

la then a non-decreasing eolution of equations (1) But clearly the 
function 


«*(0=0 (-®<tS0) 

a*(0 = jf - sin (u*'*)Idu (0 g t < «) 


IS a distinct non-decieasmg solution This specific example shows that 
anoD-decreasing solution of equation:, (1), if it exists, need not be unique 
Many authors haie studied conditions under which the solution is 
unique, but since we •'hall haie no use foe the results in our studj of 
the Laplace integral we do not include them here • The above example 
is due to T J Stieltje* f 


9. The Moment Operator 

^Ye seek next to obtain conditions on the sequence lit.)? which will 
m«ure that the corresponding Hamburger moment problem shall ha\ e 
* See, however, section 16 ot the present chapter 
t See Stieitjes USWl p J 105 
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at least one non-decreasing solution. "We follow the method of M. 
Riesz [1922]. We begin with several definitions. 

Definition 9a. The moment Af[P(f)] of a polynomial 

Pit) = Z 

with respect to the sequence {mh}" w 

M[P{t)] = S «*.W- 

il-D 

We regard the definition as defining an operator M which applies 
to an}^ poljmomial P{t). This operator is clearly distributive: 

M[ciPi(<) -t- c^Pm = Ciilf[Pi(«)] + C 2 M[P^{t)], 

where Ci and ca are any constants, Pi(t) and Piit) are any polynomials. 

Definition %. The sequence {jua}” is positive if the moment of every 
non-negative polynomial is non-negative. 

If the sequence {mt.}” is positive we saj”- that the corresponding 
operator M is positive when applied to poljmomials. Under these 
conditions we msh to show that the definition of M can be extended so 
as to apply to a larger class E of functions and so as to remain positive 
and distributive. We first define the class E. 

Let {^nli be the set of all rational numbers arranged in some order. 
The set is of course dense on the intenml «>). Let 

/uCf) = 1 {t^ 

= 0 (« > 

Definition 9c. The set of functions E is the set of all linear combina- 
tions {with real constants of combination) of a finite number of the functions 

• • . , 1, 7ii(0, hit), .... 

The result to be established can now be stated as follows: 

Theorem 9. If {jun}” is a positive sequence, there exists an operator 
M which is applicable to the class of functions E, is positive and distribu- 
tive, and reduces to the moment of a polynomial when applied to a 
polynomial. 

We define the set of functions Ei as the set of all linear combinations 
(vdth leal constants of combination) of a finite number of the functions 

hi{t'), 1, t, i , ... . 
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^\e further define two constants hi and Ki as follows 
A, = ub jtftpWl 

X, = lb 3/(P(f)j 

In the definition of ji for example the notation means the least upper 
bound of all the numbers V{p(0] lor which p(0 is a polynomial less than 
Ai(0 obser\e that S Kj For if 

P(t) < A,(t) < P(t) 

then 

V[p(0) S 1/(P(0I 

since 1/ 13 a positiie distributee operator when applied to poijnomials 
Since poijnomials p(0 and P(l) certainlj exist less than and greater 
than A((0 re«pecti\elj it follows that A| and X| are finite numbers and 
that A| S Xi 

Now define V(Ai{<)] bv the equation 

- 5!-±1', 

and define + eiAi(<){ for anj poljnomial P(t) and any real con 

stant C] bj the equation 

I/[P(/) + e.A.(()] = V(P(f)l + c,A, 

It IS then clear that M remauts a distnbulne operator when applied to 
functions of £1 To show that it als; remains po^itn e suppose that 
p(0 IS a poljmomial and Ci a constant such that 

p(0 + c,Ai(0 0 (ci 0) 

If Cl > 0 we ha\ e 

Ct 

Bj definition of Ai and Aj it follows that 

-Mi _ s *. s 

Mfa>(l) + c,A,(t)l & 0 

A Bimilar proof using the defimtion of Xj holds when ci < 0 
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We next define the set £’2 of all functions which are linear combina- 
tions of a finite number of functions in Ei and We set 


hi = u.b. 

M[fi{t)] 



Tii = l.b. 

MlF^m 

hiUXFiit) 



where /i(/) and Fx{f) are functions of Ei satisfying the indicated in- 
equalities. Set 

MMi)] = h = 

M[Fi(0 -h oMt)] = M[Fi(0] + cnh 

for any function Fi{t) of Ei and any real constant C 2 . Just as in the 
preceding case it maj' be shown that the operator M as now extended 
to apply to functions of En remains positive and distributive. 

It is easily seen that we may continue the process started, thus 
making M a positive distributh'e operator applicable to the whole set E. 
This completes the proof of the theorem. It should be noted that the 
only use made of the specific properties of the functions {/inCOlo was 
in noting that it was possible to find a polynomial greater and a poly- 
nomial less than each. 

10. The Hamburger Moment Problem 

We are now in a position to solve completely the Hamburger problem. 
Theorem 10. A necessary and sufficient condition that there shoidd 
exist at least one non-decreasing function a{t) such that 

(1) Mn = f <"da(0 (n = 0, 1, 2, ...), 

J— CO 

all the integrals converging, is that the sequence {/in}" shoidd he positive. 

First suppose that a(t) is a non-decreasing solution of equations (1), 
and that P{t) is an arbitrary non-negative polynomial, 

Pit) = 2 : 

1=0 

Then 


Af[P(0] = 22 = f P{i) dait) ^ 0, 

K=0 J-m 

SO that the sequence {/i„} is positive. That is, the condition is necessary. 
Conversely, suppose that the sequence {/i„}o is positive. We shall 
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exhibit a non decreasing sohitioQ a{() o/ (1) It is defined at the ra 
tional points bj the equations 

«(U) = {m = 0 1 2 ) 

Then if { < {/ we hav e from the positn e character of M 

h{CiSh m 

That IS o(0 IS non-decreasiQg m so far as it has been defined To com 
plete the definition let i? be an arbitrary irrational number and let 

f = »b «{{.) 

(.>T 

r - ub^ a(f«) 



Smee a(0 la non-decreasing on the rational points it li clear that t 
18 not greater than f and tbat o(0 as now completely defined is non 
decrea«tng 

Let n be an arbitrary positne integer Me wish to pro^c tbat for 
this n 

» J Cdaii) 

Since o(0 IS non-decreasing it will be sufficient to show that to an 
arbitrary positne « there corresponds a positne T# such that for esery 
pair of rahonal numbers Ti and Tt greater than Tt 

(2) |£Vd.(()-,.|<< 

Let m be an integer such that 2m > n Set* 


2(|M + tttm) 

* 8 nee P* S 0 we have iii. 0 Me maj wsume that ;>o > 0 for if >io *= 0 
all the M»8-re zero anda(l) •» 0 sasoltttioBwIwur probleiB Toalowthatii — 0 
»e have from the fact that (x -f- «)• g 0 tor any e that 2f#i -f- w S 0 Th s is 
only poss ble if 0 Aga o e nee (z* -f e)* S 0 we have 2cui + m* & 0 whence 
jij = 0 By eons der ng success vely the polynom als (i* + ex)’ (x’ + cx)’ 
(i’ + cx’}’ (j + cx’)’ we see that all tbn^n ate zero 
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and determine To such that 

(3) 1 i < (I < I > To). 

Choose Ti and To anj’ two rational numbers greater than To . Divide 
up the interval {—Ti, To) into p sub-intervals rational points 
ti = '■ 

to = — Ti h tp — Tn , 

choosmg p so large and the sub-inter\'als so small that the oscillation 
of f in each sub-interval is less than e and such that 

(4) S C+i[a(f,+i) - am - r fdait) < t 

»=.0 J~Ti ^ 

This is possible by the rmiform continuity of t" and bj’- the definition 
of the Stieltjes integral. 

Xext define a function V{t) as follows: 

T'(0 = 0 {t^-Tr,t>To) 

= <r+i (h<t^ ti+i ;i = 0,1, ■■■ ,p - 1). 

Then 

V{t) = 2 - hM] 

t=0 

and 

1 V{t) - t" 1 g e'i-’" -Ti,t> To) 

by (3). Also 

i 1^(0 - r i ^ 2 - hM = e' (-Ti < t ^ To), 

t=0 

SO that 

i V{t) -r\^e'+ (_ CO < i < 00). 

Xow T'(f) certainly belongs to one of the sets Ej , so that the operator 
ill is positive and distributive as applied to F(t). That is, 

(5) 1 M[7(f)] - M„ 1 g e'(M„ -f no,,.) = 

Ji 

iU[F(t)] = 2 t?+il«a-+i) - a(t<)]. 


But 
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Combining (4) and (5) -fte obtain (2) nhich is what we set out to 
establish 


11 Positi7e De&ute Sei^uences 

We furthet classify po'iti\e sequences into positue rfe/mfe and 
■positive semtdefimte sequence* 

DEFiNmoN llfl A sequence is posttne defimle tf the moment 
of nery non-neyatit* 7 >olj/no»iio{ uhicfi is not irfenticallj/ zefo is prcafer 
tian zero 

Defikitiov 11b A sequence J/j.I" is postltie lemtdejiiiite if it is 
powliie and if there exists a non neqahie potyrumial ■not ideniicolty zero 
uhose moment is zero 

For example the sequence }n Jf is posituedefinite since the relations 


imply 


The sequence 


Pit) S 0 P(0 ji 0 

W[P(01 = j[' P<0e 'dl>0 

1 0 0 


IS positive semidcfinite since m this case 

^npu)] “ Pm & 0 


vit 1 « 0 

Observe that a positive sequence is either dehnite or semidefinite 
W e wish to characterize these two cases by conditions on the sequence 
{#iil" We shall need 

Lemma 11 Every real non ncjUfiie pedynomtal is the sum of the 
squares of two real ■polynomials 

Since the poljnomial is real its imaginan roots if any occur m con 
jugate imaginary pairs The degree of the pol^-nomial must be even 
or zero Hence its factored form must be 


rr “ «j)* + fl (i — Y()*, 

<-0 <_« 

where a are real numbers B\ use of the trivial identity 

i xi + lyi 1* 1 + w* 1 =1 (ii + tyi)(Ts + tyj) 1' 
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we have 

[(x - a,)" + i3I][(a; - a,)" + = [(a: - a,) (a: “ «») “ 

+ [(8, (a: - a,) + /3,(z - a,)f. 

That is, the product of the sum of two squares by the sum of two squares 
is the sunr of two squares. Repeated application of this result proves 
the lemma. 

Theorem 11. A necessary and snfficient condition that the sequence 
iMn)” should be positive definite (seniidefinite) is that the quadratic forms 

(1) (n = 0, 1, 2, ...) 

«=0 ,=0 

shoidd he positive definite {scmide finite*). 

First suppose that the quadratic forms (1) are all positive (definite 
or semidefinite). Let P{t) be an arbitrarj^ non-negative pol 3 '’nomial. 
By the lemma it is the sum of the squares of two other polynomials 
P\{t) and Rs(0: 

t-O t=0 

so that 

n n rt m 

il/[P(()] = 23 53 8«8)M)+3) 

tasQ JttaQ tsO }es0 

which is non-negative by hypothesis. Hence {jUnlo is positive. Next 
suppose that the forms (1) are positive definite. That is, no form can 
vanish unless all of its variables vanish. Then if the polynomial P{i) 
above is not identicallj’’ zero the a, and 8- are not all zero from which 
ve see that M[P{t)] is actually greater than zero, and the sequence 
{m-.} is positive definite. 

Conversed, suppose that {miiIo is a positive definite sequence. Let n 
be an arbitrary positive integer and fo , , • • • , ?« arbitrary constants 

not all zero. We wish to show that 


n n 


53 53 > 0 . 

»-=0 j =0 


This follows from the definition of a positive definite sequence, since 
the polynomial 



* By this ^^e mean that all of the forms are positive and at least one of them 
is semidefinite. 
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IS non-negative and not ldentlcaU^ aero If the sequence !(in}o is 
otilj known to be po«itne then iie ha\e 

+ {it + ••• + {i*!")*] = £ S /'•+/{«{/ S 0, 

so that the forma (1) are at least positive (definite or semidefinite) 
Since a positive sequence or foim is either definite or semidefinite, this 
completes the proof of the theorem 
CoaoLLARi 11 Any eompUtely ntonolante sequence ts a positiie 
sequence 

For by Theorem 4a the completely monotonic sequence l/i,}* has 
the integral representation 

= ^ 1 V «(0 (n » 0, 1,2, ...), 

where e(t) is non-decreasuig Hence the quadratic forms 

ggc.**;,* j('(ga)’i«(i) (-1-0, 1,2, .) 

are clearly positive 


12. Setemdoant Ciiteria 

M e next inv estigate the effect of the definite or semidefinite character 
of a moment sequence on its integral representation 
Theorem 12o A necessory and 8u.^ent condition that IlifTe should 
exist a non-decrcastnq Junelton aft) iritli tnfinitely many points of tnereose 
{unlh a finite numher of points of incrcoje) such that 

(1) ■'“’ '•* 

15 that the sequence l/i,}" shoutd he posilnc definite {semidefinite) 

IVe show first that if there exists a non-decreasing solution aft) of (I) 
mth but a finite number of points of mcrease to, h, , , then the 

sequence [/i,)? is positive semidefinite This follows since 

m(i~uy(t~uy...{t~t„y] 

‘ /I * ~ W’(l - Ii)' (I - O'daU) = 0 

Conversely, if the sequence is positive semidefinite it has a 

representation (1) with non-decrea«ing a(f) by Theorem 10 If a(t) 
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had infiiiitel}" many points of increase, then for every non-negative 
polynomial Pit) not identically zero we should have by Theorem 7c 
of Chapter I 


M[Pit)]= r PiOdait) 

J— CO 


> 0 , 


contrary to h 3 ''pothesis. Hence «(<) has but a finite number of points 
of increase. virtue of Theorem 10 and of the fact that every posi- 
tive sequence is either definite or semidefinite the proof is com- 
plete. 

Theorem 12a a gives us another proof of Corollarj^ 11. For,, a com- 
pleteh’ monotonic sequence has, bj’’ Theorem 4a, the representation (1) 
\rith a(0 non-decreasing in (0, 1) and constant elsewhere. 

Another result of the same nature, but less useful since it has no 
counterpart for the positive semidefinite case is contained in; 

Theorem 125. A necessary and sufficient condition that equations (1) 
shoidd have a non-decreasing solution ait) ivith infinitely many points of 
increase is that* 


( 2 ) 


Mo > 0, 



1 


Mo 

Ml 

M2 

Mo 

Ml 

> 0, 





i 

1 

Ml 

M2 

Ms 

Ml 

fi2 








M2 

M3 

M4 


This follows at once from Theorem 11 and a familiar necessarj' and 
sufficient condition from algebra that a quadratic form should be posi- 
tive definite.f 

It is clear further that if equations (1) have a non-decreasing solution 
a{t) with a finite number of points of increase then the determinants (2) 
are positive or zero. For this is true if the forms §11 (1) are all positive 
(definite or semidefinite). But it is not true converseh" that equations 
(1) have a non-negative solution whenever determinants (2) are non- 
negative. For example, if 


f 1 (n = 0, 1, 2, 3) 

Mn = ■! 

[o (n = 4,5, ...), 

* These determinants are called Hankel determinants, having been introduced 
by H. Hankel [1861] in his thesis. 

t For a simple proof of the theorem in question see L. M. Blumenthal 
[1928], 
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ue have 


Mo > 0, 

Mo MI M* 

Ml Ml Ms = 0» 
Ms MS Ms 


= 0 , 


|M« Ml 
I Ml Ml 
Mt Mi Ml Ml 
Mi Ml Ms Ms 
Ms MS Ms Ms 
Ms Ms Mt Mt 


With all successive tleteiminauts icro But the quadratic fonu 


5 5 ^ 

19 neithei positive definite nor po'itive semidefinite For it reduce? to 
-1 when 


lo - -1. {i « 0 fi » 1, 

Hence b\ Theorems lOand 11 equations (1) can liaveno non-decreasmg 
solution a(0 


13 Tbe Stieltjes Moment Problent 
TIjo Stieltjes problem may be treated as a special ease of the Ham 
burger problem 

Th£obevi 13a 4 nerestory amf su^ient condition t/iat f/irre should 

ciist a non-decreasing function a{l) suck that 

(1) c. - jf' I'lfaw (>i = 0, 1, 2, ), 

the integrals all eonicrging tg that the sequences Im-i)* ond Imi)* should be 
posilur or that the quadratic forms 


(2) 


(n = 0, 1, 2, 

(3) 


(n « 0, 1. 2, 

should be positiie (definite o 

T semidefinUe*) 



The equivalence ot the two lotms cl the condition is appaient hv 
Theorem 1 1 We prov e the result in the latter form inv oh mg quadratic 
• See the tootnote to 'Theotem 11 
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forms. For the necessity, let the sequence {unlt have the form (1) 
By Theorems 10 and 11 the forms (2) are positive, since ve ma}' regard 
a{i) as constant in the interval ( — «>, 0). Furthermore, 

fi„+i — f f d^t) (n = 0, 1, • • • ) 

Jo 

i8(0 = [ nda(u) (i ^ Oh 

Jo 


Since 0(t) is also non-deci easing. Theorems 10 and 11 show that the 
forms (3) are also positive. 

Conversely, let the forms (2) and (3) be positive. Consider the new 
sequence {rn}” where 

J'2n = ftn = 0) 1; • • 0 

l'2n+l = 0 (n = 0, 1, • • •)• 


Now if n is odd 

n— 1 n—1 n— 1 n— 1 

n n T" ”T “2 r 

sj ~ E E Ml+jt2lf2, + E E /'>+;+1^2H-lf2,+l, 

t =0 j »=0 ta-O }*=0 t *«0 }*»0 


and if n is even 

n n 

23 *'•+? f j 

t»0 2 8=0 


n 

"•T 

E 

t =*0 



E Mt+tiothi + E E 


t‘>+J+lf2.+l^j+l. 


This shows that the sequence {pn}” is positive, and hence b}'- Theorem 
10 that there exists a non-decreasing function 0(f) such that 


Pn = /* t"d|8(0 

V — 00 

(n — 0, 1, 2, • • •), 

or that 


I2n = f t'"d0(t) 

(4) 

/«eQ 

(n = 0, 1, 2, . . .) 

0 = / t-"+V^(0 

V — 03 

(n = 0, 1, 2, ...). 

Set 


II 

T 

T 

8 

A 

A 

8 

This function is odd and also satisfies equations (4) It is non- 
decreasing. Set a(f) = 2y{t'^'-) (i ^ 0) Then 

Mn = [ f^dyit) = f f’'dy(t) - f 
**-« Jo Jo 

e''dy(-t) 
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b> an obvious change of vanable But since >(0 is odd, this gives 

(n-0, 1, 2, •) 

- |'rill2,{01 

»= jf Cdaii) 

Since ft(t) is non-decieasing in the interval 0 S f < «, v%e have the 
de«ired result 

It 19 now clear that we also have the follow mg results 
Theorem 13b A necessary and suJEctent eondihon tbat eguafions (1) 
shouUl hate a noii-decreasing tolulion a(t) tctlh in;fnt£ely many points of 
increase is that the forms (2) and (3) should all he positm definite or that 
tbe determinonls 

W Ml M» 

Ml Ml MS , • • 

Ml Ms Ml 
Ml Ml Ms 
Ml MS Ml 
Ms Ml Ms 

should all be greater than toTO 
Theorem I3c A necessary and suffiaent condtlton that equations (1) 
should have a non-decreanng solution a(t) tnlk a finite number of points 
of increase is that Ibe formi (2) and (3) should oil be posihve, at least one 
of them being pojitiie semidefimte 

It e observe that it is not sufficient that the determinants (4) should 
be all non-negative 

14. Moments of Functsons of Boimded Vanahoa 
From analog! vnlh the Hausloiff problem one might expect that it 
would be desirable to consider the Hamburger and Stieltjes problems 
for the case in which «(0 is of bounded vanation on the appropriate 
infinite inten al UP Boas* {1939] has obsen ed that in this case there 
IS no problem, that e\ erj •lequence leads to a soluble Stieltjes or Ham 

* For references to this unpublished result see J Shohst (193S] and G Fdba 
1I93SI 
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burger problem if we regard any function of bounded variation as a 
solution. We give the proof of Boas. It will of course be sufficient to 
consider the Stieltjes case. 

Theorem 14. The equations 


P" = 



(« = 0 , 1 , 2 , ...) 


always have a solution a{t) of bounded vauationfor which 

[ 1 dcx(t) I < CO . 

Jo 

We set up two other sequences (X„jr , (rn)” , such that 


( 1 ) 

( 2 ) 

(3) 



(n = 0,1,2, . • .), 


where l3(t) and y(t) are bounded non-decreasing functions. First choose 
Xo , Xi , ro , vi as any positive numbers satisfying (1). Now proceed by 
induction. Suppose we have already determined X^ , vk for k = 
0, 1, 2, • • ■ , 2n — 1 so that (1) holds and so that the determinants 




Xo Xi 

• • Xi 


[Xo , Xi , 

• • • , X2a] = 

Xi X2 • 

• • Xa+1 




Xr Xa+1 • 

• • X21 




Xi X2 

• • • Xi+i 

[Xi, X2, • 

• ) X2A+1] = 

X2 X3 

• • • Xi+2 



Xa+i Xfc^-o 

• • • Xoi+l 

[ro , Vi 

• • • , 

["1 , >'2 , • 

* * j 


are positive for fc = 0, 1, ■ . • , n — 1. We now define Xon , Vin , Xon+i , 
V 2 n+i . We have with undetermined X 2 ,, 

[Xo , Xi , • • . , Xjn] = X2n[Xo , Xi , • • • , Xon-o] + P , 

vhere P is a pol3momial in Xo , Xi , • • • , X 2 „_i ; and similarly for 
Iro , vi , . . . , Since [Xo , Xi , . • . , X 2 n- 2 ] and [j'o , f'l , • • • , i' 2 r>- 2 l are 
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both greater than zero we caa choose Xt» and positive and so large 
that Xj» — = Min and that 

[Xa Xi , , Xj,) >0 [•»*'! ►in] > 0 

Non observe that (G) holds with all subscripts increased bj unity P 
now being a polynomial in Xt X* Xj, a similar equation holding 

for the n With X}, and ►. now determined we proceed evactly as 
nbo\ e to determine X and »».« This completes the induction 
But by Theorem 136 if the dctenliinants (4) and (5) are positive for i =» 
0 12 equations (2) and (3) liave bounded non-decreasing solutions 
i5(0 and 7 ( 4 ) rcspectiv cl> so that when a(t) is defined as 0{l) — y{t) our 
proof i-s complete 

In section 8 wo gav e the example of Sticltjes to show the existence 0 / 
a function not a constant all the moments of which are zero This 
also follows from Theorem U For b> this result there exists a non 
constant function a(0 such that 


Setting 
we hav e 


(n 

-0 (n.0234 

I’WoWI < » 

«/) - „(!'") 

jf rdS(0 - I fdcil) - 0 (n - 0 1 2, 


The function 0{t) is the example required 


1) 

) 


) 


16 A Sufficient Condition for the Solubibty of the Sbeltjes Problem 
By a slight modification of the method employed in Section 14 Boas 
showed that anv sequence whirh increases sufficiently rapidly leads to 
a soluble StioUjes problem (with non-decreasing «(<)] More precisely 
the result is 
THEOnEu 15 If 

(1) MU ^ 1 ^ (n = 1 2 ) 

then the eguaiions 

^ rdait) (n«0 1,2, ) 

haie a non-decrcasing solution a(0 



§15] 


SOLUBILITY or STIELTJES PROBLEM 


141 


An example of a sequence satisfying (1) is fio = 1, Hn = n' for n — 
1, 2, • • • . As in the previous section 


2n-l 

(2) [juo, y-l, • • • , M 2 n] = JU 2 n[w, Ml> • ’ * > PSn-s] + S ± l^kDk , 

fc«»n 


where the Dk are n-rowed minors of [mo , fii , • • • , M 2 n] not containing 
jU 2 „ . Similarly 

2n 

(3) [fll, JU2, • ■ • , A<2n+l] = M2n+l[Ml> /“2, • • * , M2n-l] + ± 

J:=n+1 

where the DI are n-rowed minors of {/u , ^^ 2 , ■ • • , Af 2 n+i] not containing 

M2n+1 • 

Suppose that for A: ^ m — 1 we have showed that 

(4) [mo , Ml , • • • , M2l] ^1, [f^l, 1^2, ■■■ , M21:+l] ^ 1. 


We will prove the same inequalities for k = m. By (1) we see that the 
sequence {Mn)“ is non-decreasing and hence that no element of the 
sequence is less than unity. Hence 


In particular 


Mn > 2 



(5) 


M2« > 2n”2'(^„„_j)"+i 


n+2 

M2n+1 > 2n * (M2n)"^^ 


n+2 

^ l-i- n * (m 2 „-i)"+' 

n+2 

^ 1 -f n“^ (M2n)"-'' 


(n = 2, 3, ...). 

in = 1,2, ...) 
(n= 1, 2, ...). 


The elements of Dk are not greater than Mom-i and those of D'k not greater 
than M 2 m when k ranges over the integer indicated in the summations 
(2) and (3). By Hadamard’s upper bound for a determinant 


I I g m2(M2m_i)'" 
I -Dt I g m^(M2m)”‘ 


(A; = ?n, m d- 1, . . . , 2m - 1) 
(k = m 1, 7n + 2, ■■■ , 2m). 


2 ± l>-kDk 




2m 

23 ± yikDk 


^ »i(M2n,-l)m2(M2m_l)’’ 
m 

^ Wi(M2m)2/i2(M2m)’”, 


Hence 
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80 that by (2) and (3) 

[*io m , iihiij S /I « — ‘ i)"^* 

ff*! M S — Wl * 

But bj (5) we see that (4) is established for i = m Bj induction (4) 
now holds for all h and b\ Theorem 13b the Stieltjes moment problem 
corresponding to the moments (1) has a non decreasing solution a(0 
The theorem is thus cstabl shed 

16 Indeternun&c; of Solution 

Making use of the pte\THis result Boas showed further that anj se- 
quence of sufficientlj rapid growth leads to a Stieltjes problem which 
has more than one non-decreasing solution 
Theorem 16 // 

X. ^ 1 

X, g {2X, -I- 2)’ 

X. S (nX. ,)• (a - 1 3 4 5 ) 

# 1 . - X , (n « 0 1 2 ) 

then there are at least two csienftally disUnet non decreasing funcltons «(<) 
iuchihat 

(1) r. - l'd<,(n (»-0 12 ) 

For by Theorem 15 tlujfc etists a function (S(t) which is positive 
non-decreasmg and such that 

X, = ^ CdPit) (n « 0 1 ) 

whence 

I t'Ml") (n - 0 1 2 ) 

Next let {r,!" be a sequence which is identical with the sequence {Xn)" 
except that I'l — X +1 Then 

r, S (npn i)" 

This is obvious if n is neither 1 nor 2 But 
Xi-f-1 = >i^>ii»X« 

= X» & (2rJ* =» (2A, + 2)’ 


(n = 1 2 3 ) 
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Hence by Theorem 15 there is a positive non-decreasing function y{t) 
such that 

v„ = [ t" dy{t) (n = 0, 1, 2, • • •) 

Jo 

f fdy{t^‘^) (n = 0, 1,2, ...). 

Clearly is essentially distinct from y{i^'^), for otherwise we should 
have 

[ idl3(i) = f idy(t), 

Jo Jo 

which is impossible since ri and Xi are not equal. 



CHAPTER I\ 

ABSOLlTTELy AND COMPLETELY MONOTONIC FUNCTIONS 
1 Litroduction 

Absolutely monotonic functions neie first introduced bj S Bern- 
stein (19141 ^ functions which are non ncgatne wnth non nepstue de- 
nvatiios of all order. He proved that such functions arc nccossarilj 
analytic He showed later* that if a {unction is absolutely monotonic 
on the negative real axis then it can bo represented there bs a Laplace- 
Stieltjes integral mth non-decreasing determining function and con 
versely Somewhat earlier F Ilausdorff (1921a] had proved a similar 
result for complctelv monotonic sequences (see Chapter HI) which 
essentially contained the Bernstein result f Bernstein was evidently 
unaware of Ilausdorff’s result and his proof followed cntirclv inde- 
pendent linca The author (lOSl} later gave an independent proof of 
the theorem without knowing of Bemstem’s work 

2 EtefflenUry Properties of Absolutely Monotonic Functions 
We give first Bernstein s onginal definition 
DrFrvmoN 2<i A function fir) is a6$(>fidcfy monotonic in th* intmal 

0 < I < fi »/ 1 < has non negaliiv drnialues of all orders fAerc 

(1) /“(r) SO (a<x<b,k^0l2 ) 

Detimition 2h \ function is ohsolufely monotonic in a S z S b 
(a ^ z < i>, or 0 < X g b) i/if 18 eonltmums there and satisfies (1) 

It is clear that if fix) is absohitch monotonic m a < z < b that 
fio+) exists If fir) IS defined to be f(a+) w hen z = o then it becomes 
absolufolj monotonic in a < z < b But a similar situation does not 
obtain whetvz = b The function /(r) = — t ' is absolutelv monotonic 
in the interval — « < z < 0 but not in — w < z S 0 
V\ e list a number of examples giving the regions in which the func- 
tions are absolutclj monotonic 

1 /(z) = c 0 (-« < z < ®) 

2 /W-goti* (oiEO) (0Si<«>) 

•S Bernstein (1028) p 50 

t Compare also F HausclorfI [19215} Theorem III p 287 from which the 
theorem could easily be derived 
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3. f(a;) = ^ OiX*' < » (0 ^ X g P, aj, ^ 0) (0 ^ x ^ p) 

4. /(x) = S oa(- 1)^ x"*- < 00 (-00 <a:< -c<0, «i^0) 

jt=0 

(—00 < ^ < — c) 

5. /(x) = f c^‘ da{t) < 00 («(/)!, — oo < X < — c) 

Jo 

(—CO < X < — c) 

6. /(x) = -log (-x) (-l^x<0) 

7. /(x) = sin ^ X (0 = X ^ 1). 

The last example shows that an absolutely monotonic function in 
(a ^ X ^ b) need not have a left-hand derivative at h. The following 
elementary theorem is easily established. 

Theorem 2a. Iffi(x) and fiix) are ahsoluiebj monotonic ina < x <b 
then the folloiomg fxmchons arc also: 

ai/i(x) -h flo/sfx) (fli ^ 0, Oo ^ 0) 

Mx)fi{x) 

/l^*(x) (/; = 0, 1,2, ... ) 

If, in addition, a < / 2 (x) < h, then JiiMx)) is absolutely monotonic in 
a < X < b. 

As examples of the last part of this theorem we see that the functions 
and are absolutely monotonic for all x and for all negative x 
respectively. 

We next introduce completely raonotonic functions as the continuous 
analogues of Hausdorff’s completel)’ monotonic sequences. 

Definition 2c. The Junction /(x) is completely monotonic in (a, b) if 
and only if /(— x) is absolutely monotonic in (—6, —a) 

It is obvious that such a function satisfies the inequalities 

(-l//"'(x) ^0 (a<x<b). 

Theorem 2b. If fi(x) is absolutely monotonic in a < x < b, if fiix) 
is completely monotonic there, and if a < fi(x) < b, then fiifiix)) is com- 
pletely monotonic there. 

It must not be supposed that a completely monotonic function of such 
a function has the same property. Thus if /i(x) = x~' and f^ix) = x~^, 
both functions being completely mono tonic for 0 < x < oo we have 
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and = 1 of tvhich the second function is com- 

pletely monotonic in 0 < f < *, the first is not 

3 Analyticity of Absolutely Monotonic Functions 
We now show that anj completely or absolutely monotonic function 
IS necessarily analj tic It will bo sufficient to treat one of these classes 
of functions 

Theorem 3a IS Six) xtah^utelymonolanictn a ^ x <b then tt can 
he extended analyftcalZy xnto the complex z piane (r =* j -h ty), and the 
Sundion /(a) xmll {« analytic tn the exrele 

\z ~ a\ <h ~ a 

It IS clear that at i «= a the function Six) has right-hand deni ati\ es* 
of all orders at i « a, which we denote by /^*’(a) for fc = 1 2, 3 
Then by Taylor’s formula with exact remainder 

(1) /M =/(»)+ /(oKi-(i)+ +/'->(a)!i^‘ + S.W 

E.W- 

- — / (1 - Oy"'’(a + Ii - «) I) * 

Since IS nonncgatiio by hy-pothesis, it is clear that 

/‘"■‘■’’(a -h (r — a]0 w a non-dccccasmg function of t when t is fixed, 
so that ifaSxgc<b we Imc 

0 S «.(i) S I' (1 - 0V"’(<. + tc - all)* 

” " -f'"’ -/(«)(<;-«)- - /'"'(a) 

4/w(^)'" 

Hence 

Iim R,(i) *0 (a<a:<c<6) 

• This of course involves a definition of successive detivaVvves at x = a For 
example we know at once tlal /(a) = lim/(a S) that lim/ (a + J) exists 
If we define / (a) as this limit it is clear bj the law of the mean that / (a) is the 
right hand derivative of f(x) at z • a and that / (*) is continuous in the intervil 
a S X < b In this isn} we rnn proceed step b> step to the definition of any 
derivative at z =« a 
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and since c is arbitrary 

/W = t /'"’(<.) (» S * < «• 

n -0 n 1 

We have only to define /(s) = f(x + %) as 

/(») = £/■>(«) 

n-O nl 

to complete the proof of the theorem. 

Corollary 3a. If f{x) ts absolutely monotonic in {a, b) and is zero 
at X = c > a, then it is identically zero. 

As a special case of the theorem we may have a = — «> . Then /(z) 
is anal 3 dic in the half-plane x <. b. We observe that although Theo- 
rem 3a shows the possibility of the analj'tic extension of f{x) leftward 
on the x-axis to the point x = 2a — b there is no guarantee that fix) 
vdll be absolutely monotonic in the enlarged interval. For example 
sin"^ X is absolutel}'’ monotonic in (0, 1) but not in ( — 1, 0). 

Theorem 36. A necessary and sufficient condition that it should be 
possible to expand the function fix) in a series of powers of (x — a) con- 
verging for a ^ X < b is that fix) should be the difference of two functions 
absolutely monotonic in a x < b. 

That the condition is sufficient is evident from Theorem 3o. That 
it is necessary is evident from the equations 

fix) = 2 OnCx - a)" = ^ I a„ 1 (x — a)" - 2 (| a„ | - a„)(x — a)". 


4. Bernstein’s Second Definition 

We may introduce an equivalent definition of absolutely monotonic 
functions making less continuity requirements. This is also due to S. 
Bernstein [1914]. 

Definition 4. A function f{x) is absolutely monotonic in a ^ x < b 
if and only if 

(1) Ai:/(x) = g (-l)’-‘ + kh)^0 

for all non-negative integers n and for all x and h such that 

a ^ X < X . < X nh < b. 

Until we shall have established the equivalence of the two definitions 
we shall say that a function satisfying the conditions of Section 2 is 
absolutely monotonic (D), while the function of Definition 4 will be 
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called ab«oIutelv monotomc (A) We begin with certain preliminary 
results 

l^EOREM 4 // /(*) IS absobUel^ monolontc (A) tn a S x < b tl is 

non-negatiie, non-^eertasing, eoniex, and eonltnuous there 
The first two conclusions SoUon from with n = 0 and n = 1 
respectively The function /(z) is convex m a S z < h if for any 
points X and y of that interval 

But this follows from (1) with n = 2 Finally, let z» be an arbitrar> 
point of a < z < fc Since /(z) is non decreasing it has limit values on 
the nght and left and 

/(X.-) £/(z.) g/(z.+) 

But for h sufficiently small 

V{x, + h)Snrs)+f(is-h2h) 

2/fx»)S/(z, + /i)+/(z*-A), 

whence 

/Cx.+) S/(z,) 

2/(zo)£/(z.+)+/(z.-) 
f(r»+) £/(z,-) 

From the<ie inequalities the continuity of /(z) at Zg is apparent A 
similar proof holds if Zg s a 
Corollary 4 // a g ft < ft < ft < 6, then 

\ m) 1 1 

(2) /(ft) ft 1 S 0 

1 /(ft) ft 1 1 

This IS a familiar consequence of the convexity of/fz) For complete- 
ness we include the proof Set ft — ft = A and 

z*=ft+^A (1 = 0,1, n) 


for an arbitrary positive integer n Then 

(3) 0 S f(x,) - /(zo) £ f(xs) - /(z.) S £ /(z.) - /(z,_.) 
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by the definition of convexit3^ The average of the first m terms 
{m < n) of this sequence is clearl}’’ not greater than the average of the 
next n — m terms. That is 

/(Xm) < /fan) - S{Xm) 

m ~ n — m ’ 
or 

m/i/n {ji — m)h/n 

Now let n and m become infinite in such a manner that 

n 

Then b.v the continuit}’- of /(.r) 

- /(ft) ^ /(fe) -/(fe) 
ft — /3i ~ ft — ft 

which is equivalent to (2). 


6. Existence of One-sided Derivatives 

We can now show that/(x) has a right-hand derivative and a left-hand 
derivative, which we denote by/rfa) and/ifa) respective^. 

Theorem 5. 7/ f{x) is absolutely monotonic (A) in a ^ x < b and if 
a < X < y < h, then right- and left-hand derivatives of f{x) exist and 

^/rfa) ^f'liy). 

To prove this we have from Theorem 4 and Corollar}'- 4 that 


( 1 ) 


( 2 ) 


0 g J fe; + ! ■) -/W J /(x + «-J W (0 < ^ y _ 


5 i 62 

/fa - ^2) - fix) fix - 5i) - fix) 


-h 


-Si 


fix -f 61) — fix) 
Si 


iO <Si< 82 ). 


Inequalities (1) show the existence of /^ix). Inequalities (2) show the 
existence of fiix) and that 


fiix) ^ /,(x). 
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The second of the required ineqxialities is pro\ed by another apphca 
tion of CoroJlarj 4 Since (1) holds also for z = o the existence of 
/i(o) IS also assured 

6 Higher Differences of Absolutely Monotonic Functions 
11 e next «hoa that a difference of J(x) of any order a'‘/(z), is a non 
decreasing function of x 

THEonEM 0 Jf fix) ta abat^wfely monotonic (A) in a ^ z < 5, and tf 
a < X < ij < b then 

uhere for a giien integer k the number h must be chosen so small that 
y + Ih < b 

lie first prove the identity 

4./W-§w(x + ^) 

This follons from the equations 

-Ph^)-Phf) 

“/(i + A)-/(i) 

Repeated application of this identity gives 

Ai/(r) = £ 2 S A»/./^z + In + t* + + t*) -'j 

n_« <,-9 V n/ 

Nov, apply the difference operator A*/, to both sides of this equation 
and obtain 

Aw.A*/(z) = 2 S ^ + ti 4- + n] 

< 1—0 < 1—0 <i_« \ n/ 

The nght-hand side is positive since f(x) is absolutely monotonic 
Hence 

+ ;) - s o 

Appijmg this result successivdy ne obtain the inequahlies 

ii/M i s + “) S 
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Hence for any positive integer vi we have 

Now allowing m and ?! to become infinite in such a wa}' that z + mn~% 
tends to y, we have the desired result. 

7. Equivalence of Bernstein’s Two Definitions 

We are now able to show the equivalence of Definitions 2b and 4. 
Theorem 7. A function /(x) is absolutely monoionic {D) ina ^ x < b 
if a7id only if it is absolutely monotonic (A) there. 

That (D) implies (A) is obvious by use of the law of the mean. 
Conversely, if /(x) is absolutel}' monotonic (A), then bj’’ Theorem 5 
the left-handed derivative fi (x) exists in a < x < 6. It is itself abso- 
lutely monotonic (A) in a < x < 6 since b}’’ Theorem 6 

Aa/(x — 5) ^ Ahfix ) {a < X — 8 < X < b ), 

- /fa) ^ 0 
— 8 

(1) At/;(x) ^ 0. 

Hence by Theorem 4 fi{x) is continuous. By Theorem 5 

fi(x) ^ fr(x) ^ fi(y) (x < y). 

Allowing y to approach x, we obtain 

fr{^) = 

so tliat/'(x) exists in a < x < 5 and by (1) is absolutely monotonic (A) 
there. Apphing this result to/'(.x) we see that /"(x) exists and is abso- 
lutely monotonic. In this way we see that all derivatives of /(x) exist 
in a < a: < 5 and are all non-negative there. By a remark followdng 
Definition 26 it is clear that /(x) is absolutelj’^ monotonic (D) in 
a ^ X < 6. 

Corollary 7. If the functions 

«b(x) (ft = 0, 1, 2, . • . ) 

are absolutely monoionic in a ^ x < b and if 

00 

fix) = Unix), 

n—0 

the series converging there, then /(x) is absolutely monotonic there. 
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For we clearly ha% e 

2 ^0 (k=:01 oSx<b) 

provided onlj the points of subdiMston of (a b) involved m the com 
putation of A*/(*) should all he in !« 6) 

8 Bemstem Polynomials 

Before taking up a third equivalent definition of absolutely mono 
tonic functions we must first discuss in further detail the pohnomials 
of Bernstein defined earlier 

x,.(«) -i)’ ■ 

Lgusia 8 // p w any postftte tntecer then 
px(l - *) • 2 (P* •“ 

To prove this differentiate the identity 

[,• + (1 - rti ' - 1 - *)' ■ 

twice wnlh respect to y and set y *= log x e thus obtain 
I = 

pi *= 2 mix) 
px + pip - I)x* = 2 

Multiplying the first of these three equations by p*i the second bv 
— 2pi and addmg their sum to the third gives the desired identity 
l^EOREM 8 if fix) ts continuoui in 0 S i g I then 


uniformly tn that tntenal 
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For a fixed x of (0, 1) and a fixed positive integer p set 


€p(a;) = max 




\heie the maximum is taken for all those values of m for which 


m 


— X 


< P 


- 1/4 


By the uniform continuitj' of f(x) it is clear that numbers €p exist such 
that 

£„(X) < £p (0 g X ^ 1) 


lim £„ = 0. 


Now 


/« - 5,1/1 = £' [/(x) - /(5^]x,..(x) 

+ E"[«x) -/(?)■ 


Xp,TTt(x)j 


wheie the first summation is over all integers from 0 to p inclusive for 
which 1 771 — px 1 ^ and the second summation is over the remainder 
of those integers. If 

M = max |/(x) |, 

OSiSl 

we have 

l/W - Bplf] I < J:' epXpM + 2M Z" Kmix). 

The fii-st sum on the right is not greater than €p . For the second we 
have by Lemma 8 

p3/2 Xp,„(x) < 23 (w — PxfXp.mCx) ~ px(l — x) ^ — 

m=0 4 

23 " Ap,„.(x) < . 

That is |/(.t) - Bp[/] | is less than a function of p which tends to zero 
as p becomes infinite. This proves the theorem. 

lYe note in passing that the Weierstrass approximation theorem for 
continuous functions is a corollary to the present result. 
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9 Definition of Gruss 

We come next to a definition introduced bj G Gntsa [1935] 
Definitiov 9 A funclton f(x) ts ab$olultly monotontc in 0 ^ i £ 1 
if tf is continuous ttierc and tf all tkt entries tn ihc follamng table are no 
negative for each po«<iie integer n 


m 

A/(0) 



/(I) 


where 

4/W=/(* + j)-/W 

It IS eas) to see hon the definition should be modified to applj to an 
arbitrary finite mtenal For the present we shall sai that a function i» 
absolutely monotonic (G) when it satufies Definition 9 

Theorem 9a A function isabsolutelj monotontc (G) in (0 S i < 1) 
if and onlj tf it tS continuous there and for each positue integer n 

/(O) & 0 A/(0) i 0 A’fiO) ^ 0 

That is it IS sufficient (and clearli nece«5ar}) that the elements m 
the top side of the above triangular arrav should all be non negative 
This follows since 

A* V W “ aV (' - ^) + A' V 

Theopem 96 A fuvctio i ts abstd tel j monotontc (G) tn 0 < ar ^ 1 t/ 
and only if tt is ihc uniform h ml of a sequen e of polynomials u th non 
negatue coefiaents 



§ 10 ] 


BERNSTEIN AND GRiJSS DEFINITIONS 


155 


First suppose that f(x) is absolutel}’’ monotonic. Then 

wi = £/(=) = t (:)/ © z C 7. “) 




That is, the Bernstein polynomials of an absolutely monotonic function 
have non-negative coefficients. By Theorem 8 the first half of our 
theorem is proved. 

Next suppose that to an arbitrar 3 '' positive e there corresponds a 
polynomial 

g(x) = 23 (ca ^ 0, & = 0, I, • • • , N), 

A=0 


such that 


I fix) ~ gix) I < e 

But from this inequality follows 

I A^fix) - Atg(x) 1 < 2'’6 


(0 ^ a: g 1). 

(n = 0, 1, 2, . . . ) 


provided only that the points x, a: -f 6, • • • , a; -f- n6 all lie in (0, 1). 
Suppose fix) were not absolutely monotonic. Then we could find an 
integer X such that 

aV(0) = -f <0. 

Since A^$f(0) ^ 0 we have 

(1) I aV(0) - aV(0) 1 ^ f 

for any g{x) with non-negative coefficients. Now choose e < 

Then 


1 aV(0) - A^giO) 1 < 2^r-2“^^+'’ = -. 

2 

But this contradicts (1) and our theorem is proved. 

10. Equivalence of Bernstein and Griiss Definitions 

We can now show the equivalence of the Gruss definition with that 
of Bernstein. 
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Theorem 10 ASunctionH^ia<^>solutelyvionotontc{G)%nQ g* 5 1 
if and only if it is absolutely monotoruc (A) or (D) there 
That (A) or (O) implies (Cf) is tinial 

Con\ersely, we need only show that if fix) is absolutely monotonic 
(G) that all differences &ifix) are non negative Suppose the contrary, 
that IS for some positive integer k, some xi in 0 S ar < 1, and some h 
for which 

0 g ii < Xi + A < *» + 2/1 < < Xi + AA g I 

vve have 

a{/(iO = -i* < 0 

Then bv Theorem Q6 there exists a polynomial 5(2) with non-negativi 
coefficients such that 

l/(i)-»(x)|<i (OSISI), 

whence 

j - Aly(x) 1 < ^ 

But <mce ^*^( 2 ) is non negative the left-hand «ide of this inequality is 
not le«8 than 2* when 2 » xt The contradiction i:, evident, and the 
theorem is prov cd 

11. Additional Properties of Absolutely Monotomc Functions 
prove here several additional properties of absolutely monotomc 
functions 

Tkeoreu 11a If fix) 19 absolutely monotomc i« 0 < x g 0, and if 

(J) fix) “ 2 (0 g X 5 a), 

the senes canier^np/or 1 x ) < p 0? >«), then fix) is absolutely monotomc 
for 0 g X < p If any coefinenl At of the senes (I) is zero then fix) 
cannot be absolutely monotomc m any tioo sided neighborhood of x = Q 
unless if 15 a polynomial 

For by the proof of Theorem 3a all the coefficients A* of (I) are non 
negative Hence fix) will be absolutely monotomc as far to the right 
of X = 0 as it can be extended aiudyUcally On the other hand if 
At ~ 0, then = 0, and if fix) were absolutely monotomc in 

— i < X < «, (i > 0) then/^’Cx) would be non-negative, non-decreasing 
there, and hence identically zero m — 5 < x < 0 That is, fix) is a 
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polynomial of degree at most k — 1. This completes the proof of the 
theorem. 

It should be observed that the converse of the last statement of the 
theorem is not time. Thus the function 

fix) = (1 + x) coshx = E 2^1 + . 

has all its derivatives positive at the origin yet ceases to be absolutely 
monotonic to the left of .t = 0. But 

= (1 + .t) cosh X + 2n sinh .r, 

and for .r < 0 

\m-if’'\x) = -<». 

If X is negative, however near to the origin, will be negative for n 

sufficiently large. 

We also observe that if the function fix) defined bi' (1) has a deriva- 
tive of order k which becomes infinite as x approaches p then each 
derivative of higher order will have the same property. For, if 
approached a finite limit as x approaches p the integral 

Jn 

and hence also /'^’(.r), would approach a finite limit. 

An example of a function which is absolutelj^ monotonic in 0 ^ .t ^ 1 
but in no larger interval is the function of Fredholm 

fix) = E 

ne&O 

This function clearly has a singularity at a: = 1 and hence cannot be 
absolutel}’’ monotonie for a: > 1. Yet it has continuous derivatives of 
all orders at a; = 1. Since /"(O) = 0, /(x)ds not absolutely monotonic 
in any negative interval by Theorem 11a. 

Theorem 11b. If fix) is absohddy inonotonic in —c ^ x ^ 0. then 
fid — c) has the same -property in — oo < .x g log c. 

For one has by successive differentiation 

- «) - g - =)<!*' 

where the are positive integers. 

Note that the inverse change of variable does not conserve the prop- 
el tj . Thus it is not true that if /(x) is absolutelj' monotonic in — <; 



158 ABSOLUTEL”! MONOTOMC FU^CTIO^S ICh IV 

X 5 log c then / (log (x + «)) is absolutely monotonic m — c<x S 0 
For example c' * has the property in — * < x < w j et Vi + 1 fails 
to hale It m (—1 S x g 0) 

Theorem 11c If f(x) is ahsolulelj monolome for — ® < x < c Ihe 
constant c 6nng poiitiic ncgotii'e or tero then 

l/Cx + IJ#) i ^ K*) (-» < X < c -«= < y < ») 

For let x« + ly* be an arbitrary point for which x* < c Then if 
—a < c the equation 

(2) /Cl + ly) * (x + ly + a)* 

13 vabd in the circle 

)i + »y + a| <e + a 

Clearly ire may choose o »© large that the point 2 « +• ry# will be in<ide 
this circle Since the coefficients of tbc senes (2) are non negatiie it 
follows that |/(xo 4- tyo) | is not greater than the \nlue of /(x) at the 
point* where the circle ^'nth center at —a and through x# + rys cuts the 
axb of reals to the nght of -a That is 

|/(xo + lyo) I ^/(— a + V (i# + o)’ + y!) 

Since the left-hand side is independent of a ire may make the most of 
the mequality by allowing a to become positnely infinite The fimc 
twQ /(*) being continuous we obtain 

I /(*» + *».) 1 ^ /(*o) 

This completes the proof of the theorero It is obMous that a similar 
result holds for completely monotonic functions on c <z < 

Theoresi lid If fix) IS completely mmotonic m a S z < « and if 
S 18 any positiie number tben the sequence l/(o 4- nfi))t«a is completely 
moKotonic 

For if k IS any po^itii e integer 

A*/(a 4" nd) ~ A* */(a + nS 4" ^) ~ A* */(o 4* 
and by the law of the mean 

A*/(o 4" nS) = A* '/ (fi)5 (a 4' < ii < a 4" nJ 4" 0 

A second application of the law of the mean gives 

A‘f(a + «S) - i* V (yj" (ii < fc < £. + s) 
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Finally, 

A^fia + nd) = (h-i <h< + S). 

Clearlj' is a number in the interval (a + 725, a + 725 + A;5). Since 
f(x) is completely monotonic, 

(-1)*aV(o + 7i5) ^0 (fc, 71 = Q, 1, 2, . • . 

and this is what we wished to prove. 

Theorem lie. Jffix) is completely monotonic in c < x < co, then for 
any number a > c and amj positive 5 the sequence {(— l)"A5/(a)}n=o is 
completely monotomc. 

For, by Theorem lid the sequence j/(a + 725)}”=-) is completely 
monotonic. Hence by Theorem 4a of Chapter III there e.vists a func- 
tion a{i) nliich is non-decreasing and bounded in (0, 1) such that 

f(a -1- 725) = [ f doiit) {n = 0, 1, 2, • • •)• 
Jo 

Hence by direct computation of the successive differences of f(a) we 
ha\e 

(-l)"A?/(a)= f\l-irda(i). 

Jo 

Bj' an obvious change of variable this becomes 

(-irA?fM - ti-dm 

Jo 

w here 

/3(t) = -q(1 - t). 


Since ^(l) is itseh non-decreasing and bounded, we have our result at 
once by a second application of Theoiem 4a of Chapter III. 

Theorem 11/. If f(x) is completely monotomc in c < x < «>, then 
for any number a > c the sequences 

{(-l)"/’”(a)}:=o, {(-l)"/"'(a)}”=i 

are positive* 

Let 5 be an arbitrary positive number, ti an arbitrary non-negative 
integer and {f.jS* an arbitrary real sequence Then by Theorem lie 


t =0 J =*0 0 '^^ 


»«ss0 j=o Jo \^/ 


For the meaning of a "positive" sequence see Definition 9b of Chapter III. 
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Here S(0 5s the non-decieasing function emptoj ed m the proof of Theo- 
rem lie 

In a similar nay we ha\e 

(2) 1 1 a »• 

Allowing S to approach zero m (1) and (2) we obtain 

g i a 0 

g g so (n - 0, 1, 2, 

which IS what we wished to prove 

12. Bernstein’s Theorem 

In this section we give & proof of Bernstein’s theorem described m 
Section 1 

Theoheji J2a A nectssary and efficient ccndttion tkatf(x) tkouldbe 
conipleUly monotontc in 0 S x < « u that 

(1) 

uhtre a(t) ts bounded and non-dccnasinij and the integral coniergcs for 
0 S r < « 

To prov e tliat tlie condition la sufficient we ha\ e only to obsen e that 
if U) IS vahd, then 

= e”f‘dnft)iO (S>0.fc = 0, 1, 2, .) 
/CO) = A0-1-) = o(=c) - «C0} 

Coni cr«el}, let /(i)beacoropleteIvmonotonicfunctionmO S * < * 
Then the sequence !/(«))“ is completely monotonic bj Theo'^m lid 
Hence b\ Hau'^dorff's theoinn, there exists a bounded non-decreasing 
function 3(0 defined m (0 S t g 1) such that 

/(n) = j[ t'diSCO = _£t"d3(0 

= j e~'“da{0 = bm e“"*d«((). 


(n * 1. 2, ) 
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where 

Set 

G(x) = g(x 4- 1), 
It is clear that 


«(0 = -Ke ') 

g(x) = f e-^‘da(t) (x k 0 ), 

JO 

F(x) = f(x + 1), $(x) = G(x) - F(x). 

$(??) = 0 (?2 = 0 , 1 , 2 , • • • ). 


Moreover #(x + ty) is certainly analytic for x ^ 0 Also 


1 G(x + iy) 


‘e-^daiO = ff(x + 1) ^ ff(l) Cx ^ 0). 


By Theorem 11c 

i F(x + w) i ^ F(x) ^ /(I) (X ^ 0). 

Hence | $(a; + ty) | is bounded in the half-plane x ^ 0. 

We are now in a position to applj’’ a theorem of F. Carlson [1921] to 
the effect that any function f(x -f iy) bounded and analytic in the 
half-plane .t § 0 must vanish identically if it vanishes at the points 
X = 0, 1, 2, • • • . That is, 

fix) = g(x) = f e~^‘daii) [x ^ 1). 

Jo 

From the definition of a(i) one sees that it is non-decreasing and 
bounded.* Since f(x) and g(x) are both analytic for x > 0 and con- 
tinuous for X ^ 0, it follows that /(x) = g(x) for x ^ 0. 

Theorem 12b. A necessary and sufficient condition that fix) s/iouW be 
completely monotonic for 0 < x < <» is that 

fix) = fe-^^dait), 

Jo 

U'here ait) is non-decreasing and the integral converges for 0 < x < co . 

The proof of the sufficiency follows as before by successive differ- 
entiation. 

To prove the necessity let S be an arbitrary positive number and apply 
Theorem 12a to the function fix -j- 5) Then 

/(x-f 6) = fe-^'dm, 

Jo 

* The .'luthor is indebted to G. H. Hardy for suggesting this method of proof. 
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where Pi(t) is ft bounded non-decreasing function and the integral con 
merges for 0 < i < ■» Then 

(2) 

«(() = e^d^Au) 

The integral (2) converges for i > i But a(0 is independent of 5 
bj the uniquene>s theorem Hence (2) converges for i > 0 It is 
clear from its defin tion that a(l) is non-decreasing and the proof is 
complete 

It IS evident that a change of vanablo would make the theorems of 
this section applicable to an arb trarv mterval of the form (c ®) 
Theorem I2c 4 neeesaari/ and tuffiaenl eond iion thatf[x) tkouU be 
absol tdj monolo iic in — « < f < 0 »« that 

J(z) - jr'e"<i«(l) 

ere a(t) i« non-deCT<a«tnp a I tfie integral co terges /or — « < i < 0 
Th s result folio vs from T1 eorem 121> b> an obv loua change of v anablc 

13 AltemabTe Proof of Berasteia’s Theorem 
M e giv c here a second proof of the necessity of the condition of Theo- 
rem 12a Under our hjpothe is it is clear b> Theorem lid that for 
an) po‘!itive integer m (he sequence is completely mono- 

tonic B) Hflu'dorff 8 theorem 

( 1 ) cei>,m (>.-012 ) 

where /SH(t) is a non-decteising bounded function which we may assume 
to be normalwed without lo«s of generalit) Then 

/(») - r-rfs.d) 

- I'l’JS-O'") 

B) the uniqueness theorem 


") = e(0 
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so that (1) becomes after a suitable change of variable* 
'' \m/ Jo Jo+ 


( 2 ) 


-/■ 

Jo 




{n, ra = 1, 2, • • •). 


Here a{i) is the non-decreasing bounded function 

a(0 = 

Since the functions f{x) and 

r e-^‘da(t) 

Jo 

are both continuous for 0 ^ x < «> it follows that 

f(x) = f e~''‘da(i) 

Jo 

in that interval. This completes the proof.f 


(0 ^ I < »). 


14. Interpolation by Completely Monotonic Functions 

AVe next discuss the relation between completely monotonic functions 
and completel)’’ monotonic sequences. J More e.\plicitly, we Ansh to 
determine what sequences !a„}” are of such a nature that there exists a 
completely monotonic function f(x) taking on the values a„ at the 
positive integral points: 

f(n) = a„ (n = 0, 1, 2, ■■ ■ ). 

In order to simplify the statement of the theorem we introduce 

Definition 14a. A cojnpletely mojiotonic sequence {a„}” is minimal 
if it ceases to be completely monotonic when Oo is decreased. 

An example of such a sequence is . For if the first element of 

the sequence is replaced by (1 — e) where e > 0, w^e have 

(-l)"A”ao = - 6 (n = 0, 1, 2, . . .) 

* It should be observed that ^\e do not assume ^i(i) to be continuous at i = 0, 
though this could be proved. Since n and m are both positive in (2) it is not 
necessary to compute /3i(0+). 

t The author is indebted to J. D. Tamarkin for pointing out that the above 
method of proof is essentially contained in Hausdorff [19216]. 

f Compare D. V. Widder [1931] p. 882. 
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This ceases to be positive if n is sufficiently large On the other hand 
the sequence 2 2"', 3“‘ 4“*, is not minimal, for it remains com 
pletely monotonic when the first term is decreased to unit\ 

Theorem 14a A eomphiely monolontc se^pience tamtmmal tf 

and only i/ 

a.- (n- 0,1,2, ), 

where x(0 is a non-deereastng bounded function continuous at < = 0 
We p^o^e first the necessilj of the condition lAtx(0) = 0 x(0+) 
h > 0 We shon that {a.t? is not minimal Set 

*(0 - x(0 - x(0+) to < f ^ 1) 

^(0) * 0 

Then 

I' t'dm - ^ rixm - O. (n - 1 2, 3. ) 

^dtU) - X(l) - x< 0 +) - 0.-6 

Since i(l) IS itself non-decreasing the «et Oo - 6 0 | , oj , is itself 
coinp\eteI> monotonic, so that the p%en set cannot ba>c been minimal 
ConierseU, if x(0) “ x(0+) “ 0 then {o.l* is minimal For it is 
easily seen that when x( 0 ) x( 0 +) " 0 

lim (-l)"A"o, = j[ U - O'dxtl) = 0 

If f'o = Co — « 6i = Oi , hj = oj , then 

(-l)’A'i># * - e 

a number s^hich is cleailj ncgatt\e for n sufficientlj large This com- 
pletes the proof of the theorem 

Theorem 146 A necessary and su^ctenf condition that there should 
exist a /unction /(z) completely monotonu; in 0 ^ z < to such that 

/(n) = (n = 0 1 2 ) 

IS that {a,}? should be a minimal ampUfety monotonic sequence 
The condition is sufficient For b> Theorem 14a il Jo.)" is minimal 


(n = 0 1, 2 ) 
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where x(0 is non-decreasing in 0 ^ i ^ 1 and continuous at i = 0. If 
we set 

(1) fix) = jf e~^‘daii) 

ct{t) - —xid~‘), 

clearly fix) is completely monotonic in 0 ^ x < «> , and 

fin) ^ an (« = 1, 2, • • • ) 

/(O) = x(l) ~ x(0+) = • 

Suppose, conversely, that fix) is completely monotonic for a; ^ 0. 
Then it has the representation (1), the integral converging for x ^ 0 
and ait) being non-decreasing and bounded by Theorem 12a. Then 

fin) = On = f e dait) in = 0, 1, 2, • • •)» 
Jo 

and {a„}o is a completely monotonic sequence by Theorem lid. 

To show that it is also minimal we have 


a„ — lim f e "‘dait) = f f d^ii) 
fiit) = — a(logr^) 


in = 0, 1, 2, . • .) 
iO <t^ 1). 

The function ^it) is undefined at t = 0. If /0(O) is defined as —«(«>), 
we have /3(0) = /S(O-l-) and 

On — [ f dpit) in = 0, 1, 2, . . .)• 

Jo 

The proof is now completed by an appeal to Theorem 14a. 


15. Absolutely Monotonic Functions with Prescribed Derivatives at a 

Point 

We treat in this section a related problem, the determination of an 
absolutely monotonic function with prescribed derivatives at a point.* 
Theorem 15. A necessary and sufficient condition that there should 
exist at least one absolutely monoionic function fix) on the interval — oo < 
X g 0 such that 

/^"’(O-) = a„ (n = 0, 1, 2, . . . ) 

A proof of Theorei:! 15 independent of the Stieltjes moment problem was 
given by S. Bernstein [1928]. 
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ts that the quadratic forms 

(1) ZZiiwuai Cn-0 12 ) 

mO i-0 ^ 

sho Id all be ponltie 

The condition is nccessar\ For if /(x) is absolutely monotonic in 
-ee <xS0 tlcn 

(2) (-“XlSO) 
Tvhcre a(t) IS non-decroasing U 

I’ (“iod) - » 

lor son\<5 integer k we should ha%e 

\im /*(*>“ *> 

contrary to aviumptton Hence Li Theorem 4 3 o! Chapter It 

(3) “•"I ‘■''“W (!V - 0 1 2 ) 

and the forms (1) must be posituc b% the theorem of Stieltjcs le 
Theorem 13a of Chapter III 

Converselj ifthesefocmaarcpontive thcnb> theihcoremofStwltjes 
there eriats a function «(<) which ts non-dccreasmg and such that (3) 
holds Define/(x) by (2) it is dearh absolutcl> monotonic on (- « 0) 
and it* successive denv ativ cs lake on the prescribed values 
Corollary 15 t suficte I condition that there should exist at least 
one absolutely monotonic f unction f(x) o i the infertal —ib < x S 0 such 
that 


w 

is that 

ft) > 0 


Cl > 0 
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16. Hankel Determinants whose Elements are the Derivatives of an 
Absolutely Monotonic Fimction 

A result which is closely related to the previous one is the following. 
THEOREAf 16. If fix) is absohitely monoionic in - » < a; < 0, then 
for any negative x 

fix) fix) f'ix) 

f(x) f'(z) 

fix)^0, . . . ^0, f'ix) f'ix) f'"ix) ^0, 


fix) ^ 0, 


|/'(x) f"ix)\ 

fix) fix) 
fix) fix) 


|/"(x) fix) fix)\ 
fix) fix) fix) 

^ 0, fix) fix) fix) ^ 0, . . • . 
fix) fix) fix) 


For, bj- Bernstein’s theorem 


fix) = f e^'dait) 
Jo 


(—00 < X < 0 ) 


with a(0 non-decreasing. Hence 

i tf^'\x)$.$, = f e^'(±^Adait) ^ 0 

i, j:f^^'\x)U, = r ^ A daiD^O. 

.=0 ;=0 Jo \ t =0 / 

Since the forms (2) are positive, 'the determinants (1) are non-negative. 

If fix) is completely monotonic for 0 g x < and if in the deter- 
minants (1) the function /'*’(x) is replaced by i—ffix), the deter- 
minants are then non-negative for all positive x. 

Corollary 16. If fix) is absolutely monotonic in — < x g 0 and 

not identically zero, thenfix) is logarithmically convex for negative z; if fix) 
is not a constant, then 

fix) > ^ > fix) ^ 
fix) = fix) = fix) = 

For, to prove that /(x) is logarithmically convex we have only to 
show that 

rs'i log/(x) _ fix)f"ix) - fix)fix) ^ „ 

dx= pi^) = 0. 

But this follows from (1). 

If fix) is not a constant then no derivative of /(x) can vanish for 
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negati\e x For if it did the analytic non-decreasing character of that 
den\atne would then make it identicidlj zero That is /(*) would be 
a polynomial 

!■(*> = E 

with non negatiie coefficients But such a function or its derivatiie 
would become negatu e m the neighborhood of j: = — <» unless constant 
Hence we mai wntc (3) as 

/(X) -/ (X) 

Appl> mg the same argument «uccc««nclv to/ (i) / (i) weobtam 
the desired result • 


17 Lftguerte Polynomials 

M e wi h now to gi\ e another proof of Theorem I2o by use of Laguerre 
polynomials 1 In this section we collect certain facts about these poly 
nomials which vie <liall need Be take as our definition of the Laguerre 
polynomial L»{,x) of degree n 


(1) 


(2) 



From this definition it is seen by u«e of integration bv parts that the 
Laguerre poly normals form a normal orthogonal set with respect to the 
weight function t'* 

(3) ^ c 'Ln{x)Lm{x)iz s= 0 ni 5^ r 


From (1) it 18 clear by u«e of Rolle s theorem that L,(i) has exactly n 
real positne roots Be prove first J 
Theorem 17a For any non negattie latue of x 

W |-t.(x)I<c'* (n-Q12 ) 

• Compare S Bernste n 11928) and G Doetsch 1I937&) p 270 
tSeeD \ Bidder [19351 

t Compare G Siegd 11933) p ISO T1 e theorem was proved first by G Srego 
11918) 
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This is a consequence of the fact that the weight function is 
monotonic. Let the n roots of L„(a:) be Xi, x^, • • ■ ,x„ arranged in 
order of increase. Then integration parts gives 


re'‘[LM'dt = 1 - e-^lLn(x)]~ + 2 f\~‘ L„mn(i) di. 

Jo •'0 

We need only show that 

F(.t) = JJ e~‘Ln(i)LUi) dt = - e~‘ L„{t)L'r.it) df ^ 0 (0 < x < oo). 

Since L„(0L„(0 is clearly negative for (0 ^ f < Xi) and positive for 
{x„ <t < 00 ) the result is obvious in these intervals. But if 2 ^ A; ^ n 

(5) nx) - 


+ 




Q«) = {t- Xk){i - ... {t~x„) 


The integrand in the first integral (5) is positive for f > xa_i , that in 
the second is negative for ( < x*. , so that F{x) ^ 0 for xi_i ^ x g Xn . 
Thus the result is completely established. 

Theorem 176.* The series 


K{x, y, () = ^ L„(x)L„(T/)f 

converges for (0 g x < oo), (0 g y < «) and (0 ^ f < 1) to the value 
Kix,y,i) = do 

Here J o(x) is Bessel’s function 

n -0 n\n\ \2/ 

* 11939] p 98, where references are given. The present 

proof follows G. H. Hardy. 
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We evaluate first the generating function for the Laguerre poly- 
nomials 


(6) 


fc(x, I) »= S 


Bj virtue of Theorem I7a tbe«enescon\ei^3for (0 S z < «, 1 1 1 < 1) 
The Laplace transform of Z,.(x) is easily obtamed from (2), 

(7) I" t-'hJiildi - <” > 0), 

EO that bj integration of (6) casil> justified, wc have 

But 

.-4+-, -r4r,r <">« 

Hence bj the uniqueness theorem 

k(z, 0 « j— (0 S X < «, lt| < 1) 


We apply the aatne method to fi(z, y, I) B> (7) 

^ e“**A'(z, ji, t)dx = j S L.{y) ^ 

(8) _ > ,^2) 

On the other hand 




S nlnl(l -0*‘ 


= y 1 (yO* 
£in}a-+>(l-0” 




(<r > 0) 
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Replacing s by s + t(l - i) Mn this last equation and multiplying it by 
(1 — we obtain 


(9) 


-1- Te'” Jo 

1 - i Jo 



dx 


1 (a— l)(l//(s— «(+i) 

s — si 1 


at least for o- > 0. But (8) and (9) give us two determining functions 
for the same generating function. Equating determining functions 
gives the desired results. There is no difficulty in justifying the term 
by term integration employed. 


18. A Linear Functional 

Let f{x) be completelj" monotonic for 0 ^ a; < oo , 

{-lff'\x)^0 (k = 0,1,2,...) 

/(0+) < °°- 


lYe define a linear functional I operating on functions of the form 

e'^Pix) = e'" E arx" 

iL=0 


hy the equation 

U) ne-^P{xj] = t,a,{-l)T\l). 

A=0 

ObseiTe that if we knew f{x) to be a generating function 

fix) = fe-^^dait), 

Jo 

a fact which we shall prove here independent^ of previous proofs, w'e 
should have 


I[e~^Pix)]= f e-‘ P(i) da(i). 

Jq 

This interpretation of the operator I may serve as a guide to the dis- 
co\ ery of the results of the present section, results which we must prove, 
however, directly from the definition (1). We need the foUowing pre^ 
liminary result. 



172 ABSOLUTEL\ MONOTONIC FUNCTIONS (Ca IV 

Lemma. 18 If P(x) ti a pol^omtal ichich is nan-negaUie for 
(0 5 I < «) tften 

(2) P(i) - 4'(i) + iffi) + iC’ii) + iD’(l) 

ifficrc C(x), and D(r) are real poIjfnomioZs 

Th\s 13 welLknoviii,* but i\e giAe a proof for completeness Clearlj 
the coefficients of P(r) must be teal, and hence ans imagmarj roots 
must occur in conjugate imaginary pairs An> real roots of odd muUi 
plicitj must be negative Hence 

pw - n 1(1 - «.)’ + e’j n (I + yii 

where the a, , ff, 7. are real (not necessarily distinct) and the 7, are 
positive The result w trivial if there is just one factor in the second 
product For, bj I.emm7 11 Chapter HI, the first product, being a 
posilivepolimomnl, is the «um of squares of poljnonuabiQ^i) + R*(i) 
Hence nc have 

W(») T R’(«)|[r + vl - Iv'rOI’ + IVr/fJ' + ilC’ + R’l 

It M non clear that ne have onlj to «hovv that if P(x) has the form (2) 
then (i 4- 7)P(x) has the same forrn But, if Pfr) is defined bv (2), 
then 

(l + r)P(l) . (,4' + ,B= + I'C’ + ,'£l'| + ,[4’ + e‘ + yC’ + yP'l 
Agsiii applung Lemma 1 1 Chapter 111 nchave 
(x 4- y)P(x} = t* + 1/* + 

where L, If Q and f? arc njpl pohnomials This completes the proof 
Theorem I80 If Pii) isa rioR*nc(iafi(C polynomtaf /«>r (0 S r < «>) 
ffcen J[e‘^P(T)l w non nrgitlire 

Bj virtue of the lemma nr have oiilj to show that for anj realpoh- 
nomial 

P(i) = £ o*x* 

we have 

/ie-'p’(i)i = i; i; (-irr^dKa. * 0 

v-» J-B 

But this follows from Theorem 11/ 

•CompircG Filja and O Szega [I935J vol 2 p S2 
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Theorem ISb. If P(x) is a polynomial stick that 

( 3 ) P(x) <e (0 g a: < <»), 

then there exists a polynomial Qm(x) of the form 

m K 

QmCx) == S jT] 

1=0 A-l 

which is greater than P{x) for 0 ^ x < «. 

For, if n is the degree of P{x), there exists a number R such that 

(4) Pix) < Qn+iix) {x h R). 

Since Q„ix) approaches e"' uniformly in (0 g x g fl), for any positive 6 
there is a positive integer q such that 

e ■- e < Qn+(,(x) (0 ^ X ^ R). 

Suppose the e chosen so that 

P{x) < c* ~ e (0 g X ^ P), 

which is possible by (3). Then 

(5) P(x) < Q„+,{x) (0 g X g R). 

Since for each positive x the sequence {Qn(x))” is increasing, we see 
from (4) that (5) also holds for x ^ R, and our theorem is proved. 
Theorem 18c. If P{x) is a polynomial and if 

P(x)e“* ^ M (0 ^ X < oo), 

then 

7[P(x)e'-T ^ il//(0). 

Observe first that M is not negative since P{x)e~"' tends to zero as x 
becomes infinite. If y is an arbitrary positive number, then 

P(x) < Me^ 7j (0 ^ X < oo). 

By Theorem 18b there is a polynomial Q,„(x) such that 

P(x) < MQ„(x) + ij. 

By Theorem 18a 

7[6-p(*)i s jf f: (-ir-Qi-' + 

A.=0 A/ ; 
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The inequalities are onlj strengthened if the finite sum is replaced bv 
the corresponding infinite senes svhich by Tlieorem 3a converges to 
/(O) That IS 

lie ‘P{x)] S Af/(0) + r/(l) 

Since 17 was arbitrarj our result is established 
CoRoiLAnylSc // 

then 

|X,lS/( 0 ) (n = 0 12 ) 

This folloivs at once from Theorem 1 7a 
Theorem ISd The senee 

Atiy) ■= S 

converges for ( 0 Sy<» 0 St<l) and 

( 6 ) 0 S^(s)st^ (0S!(<»0S(<1) 

B> Theorem ITa and CotoUar) 18c 

Since the senes 

g c-LML.(y)C 

conserges umformly in (0 S * < ») for fixed y and t and since 
y <)« * Its sum is non negative by Theorem l7f> it follows that 
for any positive ^ tl ere w an integer w« such that for alt m > »nj 

, + f; e ’L.{x)UaV >0 (0 < I< ») 

By Theorem ISc 

>7/(0> + f) X.L,(y)f ^ 0 (m > W 

hKQ) + a (y) S 0 

Since 1 ? was arbitrary our result is established 
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19. Bemsteia’s Theorem 

AVe can now give a new proof of Bernstein’s theorem. AVe assume 
that the functions /(x) and Ai{y) are defined as in section 18 and prove; 
Theoreai 19a. The integral 

[ dij 

Jo 

converges for X > 1/2 and 

fix) = lim f c-^‘'At0j)d7j (1 ^ X < 2). 

I-*!— Jo 

By §17 (7) we have 

f e~^‘' Atiij) dij = f e~‘‘' ^ X„L„(i/)f"di/ 

Jo Jo n=0 

(1/3 <x). 

To justify the term-by-term integration we have onh' to cmplo}^ Theo- 
rem 17a and Corollary 18c and observe that the integral 

r e-^’’c'“-d7j 
Jo 


converges for x > 1/2. 

The series (1) can be transformed as follows; 

^ X ^0 V hi \}c) k\ 

X *.=.0 k\ \k J \ xj 

(2) il<x<2) 

h k] ix+t~ fx)^+i = a: < Z). 

To justify the interchange in the order of summation we need only show 
that tlie double series converges absolutelj'. This follows since 

Here we have used the ob^^ous inequality 

0 g (- g /(O) (fc = 0, 1, 2, . . .). 
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But the dominant senes (3) comei^ for (1 g a; < 2 0 g f < 1) 
rmally by letting t appronch unity in (2) we obtain 

hm I c — 1 )* ~ /W 

1—1 Ja k-a K' 


This step IS justified since the senes (2) cotis'crges uniformly m 
(0 g t g 1) ns one sees bj the relation 


s 


nn (to - 0* 

U (z + /-/x)*« 




(1 s z < 2, 0 g < S 1) 


This completes tlio proof 

TilEoncM 19fa 1/ /(z) IS ciwnplrfrfy monofonre for 0 g z < <*>, then 

/(l) - (0Si<«), 

vhere a(l) is bounded and non-dcmastnjf tn (0 S t < « ) 

For «et 

a.(i) “ j * ''Ai(y)dy CO g r < «) 

By Theorem iSd «((z) is non-docrcasing and by (I) 

0 g <r.(i) g X, « /(I) 

By Hellv’s theorem ue can choo«c a sequence of positive numbers {f.)? 
tending to unilj and a bounded non-decreasing function 0[x) such that 
Jim fr„(T) = fl(z) (0 g z < co) 

Then by Theorem 19<i 

/{z) = Um e "dai (y) = lim (1 g z < 2) 

In the Usual way this gives 

/(») = 

(4) =■ j[" e—Mv) (1 S I < 2), 

where 

o(s) ■= (vaO) 
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But the integral (4) represents an analytic function at least for j- > 1. 
Since /(.c) is completely monotonic for 0 < x < « it is analytic there 
Consequently the integral (4) must converge for x > 0 by Theorem 5b 
of Chapter TI. Finally, ve see that a{y) is bounded, for otherwise 
a(oc) = oo. This would implj', since a(?/) is monotonic, that /(0+) = 
00 , contiary to hypothesis. This completes the proof. 


20. Completely Convex Functions 

By analogy with the completelj'^ monotonic functions of S. Bernstein 
we intioduce the class of completely convex functions according to the 
following definition. 

Defixition 20 A Jiinchon f{x) is completely convex in an interval 
(«, h) if it has derivatives of all orders there and if 

(-l)‘r''(.T) ^ 0 (/c = 0, 1,2, ... ) 


in that interval. 

For example the functions sin x and cos x are completely convex in 


the intervals (0, tt) and 


(-I'i) 


respectively. We shall show that any 


such function is necessarilj^ entire.* We need two preliminary results. 
The first is a familiar result of J. Hadamard.f 
Lemma 20o. If f{x) is of class C~ in an interval (a, h) and if 


then 


Mk = u.b. I 


(fc - 0, 1, 2), 


(1) Ml ^ ^ {b - a). 

b — a 2 

For, by Taylor’s theorem we have 

m - fix) = {b- x)f’ix) +/"($) (x < |< b) 

fia) - fix) = (a - x)/'(x) + /"(„) ia<r,< x). 

Subti'acting these two equations gives 

fib) - fia) = (6 - a)f’{x) +/"($) ^ T _ /"(^) ~ 

2 2 

V aider [1940] The proof heie piesentcd v as given later bj' R P. 
t Sec T. Carleman [1926] p 11. 
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Trom this inequalitj (1) is inuiwdiate i{ wc choose for x a %alue at 
which /'(r) attains its maximum Mi 
Lemma 2Qb If fix) »s of class & and tf fix) and — fix) are non- 
negabie in (a, h), then 

(2) /W S f Mdi (a i I S S) 

V — a Ja 

For, suppose that 

nh fix) ^ fie) ia<eSb) 

«s*s* 

Then by comparing the area under the cune y = f(x) with the area of 
the triangle with %crtices (o, 0) (fc,0> <e, /(c)) we obtain (2) 

We arc now in a position to proic the rc«ult stated aboie 
TiiEonEM 20 If fix) IS eomplefely eoniex »n an inlenal (a, b), it is 
entire 

By consideration of the function /(a + (6 — o)r) one sees that there 
IS no rcstnction m replacing the giien interval by the interval (0, 1) 
Integration by parts gives 

fsMsmrzdx -SlLtM - Lff'Xz),mTTix, 

BO that 

Since the function -^fix) is also completely convex the same result 
gives 

^ j sin Trxdx g — i / '(^) ein rxdx 

~ j( irrdr 

Repeating the process nc obtain 

(_^ J f’^x) smwxdx ^ fix) am jridx = A 
Now let S be any positive number less than j Then 
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and by Lemma 206 


(-i)V"(x) a „ (ssxsi-«. 


Lemma 20a 




4Air 


ik 


(1 — 26)- sin 176 sin 776 ' 


That is. 


f\x) = Oiir^) (fc 

uniformly in (6, 1 — 6). use of Ta 3 dor’s formula with remainder we 
recognize at once that the power series expansion of /(x) must converge 
for all X and converge to /(x) in (0, 1). This proves* the theorem. 


* We have in fact proved a little more: that/(i) is at most of order unity, 
type r. 



CHAPTER V 
TAUBERIAN THEOREMS 
1 Abelian Theorems for the lapUce Transform 
The theorems TV hich v\e shall treat first arc called Abelian because they 
are generalizations of a familiar result of Abel This states that if }iz) 
IS defined bj the senes 

/(i) =• 51 (l r 1 < 1) 

the ‘'ertes com erging for 2 numerically less than one then 

Iim /(*> = 5^0, 


whenever the teiics on the nght converges 
An integral analogue of this result is that if f{s) is defined for real 
« > 0 by the convergent integral 

/<*) “ dt 

then 


hm /(*) *= ^ a(()d( 

provided the integral on the ngbt converges Vnother form of the 
result vv ould be that if* 

/(.) = j['e -Vad) (!>0) 

then 


lim /(«) = lun «(<) 

»— 9+ 


whenever the limit on the nght erists It is this and similar i-esults 
which we wish to provem the presentsection e ^hall assume unle^ 
otherv-i'vc stated that s is a real vmnable 

* We remind the reader th*t lo Laplace Svieltjea integrals the determining 
function a(t) IS assumed to be Donnalized (see Section 8 of Chapter I) 
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(s > 0), 


Theorem 1. If 

(1) /(s) = f e~“da{t) 

Jo 

then for any 7^0 and any constant A 

(2) llm 1 s'*f(s) — A I ^ lim ( a(t)r'^T(y + 1) — A ( 

t-*oo 

(3) lim j sV(s) — A 1 ^ lim 1 a{t)r'*T{y + 1) — A |. 

«— *00 t — * 0 + 

Since the integral (1) converges for s > 0, we have by Theorem 2.3a 
of Chapter II 


/(s) = s f e ‘*a{i) 
Ja 

s7(s)-A = 

If r is any positive number, then 


di 


Af 


T 

lsV(s) - A| ^ f e-*' 
Jo 


cx(t) - 


r(7 + 1) 

Af 




r(7 + 1) 

i^co 

+ e-*‘ 

Jr 




(4) 1 sV(s) - A j ^ u.b. 1 a(0r(7 + l)r - A I 

o<j^r 


+ s' 


.-r+l 


Jr 


a{t) 


a{t) — 


Af 


r(7 + 1) 


dt 


Af 


r(T + 1 ) 


dt. 


For any positive e we can find* a constant M such that 


whence 



Af 

r(7 + 1) 


< ilfe" 


(0 ^ f < 00 ), 





«(«)- 


Af 

r(7 + 1) 


dt < 


S — 6 


(S > e). 


The right-hand side of this inequality approaches zero as s becomes 
infinite, so that we have from (4) 

fim I s7(s) - A i ^ u.b. 1 a{t)T{y -f l)r^ - A 1. 

«-*co O^l^T 

* See Theorem 2.2a of Chapter II. 
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The left-hand side being uidependmt of T we allow T to approach rero 
and obtain 

lira |«VW — I ^ bm IttWr’rfy + 1) — 4 ] 

• —•9 

■Re ha\c thus established (3) In a similar wa% we have 

AC 


sV(») - ^ I ^ e'‘’|‘»(0 - 


r(T-l-l) 


\dl 


lira («7(«) -yil S ub |«(0r{y + l)r'-4), 

•-«+ ra«<« 

from which (2) follows bj allowing T to become mfinite 
COROLi/ARY lo // for soiM non-rt^altie number y 

...X, AC 

ix^HTT) (t-iO+). 


/(«)- 


(«-»o+) 

(»-* «) 


Note that if 4 ** 0 wc must wrnte 

«W = 0(O 

/(<) - e(«-^ 

la particular we note that the enstence of 0 ( 03 ) iinphcs/(0+) *= <»(*) 

Also/(oc) = o(0+) 

CoROliAHY lb // (1) coni'ergc* for * > <r, and 

4r«**‘ 


then 


«(t)- 


/(«)- 


rfT+i) 

Atr, 

(« - «r.)»+‘ 


({-- 


ff«+) 


As + <r.)= (*>0) 

5(0 = c~*‘'da(«) = n(f)e“*'* -b itc ex{u) du 
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Under our present hj^potheses it is easy to see that 


Kt) 


r(7 + 2) 


so that Corollary la is applicable to the integral (5). 
Corollary Ic. If (1) converges for s > 0, then 

lim a(t) ^ lim f(s) ^ lim a{t). 

*0+ t-^oo 


(t — » 00 ), 


The proof of this requires only slight modifications of the argument 
aboA'e and is left to the reader. 


2. Abelian Theorems for the Stieltjes Transform 
IVe consider here the equation 

® - f ^ 

It Rail be shown* in a later chapter that if (1) converges for a single 
positive value of s it converges uniformly in any closed interval of the 
positive s axis not including the origin and that then 

( 2 ) a (0 = o ((0 


In order to study the asjnnptotic behavior of /(s) at s = 0 and at s = co 
as determined b}' the properties of a{t) we need the folloving result. 
Lejlma 2. If the integral (1) converges for s > 0, and if T > 0, then 


(3) 


lim 



ct{i) 
(s + 


dt — 



ait) 

iP+i 


di. 


It is clear from (2) and the convergence of (1) that the integral on 
the left-hand side of (3) converges. Since 


(4) 



a{t) 
(s -f 


dt = 


r exit + T) 

Jo is + T + ty+^ 


it follows from the result stated above that (4) converges for s + T > 0 
and hence uniformly in a neighborhood of s = 0, from which (3) follows. 

Theorem 2a. If (1) converges for s > 0 and if 0 < y ^ p, then for 
ajuj constant A 


lim 1 sV(s) — -d 1 ^ lim 


- 0 + 


t— 0+ 
<•*^00 


f^-A 

Cte-^ 


1 


* Theorem 2c and Corollary 3a3 of Chapter VIII. 
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- r0») 

■ rMr(p - T + 1 ) 


This follows from the familiar formula 

r C A, r(g - g - l)r(a + 1 ) («>-!) 

i (s + i)* r(/»)s*- ' (0> a + i 

Hence if T > 0, 

I’W -'*1 s + 

Making use of Lemma 2 ivc haic 

e; i.vw-xis ub 

i-in. •SiSr(<J'^ j 

Since T nas arbitrary it follows that 

Ira |«7(<)-^l S Ira ISS - 'll 




dt+ ub ^ - A 




limlsVW- AIS ub 

te.l.7» -'*1 S Irai^ - /l| 


This concludes the proof of the theorem 
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Corollary 2a. If for 0 < y ^ p 

a(i) Acf~'’' 

then 

/(s) -- ^ 


(t-^ w) 

(t->o+), 


(s-^ °o) 
(s-^0+). 


The case in which 7 = 0 requires special attention. The mere con- 
vergence of (1) implies that a{t) = o(f) (< — > m). 

Theorem 2b. If (1) cojwerges for s > 0 and if p > 0, then 


If we set 


then 


lim /(s) = 0 . 

«— *co 

daiu) 


m = -I 


(1 + uY 


[0 ^t< co), 




p~l 


(t + 1 ) 

'o (s + ty+i 


Ki) dt. 


For any T > 0 and any s > 1 

{t -h 1 )^-^ 

'o (s + tY+'- 

^ pis - 1) 


p(l - s) f 

JQ 


^p+l 


I 3 (t)dtj 

T 

[ (t + ir-^\ffit)\di+ u.b. ii3(i)i. 

Jo TSl<m 


Hence 


lim 

8— *0O 




dt 


^ lim I /3(0 |. 


Jo 

Since /3(a)) = 0 the theorem is established. 

3. Tauberian Theorems 

The converse of Abel s theorem, stated in Section 1, is not true. 
That is, the series 


fix) = X a„a;" 


( 1 ) 
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maj converge for I x | < 1 and/(z) maj tend to a limit as x tends to 1 
without having the senes 


5 


a. 


comergent The example /(x) = (x + 1)“' shows this 
Another example, showing the failure of the conierse of Abels 
theorem m its mtegral form, is 


Here 


Tet 


/(*) = = j[ e"*‘d(sin 0 

lim /(#) = 0 

^ rf(3ID () 


(5 > 0) 


dll crges It was A Tauber (I897| who first gav e a conditional com er«e 
of Abel's theorem He proved that if (I) converges for [x] < 1, if 
a, * c(n“^) (n -• «), and if/{l— ) « A, then 


■ s«. 


We prove the integral analogue of this result 
Theorem 3a Ifa(l)bfhngitoLtn{0,R)/ornerifRandifthetnlegral 

/M - <« 

conierpes for a > 0, then ike eonditions 
lira fit) = A 



imply 

m+) - auui ~ A 

To prove this we note first that under the h>7iothe=es of the theorem 
we have 
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Now consider the difference 


/ a(ti)dii — 

Jo Jo 

du = f — e “^'Jdu — 

Jo 

l”a(7i)e~"'‘du 


= Zi + !•. 


Then 

t 

1 7i 1 ^ i jf 1 a(u) 1 « dll] = o(l) 

! /n 1 ^ u.b. [ a{u)u 1 f - du 

(g«<00 Ji W 

(t-> oo), 


g u.b. 1 a(u)t( j. 


Hence 

lim 1 7" 1 = lim | a(t)t j = 0. 

t-*oe i-*eo 


It follows that 

J 

I a(u) dti = lim / a{u)e~‘'‘du = A, 

'0 t~*04* •'0 


This proves the theorem. 

Note that in the example given above o(i) was cos 
satisf 3 ' the condition a(t) = ; 

A more general result is contained in: 

Theorem 3b. Let 

t which fails to 


/(s) = f e "do(i) 

Jo 


converge for s > 0, and let 


(2) 

Then 

lim f{s) = A. 

9 “♦0+ 


(3) 

lim a(t) = A 

t'^00 


if and only if 



(4) 

Pit) = f tidaiu) = oit) 

Jo 

(t-^ co). 

Note that if 

«(f) = / a{v)dUj 

Jq 
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then o(l) s= o(J ) (£—►«) inspbca Uiat 

^0) = ^ ia(u}du « o(l) (t~* '”) 

so tl at Theorem 3a la included in Theorem Sb 
To pio%e the theorem we a^sutac viithout to s of geierahtv that 
^ = 0 First «uppo«e that (3) holds and prove (4) This ls obvious 
from the equation 

(9(0 = fa(f) — ^ aCuld/ 

Conversclv assume (4) and prove (3) Nov 
j e '“dafu) s= j ^ — <fd(«) 

- -«l)c • + ■* 

Corollary la 

Iim 3 f *“dti « 0 
>>i u 

By (2) 

Iim / a"*d«(u) • — Um / e'*’‘da(u) •* “«(!) 
Consequently <5) shoflvs that 
(6) lira -Dd) - o(l) 

But b> (4) we may apply Theorem 3a to the integral (6> and obtain 

Integrating by parts ne have 

«(«) = 0 

winch IS what we wished to prove 
If we choose a(0 a step-function with jumps at the positive integers 
this becomes a familiar result of A Tauber [1897} It slates that a 

senes 2 o* which is summablc in the ‘«ense of Abel to the number A 
converges to A if and onlv tf 

S Jla* — «(») 


(n-» ») 
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4. Karamata’s Theorem 

It was Littlewood [1910] who first showed that the condition 
a„ = o{n~^) in Tauber’s theorem could be replaced by the condition 
On = We consider the integral analogue of the theorem and 

give an ingenious proof of J. Karamata [1931]. 

4.1. We shall prove first the following preliminary result. 

Lemma 4.1. If g{x) is continuous almost everywhere in (0, 1) and is 
hounded there, and if y > 0, then for every e > 0 there exist polynomials 
p{x) and P{x) such that 

p(x} < g(x) < P(x) (0 ^ X ^ 1) 

r e-‘f^^[P(e-‘) - p(e'‘)]dt < e. 

Jo 

First suppose that 

g(x') = 1 (0^a<x<g^l) 

= 0 (0 < X ^ a, ;8 ^ X ^ 1). 

Let v be an arbitrar}’’ positive number. Clearly there exists a continuous 
function hix), which maj'- coincide with g{x) except in the neighborhood 
of the points a and i8, such that 



g(x) g h(x) 

(0 g X g 1) 


r e-‘[h(e-') - g(e-‘)U^^dt < rj. 

Jo 


the Weierstrass approximation theorem there exists 
Q(x) such that 

a pol 3 Tiomial 

Set 

1 Q(z) - /l(x) 1 < y 

j— 1 

VII 

H 

VII 

o. 

then 

I'(^) = Q(^) + y; 



g(x) ^ h{x) < P{x) 



I e ') - gie ‘)]dt g jT Q(e-') - h{e-‘)\dt 


+ r e-‘t^nh(e-‘) - g(e-‘)]dt 
Jo 

+ 5 ? f e'H'^^dt 
Jo 

< 7] + 2lJ f 
Jo 


e-‘f^^dt. 
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In a similar waj T\ecandetennmethepoI}nomialp(z) < ff{i) such that 

J e — p(e~')]dt < 17 + 2t; j e'U' 'dt 

Since the ivght-hand «ides of these last two inequalities can be made 
arbitrarily small our lemma 13 true for the step-function g(x) just con 
sidered It is consequentlj tnie for anj step-function wth a finite 
number of jumps for anj such function is a linear combination of func- 
tions of the type just treated 

W e turn now to the general case \\ ith a positive c we can determine 
positive numbers S and 12 so that 

( 1 ) 2U e-'r~*dt + 2\fj e-‘r~*dt<t/G 

3/ = ub U(z)| 

•s»i' 

Since is Ricmann intcgrable in (J R) we see from the 

definition of an integral that there exist two step-functions gi(x) and 
gt(x) each with a finite number of jumps such that 

(2) gi(e-) £ ff(e-*) £ g,(r') (SSt£R) 

(3) J' !«.(«-') - M'-Vt-l’-'il < </6 

If ne complete the definition of 9 i(z) and bv the equations 

J»(c") *=3/ (0 £ t < 3, R < l< w) 

gi(e ') = - W (0 £ « < « ft < < < «), 

inequalities (2) hold for all positive I, and by the first part of the proof 
there exist polynomials pfa) and P(j) such that 

p(r) < ffi(x) £ «(x) £ ffifz) < P(r) (0 £ s £ 1) 

(4) J e~'lP[e~') — < 1/3 

(5) e~'lg,(e-') ~ p(e“*)J(^' < */3 
From (1) and (3) ne have 

j[ «“'(»* ') - s.(e < </3 
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Combining this with (4) and (5) there results the required inequality 

r e-‘[P(e-‘) - p{e-‘W-Ut < e. 

Jo 

4.2. We turn now to the proof of the following theorem due to 
Karamata. 

Theorem 4.2. Let a(i) be non-decreasing and such that the integral 

/(s)= fe-^dccCt) 

Jo 

converges for s > 0, and for some positive number y let 
(1) 

Let g{x) be of bounded variation in (0, 1). Then 

( 2 ) r e-‘^g(e-“) da(t) ^ 1 ^ f “ dt 

Jo sr rfy) Jo 

s varying through the set of points for which the integral on the left exists. 

Let a(Q be continuous except perhaps in the set of points xo, xi , 
X 2 , • • • and let g(e~‘) be continuous except perhaps in the points yo , 
yi, ys, ••• ■ Denote by E the set of points yt/x,- {i, j = 0, 1, 2, • • •)• 
If s is not in E the integral on the left of (1) exists since a{t) and g{e~’^) 
will have no common discontinuities. Since E is a countable set its 
complement is dense in (0, « ) so that s may approach zero or become 
infinite while remaining in the set of points for which the integral on 
the left of (2) exists. 

Let e be an arbitrary positive number. Determine polynomials 
(Lemma 4.1) p{x) and P(x) so that 

p(x) < g(x) < P{x) (0 ^ X g 1) 

(3) jf” e-'rMP(e-‘) - pie-‘)] dt < e. 

Since «(<) is non-decreasing we have 

(4) e-“p(e-“)da(t) ^ e~'‘g(c~’') da(t) g jf” e-"P(e-*‘) da(t). 


(s-^O-h) 
(s oo). 


(s->0+) 
(s->- co), 


1 


•eo 
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If we replace « bj (n + 1)* ui (I) ne obtain 

f ~ (5^, - f .’-Ml 

for anj positive integer ft whence 

for any polynomial P(x) From (4) nc have 

f e~'p(e ')/’** dl S I_rn«’ r e'*‘g(e~'‘)da(t) 

(6) ^ . 

^ml 'i-' 

s approaching zero or becoming infinite »n the set coraplementars to E 
From (3) (5) and (6) mc see that 


Iim 


■’ jf' < •'»(« ' )rf«(0 - 1‘ e-p(e-)r~‘dl 


the desired result 

43 Ffom this result bj epeciahzing(f(x) we may obtain thofollowing 
Taubenao theorem 

Theorem 4 3 1/ aU) «* rKm-drcrrasinp and xueh that the integral 


/(«) 


‘ e"*'d«(t) 


/W- 


conrerges /or s > 0 and */ for some non Mcgatiw num6er y 

A (8-»0+) 

''jV (S-*«) 

then 

AF (t— w) 

"ny+l) (t^0+) 


(1) 


«(0- 


It 19 no restriction to take A *= 1 First suppose y = 0 Since «(0 
i« non-decreasing it either af^roaches a limit or becomes infinite as 
t— » « TromCorohaiy 3 c the latter case would imply 
lim /(») = 00 

contradicting our hypothesis The finite limit which a(l) must approach 
IS then certainly unity A stnular argument applies to the case t — * 0+ 
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If 7 > 0 we choose the function g{e ‘) of Theorem 4.2 as follows: 

g(e-‘) = e' {0 ^ t ^ 1) 

= 0 (1 < t < <»). 

Then the conclusion of Theorem 4.2 is precisely (1) provided t approaches 
its limit through the set of points where «(?) is continuous. Obviously 
this restriction may be removed since a(i) is monotonic. 

4.4. We prove now a verj"^ useful theorem due to Hardy and Little- 
wood [1912] in its original form. We employ the slightl}’’ more general 
form of Landau.* 

Theorem 4.4. If J{ 3 :) has a second derivative in the inierval Q <x < ^ 
and if for some real value of a 

(1) /(a:) = o(x“) 

(2) fix) < 0(x“-=) 

then 

(3) fix) = 

Let 6 be an arbitrary posith-e number less than unity and let x be 
positive. By Taylor’s remainder theorem 

(4) fix ± dx) - fix) =P dxf'ix) = f'ix ± esx) (0 < e < 1). 
By (2) there exists a constant M such that 

(5) fix ± 06x) < Mil ± e5)“--x“-== g ilJx“-=(l + 5)“-‘ (« ^ 2) 

g Mx“-=(1 - 6)“-= ia ^ 2). 

(1)) (4), and (5) we obtain 

o(x“.) T Sxf'ix) g x"(l -f 5)“-= ia ^ 2) 

71 fsfi 

^ x“(l - 5)“-= (« ^ 2). 


(X-^ oo), 

(x -»■ 0-1-) 
(x-» co), 


(x->0-l-) 

ix 00 ). 


E. Landau [1929] p. 5S. 
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Hence 

— ^ (1 + a)*~* g hm 3^~*f (r) g fim 

S “ (1+ !)•-> („ s; 2) 

Cl - S 1 k5 **~V'(i) ^ fim a;*"*/ ix) 

a“a-t)" (oS2) 

Since 8 is arbitroiy ive ba\c in either case 
hm =* 0. 

which la equation (3) 

It IS ob\ lous that in condition (2) the direction o/ the inequality may 
be reicr'od 

CoROLLuiY 4 4a 1/ condtlion (1) ts replaced by 

/(t> - Ax- 

Ihen (3) becomes 

Tins follow s at once from the theorem bi consideration of the function 
/(i) - Ax' 

Of cour=e if o = 0 our conclusion becomes 
/•(x) = 0 (I^‘) 

CoHOLLARi 4 46 ts of closs C' IB 0 £ x < « and tf for some 

nan negatiie number a 

Fb)~ fmdl~Ax- 

WWl'SO (0Si<®) 

then 


/(i) ~ etAi* 


{x-«) 
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This is a result of Landau.* It is no restriction to take A = 0. Then 


G(x) = - [ (fit) dt = - xFQe) + f Fit) dt = (x 

Jo Jo 

G"ix) = - (x/(x))' go (0 g X < = 0 ). 

Hence G{x) satisfies conditions (1) and (2). Then (3) becomes 

x/(x) = o(x“) (x «=), 

which is what we wished to prove. 

4.5. In Tauber’s theorem, i.e., Theorem 3o, the condition 

ait) = o(i~') (i — > «)) 

is stronger than necessarj', as Littlewood first showed for series. We 
show the analogous result for Laplace integrals in this section. 
Theobku 4.5. If 

Sis) = fe-^'dait) 

Jo 

converges for s > 0, if 

fis) — > *4 (s — ^ 0+), 

and if there exists a constant K such that the function 

(1) Pit) = Kt + f u daiu) 

Jo 

is a non-decreasing function of t in (0, oo), then 

(2) ait) -> A it oo). 

We note first that Theorem 3a is included in the present result. For, 
if 


ait) = I aiii)du 
Jo 

ait) = oit ^) it—> 00 ), 

then 


( 3 ) 1 + ait)t ^ 0 

at least for large values of t. Evidently the behardor of ait) for smnl] 
values of t is unimportant in Theorem 3a provided only that fis) is 

* See E. Landau [1906] p. 218. 
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defined for « > 0 Hence me ma^ suppo'se that (3) holds for all I so 
(hat 0{t) 13 non-dccrcasmg foriw *= I 
To prove the theorem me have 



/(«) * ^ e“'‘da(/) 

(»>0) 


1 

U 

(8>0) 




Since 0(i) IS non-decreasing me haie 



1 

All 

(s>0) 

Bj Theorem 4 4 


{s-*0+) 

Hence 



Bj Theorem 4 3 




II da(w) * o{0 

((-«) 

Theorem Si this implies that 



a{0~* 4 

(,w=c) 

and this IS mhat me mere to prove 


COROLLAKY 4 5a 

The condition (1) of Theorem 3a may he replaced by 


a(d^0(i) 

ft--) 

CoROLI-ART 4 56 

If 



/(») ■■ 


converges for s > 0, tf 


Inn /(«) = A, 
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and if a constant K exists such that 

(4) a„ > — — (n = 1, 2, • • •), 

then 

to 

^ j an j4 - 
n«l 

Otheraise expressed this result states that a series whose terms 
satisfy (4) cannot be summable in the sense of Abel unless it converges. 
It follows from the theorem since (4) implies (1) if a{t) is a suitable 
step-function. 

4.6. By way of generalizing Theorem 4.3 we add the following result. 
Theorem 4.6. Let the integral 

fis) = r e-“da(j.) 

jfl 


converge for s > 0 and let constants K,-A, and y > 0 exist such that the 
function 

m = «(0 -h Kt'^ 


is non-decreasing in 0 ^ t < oo and such that 



Then 


ait) 


Af 

r(7 + 1) 


is -> 0-1-) 
is oo). 


it-^ oo) 

(f-^O-b). 


To prove this we have only to apply Theorem 4.3 to the function 

fe-’^dm =fis)-\-^Slh+Jl 

Jo sr 


The conclusion is 


A -b KVjy -f 1) 


is 0-b) 

is oo). 


ait) -b Kf = /3(0 ^ + KTjy -b 1) y 

r(7 -b 1) 


ccii) 


rv/ 


Af 

r(7 + 1) 


(i — > oo) 

it 0-b). 


This proves the result. 
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6 Taubenan Theorems for file Sheltjes Transform 
In this section we shall proxe a Taubenan re«ult concerning the 
Stieltjes transform which we shall need m a later chapter It is ob- 
tained bj application of the foregoing tesulU about the Laplace trans- 
form However we first prove a lemma about the Stieltjes transform 
which IS due to Hardy and Littlewood* 

Lejima 6 belongs to LxnfO R)foreier}/R>0,i/lhetnUgTol 


converges, and tf 


G(t) = = o(t) 




then ike relation 

implies 

f A 

W nte 

“ /l(8) + /,(S) + /,(*) 


Since we wish to show that A tends to d as s becomes mfinite we need 
onlj prove that I* and I» tend to tero This results from the following 
relations 




lAlS 


|G(8)| 


+ 5 icCDl-hiog^ 

“ *SiSr A -t t 


Allowing first s and then X to become infunte we have 


hm|;,|SIoE2a|?^l^-0 


Hardy and Littlewood [19301 P 34 
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Treating h(s) in a similar yre have 

Gis) , r G{i) r 

Ms) = -—+sl + 


2s 

IlMli 


G(i) 

i(s -j- ty 


dt 


hm I Is 

S~*00 


(s) I ^ ^log 2 + h 


+ log 2 u b. 

S^t<a5 

G{t) 


Git) 

+ 5 u.b. 

Git) 

t 

2 S^(<o3 

t 


lim 


= 0. 


This completes the proof of the lemma. its use we establish the 
following result also due to Haid 3 ’’ and Littlewood.* 

Theohem 5a. Let 0(i) belong to L in (0, R) for every R > Q, and let 
the integral 



<pit) 
s "b t 


dt 


convei gc. If constants K and A exist such that 


(1) 

T 

1 

A 

id ^t< 

oo) 

(2) 

fis) ~ As * 

(s-> 


then 





f ^it) dt = A. 

Jo 




Consider the function 


g{s) = s2/(s). 

It is clear from (2) and (1) that 


and that 


g(s) ~ As 


(s 


co) 


g"is) = 2 f 


^ <p(t) dt > 


Jq (s + t)^ 

Bj" use of Theorem 4.4 we obtain at once that 

g'is) A 

That is 

2s/(s) + sV'(s) A 
-A 

* Hardy and Littlewood [1930] p 33. 


(s-^ co). 

(s-»- co), 
(s-^ oo). 
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From this ue see that 

Blit the integral on the left can be c\pres«ed as the product of two 
Laplace transforms, 

® C C 

'I'M = dt 

One sees this by interchanging the order of integration a step which is 
salid bj \irfueof (I) and Fiibini s theorem 
Bj (1) we ha\e 

Ha' > - j (0 £ » < •) 

Hence we nia\ applj Theorem -I C to the integral on the nght hand side 
of (3) and obtain 

(4) j£(4(I)*-o(I) (u-0+) 

The second dem atii c of this function is 

ma) -if ihdm - + hm 

u' J* u 

Bj (!) we ha%c 

-Hal < - 

It 

^'(«) < ^ 
u 

This with (4) shows that 

HW < o(i) (» 0+), 

SO that we may again applj Theorem 4 4 to the function (4) and obtain 
iKm) “ ^ 

Ha) =• I e-"lHt)dI - 0 ^^ (ii - 0+) 
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Again, using (1) and Theorem 4.6 we have 


f tp(i) dt = o{v) 
Jo 


{u — > oo). 


Now appljdng Lemma 5 we obtain the desired result 


f <pit)dt = 
Jo 


Another result of this type which we shall need in a later chapter is 
Theorem 56. Let ip(i) belong to L in (0, R) for every positive R, and 
let the integral 


/(s) = / 

Jo 


Jo {s + ty- 

converge. If (p{t) is hounded in (0 ^ i < «>), then the relation 


implies 


1 <p{u)du-^At 

Jo 


Cleaily we have bj’- Fub ini’s theorem that 


(s 0+) 


— > O-b). 


/(s) = f e “'’ydy f e ''',p{t)dt (0 < s < oo) 

Jo JO 

/(s) = f e~’''yg{y)dy, 

Jo 


g(y) = f e ’'VWdf. 

JO 


Let M be an upper bound of | ^(0 |. Then 

I yg{y) I < M 


a{^J) = f ug{n)du. 
Jo 


(0 < y < co). 


Then a{y) + My is non-decreasing, and we may apply Theorem 4.6 to 
the integral (6) to obtain 


aiy) ~ Ay 


(y-^ «). 
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But 

a"(y) - f - y‘Ul 

1»"(?)1<“ (0<J<«) 

Hence we maj applj Theorem 4 -1 to obtain 

«'(s) A 

Bj Mrtue of Theorem 4 G applied to the inlegrn] (7), we now prove (5) 
This completes the proof of the theorem 

6 Founer Transforms 

In the proof of Biener'e general Taubenan theorem we shall need 
certain facta about Founer transforms which we collect in this section 
The first is a combination of Planchetels Ibeortin and Parseval’s 
theorem 

l^EonrM 6a 1/ F(x) belongs to L* tn (— », «), then there estsU a 
funehon /(*) belonging to 1} tn (- «, «) suck that 

(t» 1 f 

1) /(l) - Ijm £/(')»■"' ■il 

H) I 

3) F(x) - Ijm Ijilh'-'dl 

5) £|/W|'<b-£|F(*)fir 

The proof of this is to be found m anj text on Founer transforms 
The function /{i) is uniquely detennmed up to an additive function 
which 13 zero almost everywhere 

Theohem 64 ///(*) belongs to Z, tn (— «, ») then Fix), defined by 

the absolutely convergent integral 

m 

is continuous for all finite x 
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This follo-ws since 


lim r e“'/(0 dt= f e“7(0 

X — *0 eo *^00 


dt 


for every real number a. It is permissible to take the limit under the 
integral sign since /(x) belongs to L. 

Theorem 6c. If f{^) o^nd g{x) belong to L in (— «>, '«) and ifh(x) 
is the residiant, 

Hx) = £ fix - i)git) di, 

then hix) belongs to L and 

^ 1. 1 «») I s ^ I. I I I *■ 

For, by use of the Fubini theorem 

£ I h(x) jdx ^ ^ dx £ |/(a; -01! !7(0 | di 


(7) 


= |/(x-0|da;, 

^TT Jxco J-~eo 


from Mhich the result is immediate if we set a: — f equal to a new variable. 

Theorem 6d. If fix), gix), and hix) are defined as in Theorem Gc 
and if Fix), Gix), Hix) are their respective Fourier transforms as defined 
by (6), then Hix) = Fix)Gix). 

For, simple computation gives 






fiOdi £ 


„>xCI+w) 


Qiy) dy 


27r 


/ fiOdlf 

J— CO JL-a 


‘giu 


— 0 du 


The change in the order of integration is again justified by Fubini’s 
theorem. 

Theorem 6c. If fix) belongs to L in (—to, oo) and if Fix) is its 
Fourier transform, defined by (6), then for almost all x 
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For 

1 /■“ V fsm (y - a;)ff/2T , 

But this 13 essentialh the same mtegrvl considered m the proof of 
Thoorem 9 3 of Chapter 11 It approaches /(i) as R becomes mfintte 
for almost all values of x 

Corollary 6e // F(i) »« idenheafly zfro ihen fix) ti rrro almost 
everywhere 

Bj use of this theorem or otherwise one mas easily show that if A(i) 
and Jfar) are the functions defined below then each is the Founer trans 
fonn of the other 

4(i) = i-!ti U!<i 

-0 ixUi 

e shall need this pair of functions later Note that 8(x) belongs to L 
fn fact 

7 Founer Transforms of Functions cf B 
Re consider in this section functions which are founer transforms 
of functions of L That is thc> can be represented by absolnteh con 
lergent Founer integrals For brcMtv we gne this class of functions 
a name and we introduce an operetor on functions of the class bi the 
following defin tions 

Deyinition 7a 1 /incfnwi F(z) Monys to the class A »/ and onlj i/ 

where 

Ij/iOldK^ 
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Definition 7b. If F{x) belongs to the class A and has the representa- 
tion (1), its norm, 1| F{x) |1, is 


llF(x)ll = 




di. 


Concerning functions of the class A we prove: 
Theorem 7a. If Fi(x) and Fiix) belong to A, then 

(2) II F^ix) + F,ix) II g I! F,(x) II + II F^ix) || 

(3) ||Fi(a:)F2(x)|| ^ 1|W|| ||F2(<r)||. 


The inequalit}'^ (2) is evident, and (3) follows from §6 (7). 

Theorem 7b. If Fi{x) and F^ix) belong to A and if |j F^ix) |1 is less 
than unity, then 


I FAx) 

\ 1 + FAx) 


< ||-Pi(a:)|| 

= 1 -II ^’2(x) li- 


lt must not be supposed that [1 + F^x) ] ^ always belongs to A. 
In fact this is false if FAx) is identically zero. Since 

I FAx) 1 g il FAx) II < 1, 


we have 

ifij) = 5 


By Theorem 7a 

{-iTFAxWAxW = e^‘fAt) dt 

II i-iyF^{x)[FAx)r II g 11 FAx) II II FAx) ir, 


wheie fn{x) belongs to L. But the series 2/n(0 converges in mean to 

n *=0 

a function /(<) since 


1 


r” n+p 

I Z ut) dt^z ii^’i(x)iiiiF,(x)ir 

••—CO n^ri ' ' 


(p = 0, 1, ...). 
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Hence 


1 + F,{t) 


F,(x) 


s t iiF.wii,iF,wir - g 

TifEonEii 7c // F(x) belongs to A and a is conttant then 

l!F(«)ll = |lF{x)|) (a 7^0) 

The proofs of these results mi} be easili supplied The function Afi) 
defined in }6 belongs to A 7n fact 


!l A(x) li « 1 

As another example which wc shall need consider the function 

P,W-2A(i)-^(j) 

Here e IS a positive number Cleartv 

P.W-1 0*1 S<) 

(iS!*lSE2() 
= 0 (|zU20 

By Theorems 7a and 7c 

(5) ||F.(i)I(2 3 

so that the nonn of F,(x) has a bound independent of t Smee A(x) 
IS the Founer transform of 6{s) iie have 


where 


(6) p.(0 « tpia) « 4*8(2*t) - «5(*t) 

Theorem 7d Jf p,{{) ts denned (6) then for every real y 

(T) f IMt — «Wp.(0idt“0 
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This follows since p(t), as defined by (6) belongs to L. For* 

f i p.(f - y) - VtiO 1 = f 1 p(< “ ~ p(^) ! o). 

*Loo 


8. The Quotient of Fourier Transforms 

In general the quotient of two functions of class A is not a function 
of class A even though the denominator does not vanish. For, the 
quotient of a non-vanishing function by itself is unity, a function which 
can not belong to A, as one sees by use of the Riemann-Lebesgue 
theorem. If in addition the function in the numerator vanishes out- 
side an interval the quotient does belong to A. 

Theobem 8. If H{x) and K(x) belong to A, if K{x) does not vanish 
and if H{x) vanishes oidstde an interval, then H(x)/K(x) belongs to A. 

To prove this we shall need: 

Lejima 8. If F(x) and G(x) belong to A arid are the Fourier transforms 
of /(.t) and g(x) respectively, then for any constant a 

II [F(x) - F(a)]G(x - a) || 

^ ^ jf ^ 1/(0 1 I g(x - 0 - g(x) I dx. 


For, the following are pairs of Fourier transforms 


G(x — a) 
F{x)G{x — a) 


e-^^gix) 




g{x — 0/(0e“' dt 


F{a)G{x - a) ^ e’“‘/(0 dt 

[Fix) - Fia)]6ix - a) (a; - 0 - (a;)] dt. 

From this last pair and' {ha definition of the norm the inequality (1) 
follows by use of Fubini’s theorem. 

We return now to the proof of Theorem 8. Suppose that Hix) 
vanishes when | x | S 2X. Let W be a positive integer. Set 


Then 


4X 

‘ 3N 


Xn = -2X + Sen (n = 0, 1, • • - , N). 


S 

1 = Z) P,ix — x„) 

* See, for example, X. Wiener [19331 p. 14. 


(-2X g X g 2X). 



20S XAUBERIAV THEOREMS (Ch \ 

Since }I{x) vanishes outside the interval (— 2X 2X) wo have for all x 


(2) 


H(i) mx)P(x~x,) 

Mz) tn, A(r) 


l\e will show that if A' is siifficientb large each term of this series 
belongs to 1 
Now 


(3) 


H{x)P,{x — z,) 

A(*) 

?/{z)P(r-z.) 

K{T,) + [k{i) - K(r.)lP, (I - r.) 


(-« <z<«) 


For if 1 1 - X, I g; 2* both sides of this equation are equal to zero If 
1 X — z, 1 S 2« then Pj (z — z,) » 1 from which equation (3) is evident 
Hence we must show tliat 

- x.> 

, , {A(x) - A(x,)IPi (x - x.) 

ICM 

belongs to A By Theorem 76 this mil follow if 

||lK(t) - A(i.)IP. b - I.) II < 1 

By Lcnwuft 8 

tlIK{z)-A(x01P,(x-i.)!l 

S I) - p. wiii = M. 


By §7 (5) and §7 (7;^/,approache9zeromth« Hence if|» is the minimum 
of K(x) in (— 2A 2A) wc can choose N so large that 

II IKW - hb.1)P, b - 1.) II S "• < I 

for n = 0 1 2 N That » evetj term of the senes (2) belongs to 
A Thus our theorem is proved 
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9. A Special Tauberian Theorem 

We now prove a Tauberian theorem of a verj- special nature, but one 
that will prove useful in the proof of Wiener’s general theorem. We 
first introduce the functions 

&(x)=A(i) (X>0) 

ky{x) = 2X5(2Xx) ^0 (-oo<x<oo), 

where A(a:) and 5{x) are the functions which were defined in section 6. 
By Theorem 7c 

1!AM^)11 = 1. 

We introduce several classes of functions. 

DEFi>rmoN 9a. The function f(x) belongs to the class of shwly oscillat- 
ing functions in ( — if it is defined there and if 

lim [fiy) —f(x)] = 0. 

I/— s-'O 

a~*Qo 

For example, any function which has a bounded derivative belongs 
to the class. 

Definition 9b. The function f{x) belongs to the class S of slowly de- 
creasing functions in ( — “, <») ?/ it is defined there and if 

lim [f(y) - fix)] ^0 (x = yix) > x). 

y_3;-*0 

Any increasing function belongs to S. Anj' function having a deriva- 
tive which remains greater than some negative constant belongs to S, 
as does any slowlj’" oscillating function. 

It is easily seen that if f{x) belongs to S and is greater than a positive 
number 5 (less than a negative number— 6) for arbitrarily large x, then 
it is greater than 6/2 (less than — 8/2) in infinitely many non-overlapping 
inteiwals of fixed length lying on the positive x-axis. 

Definition 9c. The function fix) belongs to the class B if it is bounded 
in ( — «), 00 ). 

Theorem 9. If fix) belongs* to SB and if for every X > 0 
I f” 

77^ dt = A, 

x-*co aTT JL^eo 

then 

(1) lim fix) = A. 

* This notation means that f(x) belongs both to S and to B. 
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Since 

it la iiQ cestrictioa to aasjimo that 4*0 Suppose that (1) uece (al'^e 
Then there would exist a positne number i such that either /(i) > i 
or/(z) < — 5 for arbitrarilj largo x Let us assume the first of these 
alternatives and deduce a contradiction The second case will be left 
to the reader By the remark fotloxving Definition 9f> there exist in- 
finitely manj non-ovcrlapping intcrvnU (* — f. a; + f) on the positive 
I axis on which /(r) > i/2 Then 

jf > 2 / ~ 

> 8 8x8) <11 - 2 » b 1/8) I j/ UOit 

> S j/' mn-ivib 

As X becomes infinite tlie nght-hand side tends to ^^t/2 Hence 
we can detcmunc a Xo such that 

:^£ 8 x.(x- 0 / 8 ) 81 > 5 ‘ 

Allowing s to become infinite through the mfimte set of lalues of z m 
question we have 

0 a «/4 > 0, 

a contradiction 

10. Pitt’s Form of Wiener’s Theorem 
tVe are now able to proic Wiener's fundamental Tauberian theorem 
m a form due to H R Pitt (193Sa] 

Definition 10a The Junction J[x) belongs h the class B fj if belongs 
to L m (— «, «o) and tftCs Fourier froiiT/omi F(x) does not vanish there 
For example the function 

f(x/ = e **6* 

belongs to Tf For, it is clearly tntcgrable m ( — « , -» ) and 

L » (-.<.<■») 
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Theorem lOo. If g(x) belongs (o TF, if a(x) belongs to SB and if 
(1) lim / g{x — t)a{t)dt = A 


[ giO dt, 

J—oS 


then a{«>) — *4. 

It is clearly no restriction to assume that ^ = 0. 
need only show that 


( 2 ) 


lim 

Z-*aO 



k\{x — t)a{t) di = 0 


By Theorem 9 we 


for every X. By Theorem 8 we see that Kxix)/G{x) belongs to A. 
Here G{x) is the Fourier transform of g(x). Let K\(x)/G{x) be the 
Fourier transform of rx(f). Then by Theorem 6d the function K-k{x) is 
the transform of the resultant 


1 



g{x — t)nit) 


dt. 


But it is also the transform of kx(x). Hence by Corollary 6e 
kx{x) = J g{x - i)rx{t) dt. 


By the Fubini theorem 


i* 60 /* ^ 

(3) J kx(x - i)a(t) dt = J rx(t) dt £ g(x — u - t)a{u) du. 


But 


f g{x - u - t)a{u) du g u.b. la(x)\f 

*L.co — co<x<co »^eo 


so that we may take the limit under the first integral sign on the right- 
" hand side of (3). Applying (1) to (3) we obtain (2), and the proof is 
complete. 

It is convenient to state this result after an exponential change of 
variable. For this purpose we introduce 
Definition 10b. The function f{x) belongs to the class S* on (0, oo) 
if it is defined there and if 


lim [fiy) - fix)] ^ 0 




^,y = yix) > z, 



The new form of the result is contained in 

Theorem 10b. If a(x) belongs to S*B on (0, oo), if gix) belongs to L 
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and 18 such fftot 

then 

i / ^ (0 ~ j[ 

implies a(«) *: .4 

11 Wiener's General Tsobenan Theorem 
e now obtain ‘Wiener's general Taubemn theorem 
Theorem llo // 5 i(*) Ulonjj to W, 5 i(*) io L, and p{l) lo B in 
(— «, eo ), andtf 

(1) lim - t)p«)A = A ffi(0 dl, 

then 

i™ /- "" 

For, we have only to applj Theorem 10a taking g(x) » ffi(z) and 
a(x) «» ^ fft(z - OpU) di 

It 13 no reatrictioa to assume that A » 0 Clearlj fi(*) la bounded 
Our result will be established if wc ean show that a(z) belongs to S and 
that $10 (1) holds But 

la(y)-aCz)iS ub IpWl/” !ffj(y - x - w) - [du 

The nght-hand side approaches zero wnth y -* x since* fft(z) belongs to L 
Tinallj , 

£ ffi(x — OoCOdi = £ ft(i-t)d(£ ?jC( — «)p(u) d» 

“ £ — 0dt£ pi(u)p(l - w)du 

“ “ Op(l - «)d< 

= £^ff*(«)d« £ ffi(x - t - u)p{l)dt 
• See, tor example, N StiecerU^lp H 
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By (1) the inner integral appioaches zero boimdedhj as x becomes infinite. 
Hence §10 (1) is established. The conclusion of Theorem 10a gives (2). 

Another form of this result is obtained by an exponential change of 
variable. 

Theorem 116. If gi{x) and gi(x) bclo7}g to L, p(x) to B in (0, «>), if 

[ gi(0i"dt ^ 0 (-CO < X < co), 


and if 

1 r®® /] 

A f” 


lim - f gif- 

- ) p(t) dt = A gi(t) dt, 


S—*eo 2/ Jq \*^ 

tj Jo 

then 

^ *'0 \» 

A /•“ 


- j p(0 dt = A gi(0 dt. 


It should be observed that the condition gi e TF in Theorem 11c is a 
necessary one. Suppose that it were not satisfied, that 

r e-'‘^^gt(t)dl = 0 

J— CO 

for some a-o . Choose gs(i) so that it belongs to TT^ and choose p(t) = 
c"»'. Then 

f gi(^ — OpiOdt — f d/ s 0 (— «> < a; < oo). 

J— CO CO 

Hence A = 0. But 

r g^ix - 0p(0 dt = r d( 

J-.CO V— CO 

= 6’^”" r giiOe-^^'dL 

J—CC 

This function clearly approaches no limit as x becomes infinite. That 
is, the conclusion of Theorem 11a does not applj^ if gi{x) is not assumed 
to belong to TF. 

12. Tauberian Theorem for the Stieltjes Integral 

Another result of Wiener is also contained in Theorem 10a. To state 
it w e must first introduce Wiener’s class ill. 

Definition 12. The function f{x) belongs to the class M if it is 'con- 
tinuous in the Intel val — =0 < a: < oo and if 

CO 

S u.b. |/(a;) 1 < 00 . 

n=»~co n£x<n+l 

It is obvious that a function of M belongs to L. 
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Theoreji 12 7/ belongs to MW, tf belongs to M, if a( 2 ) 
18 o/bouRiifd mnatioR irt etery/mte infer wl and is 8uc?i lhal thefunehon 

»rfl 

/_ \MCI\ 

belongs lo B and tf 

lim £ fi(j* — 0da(0 = -^ £ 

then 

hm£ ffi(x — l)da(0 = A £ 

To proie this eet 

a(r) *= £ ga(r - e)da(t) 


This integral exists for all x since 

flj,(i-<)llda(0(S Z JffiCOl/"' IrfaWK « 

•Sl<4+I •'•-••t 

Moreoier 

aC* + v) - a(i) = £^ Istix + V - 0 - ei(* - 
ia(x + y) - aix) \ £ £_(p»(y + a) - ffi(u) |lrfa(i - «)| 

g ub / l(fa(«)| Z ub I ffi(y + «) — ffs(«) [ 

The senes on the right conierges unifonnl^ for y m some neighborhood 
of y = 0 Each term of the senes approaches lero mth. y so that 
hm {o(z + y) — a(*)l = 0, 


so that a(z) is a slonly osallatmg function. Now 

£ yj(z-0a(0*=£ ff»(x~0dt£ ys(( - w) d«Cti) 
«= £ da(a) £ y,(z — i)gi{l — «) dt 
= £ da(u) £ yi(x — u — t)yj(t)dt 
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The cliange in the order of integration is justified since 


f 1 gi{x - i)\di f i giit — u) j i da(u) 

j—co v^oo 

Again changing the order of integration we have 


< 00 . 


Z co p CO ^ CO 

gi(x — i)a(t) dt = j Qiif) dt I gi(x — u — t) da(u). 

eo *^00 ^eo 


hj^pothesis 

lim / gi{x — u — i) daiu) = A gi(() dt, 

X— *00 *^00 «^co 

and the integral on the left has a bound independent of x. Hence, by 
Lebesgue’s convergence theorem 

y*oo ^eo -oo 

lim / gi(x — i)a(t) dt = A gi(t) dt / g^it) dt. 

x^eo *^co CO •/— CO 

All conditions of Theorem 10a are satisfied so that 
lim a{t) = A I g^it) dt, 

t—*eo *^co 

and our result is established. 

13. One-sided Tauberian Condition 

For the applications of Theorem 11a, it is frequent^ convenient to 
suppose that p{t) is bounded onlj"- on one side. That the theorem is no 
longer true without further hypotheses is seen bj’^ the follo'wing example. 

p(x) = e* 

gi(x) = e“'(l — 2x) (x > 0) 

= 0 (a: < 0) 

g 2 (x) = 1 (0 < a; < 1) 

= 0 (a; ^ 0, a: ^ 1). 

Then p(x) is bounded on one side but not on both, ^i(a;) belongs to W, 
gi{x) to L, and 

/ii(x) = / g^ix - t)pit)dt = / e~'(l - 2t)d^‘dt = 0 
•i-oo Jo 

g 2 (x — t)p{t) dt = d" / e~‘ dt. 

« Jo 
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The functions h\{x) and do not approach a common limit as x 
becomes infinite 

The case when pft) is bounded on one side can be treated bj the 
/ollomng theorem due to H R Pitt {193Sb] 

Theorem 13a Let 

(1) Pi(i) 0. ffi(*)cTl' (-«<X<eo) 

(2) p(x) £ -c 

(3) f.(x)cil 

except that p)(x) may be digcontinttoii$ at a set of potnis of measure zero, 
and lei the funelton 

(4) ftiW = j[ o,(x — t)pU)dt 
eftit for all X and belong to B Then 

(ft) jiis/ Oiix ~ i)p{t)dt o A pi(Od/ 

implies 

fi{* - 0p(0* “ -d £ pj(Od< 

We note first that it is no restnclion to taVe d “ 0 Our second 
remark is that we may assume ^i(x) continuous For, the functioo 

ffW = - y)dy 

satisfies conditions (1) and is also continuous It is clearly positii e and 
integrable To show that it belongs to IT we ha%e 

/_ «■*■?(!/) * 

= dt 9^ 0 
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To show that (5) is satisfied when firiCa;) is replaced by g{x) we have 
.00 2 

J g(^ — y)piy) ^y = J p(y) dy £ e~‘’‘gi(x — y — t)dt 

1 r“ 9 r** 

= — 7 = / e"'' dt / gi{x - y - t)piy) dy 

*\/ TT J— CO •'—CO 

1 r” 

= - 7 = / e~‘^ hi{x — t) dt. 

V TT J-00 


Since hi{x) is bounded this last integral exists. By use of (2) and 
Fubini’s theorem the interchange of the order of integration is Justified. 
Since hi{x) is bounded we may take the limit as x becomes infinite under 
the sign of the last integral and obtain the limit zero as desired. We 
now replace g{x) by gi{x) and assume it to be continuous. 

Finally we observe that we may assume that 



1 , 


for this can always be brought about by multiplying gi{t) and by 
suitable constants. 

Now consider the function 

Siix) = g piy) ^y = -g I p(^ + y) dy, 

wheie b is an arbitrary positive constant. Since gi{x) belongs to W it 
is not identically zero. Hence there exists an Xo such that 

gii^o) = f > 0. 

By the continuity of ^i(a;) 

gi(x) ^ f /2 (xo - 5 ^x^ Xo) 

for all 6 sufficiently small. By (2) 

c -f hi{x + Xo) = giiy)[pix + Xo - 2 /) + c] dy 

= I + Xo - 2 /) -I- c] dy 

- I i + 0 + c] dt ^ j-Sj(x) 

— c ^ Si{x) g — [c -f- hi{x -{- Xo)]. 
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Hence for each sufficieutlj small po^U\ei the function St(i) is bounded 
Bj (2) It IS clear that if £> > 2 > 0 we have 

Ip(i + y) + [plx + p) +c]di/ dl 

~\i / [5i(r + l/-2) +cl(iy 

^ [p(x + y) + cUy 

^ [S|(i + y — J) + cjify = IS((i + v) 4- cldy 

Hence 

1 r*^* 

SSaW + c^ij^ IS/x + V “ 5) + fHy 

But Tie can shoo that 

(7) tfi(i-y)Si(lf)ds/-0 

For, 

j[ ffi(x - p)[Si(p) + c]rfy - £ (Tifi " J j[ [p(“ + p) + cl<^“ 
“ 5 i + v) + clyiU - 

^IL 4- cl du c (i -» ®), 

CO that (7) IS e\ ident 

U e are now m a po'ition to 8pp]> Tlieorem 1 lo to the function Si(x) 
Choo«ing the function jifx) of that theorem as a suitable step-function 
we hai e for ei erj i) > 0 

hm i J [S|(x 4- y) 4- c]dy = c. 

Hence inequalities (6) «hon that 

£>I + y) + cldy = C 

lun iSAfv) = 0 
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In particular 

lim (Si(x) = lim / pit) dt = 0. 

X— »«o X— *0O •'X 

Since 

f I g.ix - t) 1 [pCO - 1 - c] dt 
J— 00 

[p(t)-l-c]di u.b. 1 6^2(3:) i, 

X n=»— CO n<x<n-^l 


it follows from (3) that 


h(x) = / giix - y)pi7j) dy 

J— CO 


exists for all x. 

Let e be an arbitrary positive number. By (3) we can determine 
N — Nid) such that 

f— ]V-1 CO > 

S + Z) r I Sii^) \ < «• 


n =— 00 ) n^x<n’hl 


Then 


hix) - [ g 2 (y)p(x - y) dy 

J-A” 


^ U.b. ! Ni(x) n Z + Z f U.b. 1 giix) \ 

— <w<x<oo ^n=— 00 tj=-Vj ngx<n+l 

< e u.b. I S\ix) ]. 

— oo<x<oo 

Since g^ix) is Riemann integrable we can determine step-functions gi(x) 
and giix) such that 


qiix) ^ giix) g q^ix) 

( — qi(x)ldx ^ e. 

J—N 


i-N ^ X ^ N) 


[ gi(g)lp(x -y) + c]dy ^ [ g 2 iy)[pix - y) + c]dy 

•'-A' J_A' 


^ [ Q 2 (y)ip(x - y) + c]dy. 

A’ 


Then 
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By decomposing the extreme integrals into others over intervals m 
Tvhich the functions qi(y) and qt(y) are constant and by use of the fact 
that 

)im 50 ( 2 ) 0 

i\e obtain 

Iim j^^g(y)([p(x - y) +cldy « ej^^qOjJdy (t = 1 2) 

Cjf 9i(y)dy^nmJ^ gi(l/)lp(x~y) + e]dy S e j^^qi(y)dy 

“C £ Ifftfy) - ?t(y)ldy g fim £ yi(y)p(r - v) dy 

£c f lq,(y) - y,(y)] dy 

i-K 

Since the left extreme is ncgati\e the right positive and since the two 
extremes differ by at most the arbitrary positi\e number ce we have 

(9) bra £^ ej(y)p(* - y)dif “ 0 
But by use of (8) and (9) w e see that 

s jhiU) - £ ?ity)p(x - y)dy| -f j£ e»ly)pU - yVyj 

lim Ai(i)|S* ub |5i(i)| 

Hence 

hm h,fi) = 0 

This completes the proof 

For the application of the foregoing result it is convenient to state 
it in a form m which the intenal (—00 «) is replaced by (0 “) 
Theorem 136 Let 

(10) yi(i)gO p,(i/e£ (0gx<«) 

(11) £ (“p,(Od( 0 ^ I < «) 
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(12) p{x) ^ -c (0 ^ a: < «>), 

(13) giix) he coniimmis almost everywhere on (0, «>), 


(14) 


X) U.b. xj gi{_x) I < “ , 

n«— CO 


(15) hi{x) = - f gi ( - ) p(t) dt exist and be bounded for (0 < x < «). 
X Jo \x/ 

Then if hi( <» ) exists, 

1 r //\ f 

lim - / gA-]p{t)dt = h\{^)-^ . 

*-*"^*'” f g.{t)di 

Jo 

This result follows from Theorem 13a b}'' an exponential change of 
variable. 


14. Application of Wiener’s Theorem to the Laplace Transform 

As an example of the way in which Theorem 135 may be applied we 
prove the following result, which is contained in Theorem 4.3. 

Theorem 14. If p(t) ^ 0/or 0 ^ < < «? and is such that the integral 

re-^*p(i)dt 

Jo 

converges for allx > 0 and if 

f e-^'pCOdt^- (s->0+), 

Jq 30 

then 

f piOdtr^Ax (x-^oo). 

Jq 

We see bj’’ Corollarj’- la that 

lim - f e~''^pit) dt = 0. 

x-*os X Jq 


lim - 

x-*eo X 



dt = 0. 


Obviouslj’’ 
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Hence it is no restnction to 'uppo«e that p(0 is identical!} lero m (0, 1) 
In Theorem 136 choo«e 

gx{x) = e"' (0 i I < «) 

= 1 (0 S I S 1) 

= 0 (l<x<«) 

Conditions (10), (12) and (13) of Section 13 arc obvious!} satisfied 
Condition (11) holds since 

^ C^e’^dl = r(l + ti) 0 (- ® < X < oe) 

Condition (14) becomes 

FinallN (15) is sati«fied since 

K(x) e~"‘p(t)dl 

la clearly continuous in the mten al (0 < x < w ) and approaches finite 
limits n hen X approaches tcro or becomes mfimie It approaches A asx 
becomes infinite, and emce 

hi(x) < \ e~‘p[i)dt (0 < i< 1), 

it IS clear that hi(z) approaches. lero with x All conditions of the 
theorem are sati«ficd and when we appl} it we obtain the desired result 
One could easil} obtain more general results bj altering the choice of 
gi(x) and pj(x) Since no new pnnciples are m\ oh ed and smee we hai e 
alread} obtained the re«ults bj Karamata's method, we content our- 
sehes here with the aboie 'pecial case It should be observed that 
Karamata’s method is much simpler than \4 letter’s for the particular 
Laplace kernel e~' ' The great importance of lener's methods and 
remits lies m their extreme geoeraht} 

16. Another Applicahoa 

As another example of the u«e of Wiener’s theorem let us prove the 
following special case of Theorem 4 4 Here again the complete theo- 
rem could be obtained bv W lener’s method, but since we have alread} 
obtained the result b} a simpler method we content ourseK es here with 
the special cam b} wa} of illustration 
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Theorem 15. 

If /(x) has a contimious second derivative for positive x 

such that 



(1) 

/"M - o(l) 

(x oo), 

and if 



(2) 

m ~ 

(x-> w), 

then 



(3) 

m ~ -i 

x~ 

(x — )• oo). 


We note first that (1) implies the existence of the integral 

(x>0), 

so that /'( CO ) exists. It must be zero for othern-ise we should have 

= - [‘fW dl ~/'(«) ^0 (x -> oo), 

X X 

/(x) ~/'(<»)x (x — » oo) 

contrar}' to (2). Hence 

-/'(x) = [ S"H) dt, 

and from (1) 

W) 

Now consider the equation 

/ (t - x)/"(t) dt = dt = fix) 

obtained by integration by parts, making use of (3) and (4). In Theo- 
rem 115 choose 


gi(t) = 2(t - i)t-^ 

(f > 1) 

= 0 

(i g 1) 

92 {t) = 2t-=* 

(« > 1) 

= 0 

(i g 1) 

II 

(0 < t < co). 
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Clearlj pi{t) and pj(I) belong to I* on (0 «) In fact their integrals 
o\ er that range are both equal to unit> Also p(0 belongs to B b> (1) 
and 

(-«<*<«) 

Then 

I f 2 * [ (I -p>r(i) di 

-2rf(d~2A 

and 

; j[" »■ (j) P«> * - (')* " ~ 2A 

Thi3gi\es (3) at once 

16 The Pnme-number Theorem 

As a further application of Hieners theorem ne pro%e the pnmr* 
fiiimbcr tkeorm This states that the number »(!) of primes not greater 
than X IS asi mptotic to x/Iog x as x becomes infinite It uas conjec 
tured b> Gauss and hist pro\e«I mdependenth and simultaneously b> 
Hadamard and de fa \ a(f#e Poussin in 1800 The methods empfojed 
then depended on a knowledge of the function 

si 

in a region of the complex a plane Micner was the first to giiea proof 
of purelj Taubenan character and one which iniohcs the behaiior of 
f(s) merelj on the Une » = I It is this proof w hich w e shall gi\ e here 
IG 1 e begin b\ pro\ mg several lemmas of elementarj nature 
Dettnition 16 la Tfie/nnction x(x) ts defined hg the eguaiion 

iW - Z 1 (0 g i< ") 

ea* 

The notation means that the number of units to be added together is 
the number of posiln e primes p not greater than x The integer one is 
not considered to be a prime Thus 

t(1)i=0 x(2) = 1 «(5) = 3 t(5 7) = 3 

Devinu'io'I 16 lb The funeium ^(a) m defined {>y the tguolions 
A[n) = \oep n = p* 


n p" 


(m = 1 2 3 ) 
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For example, 

A(l) = A(6) = A(14) = 0 

A(3) = A(27) = log 3. 

Definition 16.1c. The junction \p(x) is defined by the equation 

= 22 A(n) (0 ^ x < cc). 

For example, 

^( 1 ) = 0 \K2) = log 2 #(S) = log (2^3.5.7). 

Definition IG.lcf. The function d(x) is defined by the equation 

= 22 log P (0 ^ X < 03 ). 

For example, 

«1(1) = 0, tJ(2) = log 2. di8) = log 2. 3. 5. 7. 

It is clear that 

(1) '/'(x) = t?(x) + T?(-\/x) -f • • • -4- d{-\/ x), 

Mhere n is an integer such that 

(2) 2" ^ X < 2"'^\ 

Theorem 16.1. The function ^{x)/x is bounded, 

(3) ^(x) = 0(x) (x — »• 00 ). 

If we can prove that 

(4) tJ(x) = 0(x) (x — > co), 

the theorem will follow from (1) and (2). For, there will exist a con- 
stant A such that 

iix) ^ Ax + A V5 -t- . • . -1- AVi <Ax + — 

log 2 

from which (3) is evident. 

To prove (4) we obsen'e that if m is an integer, the binomial coefficient 
{ni -b l)(m -f- 2) — (27n) _ (27 r)! 

771 ! 772 ! 777 ! 

IS an integer less than (1 + 1)'". It is divisible by all the primes 
beti\ een 7?2 -f 1 and 2?72. Hence 

n p<2^, 

Tn<pg2m 
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or 



for any integer i That is, 

15(2*) - i»(2*-‘) < 2* log 2 (fc = 1, 2, ) 

Summing with respect to X we obtain 

.?(2*) < 2**‘ log 2 

ForanyiwecandetemuneaninlegerfcBUchthat2*“‘ <12 2* Then 
ij(i) g d(2*) <2**'log2 <4ilog2 

This completes the proof of the theorem 

16 2 e now show that to prove the pnme number theorem it will 
be sufficient to prove that ^(i) is asymptotic to i as * becomes infinite 
Theorem 16 2 Tht /olfowny rtfatwn* connect r(i) and ^(i) 

,■=1 * ;=i X *— X t-m X 

Note first that if we define (x| as the largest integer not greater than x 
we may wnte 



For, by the definition of iix), 

^{x)= S losp. 

It is clear that for a giv en pnme p, log p »s to be added as many tunes as 
there are terms in the sequence 

P.V*. ,P' {vSx<p’*'), 

that la {log x/log pj times Since |jJ is not greater than x we have 

< Slogi *= »(i) logx 
ri* 

l.ral(£L!25j£ lm,«£) 

~ X 

To complete the proof of the theorem 'iet 


(log z)* ^ * 


(x > e) 
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Then 


■;r(x) = 7r(?/) + 


log p 


< 


x(y) + 


J_ 2 ;; 

log y 


logp 


^ 2 / + 


logy’ 


g(x) log X ^ 1 \Kx) log X 

X ~ log X X log X — 2 log log x’ 


— Tr(x) log X 
lim 


< 



16.3. We now introduce a new function by 

Definition 16.3. T/ie function h{x) is defined by the equation 


m - r 

Jl/2 t 


A(n) - 1 


We show in this section that it is bounded. 

Theorem 16.3. The function h(x) is bounded, 

/i(x) = 0(1) (X^oo). 

To prove this we use the familiar fact that the highest power of a 
prime p contained in m ! is 

[?] + [?] + •••■ 

This makes it clear that 

p^m 



log«z!= E [- 

ijlogp 


(1) 

log.n!= EF-I 



By use of Stirling’s formula and Theorem 16.1 we have from equation (1) 

But 

m r "WO . 

Jl/2 t 

= m log 7n + 0{ni) 

(m—7 00 ). 


r ^ M + 
Jl/2 i VI J 

1/2 r 



= 0(1) + 

f^^ = 0(l) + logm 
Jl /2 t 

(ni — > 03 ). 
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Hence 

rfwo-jm.Qd) 

J n t 

164 A\e ne'^t consider the number of divisors of an integer m 
DEriNmoN 16 4a The function T(m) t$ d/fined hy the egualwn 

T(m) =■ P I 

The notation means that a number of units equal to the number of 
divTsors d (unity and m included) of m is to be added For example 
r(l) = 1, t(2) = ,(3) = 2, r(12) = C 

BETiNmoN 16 4b The /unchon T(»») »a droned by Iht equation 

r(m) = Z T(n) 

Theorem 16 4a Ifr » 

„„)..{[=] + [5] + . 

We give a graphic proof of this result Consider the number of 
points, both of nhose coordinates are integers in the region R of the 
7y>plsne defined b) the relation 

lySm, »>0, y>0 

Ue call these points lattice points The number of them on the cune 
xt/ ^ K (k an integer) is clearK T(k) so that the total number is T[m) 
M e now count them in a different waj 
The number of lattice points of A on a Ime x — ^ an integer) is 
(m/41 Hence the number m the region 

Ri m/x 

[?].[!]. .[=], 

by sjTnmetry there is an equal number m Ri 

m/y 

Since there are no lattice points in the r^on 

xygm x>u y>y, 
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(because (v -f 1)‘ > w), we see that the number of lattice points in R 
is the t im of the numbers in Ri and R« less the number v~ in the square 

1^2/ = *'• 

This gives the number stated in the theorem. 

Theorem 16.46. If we denote Euler’s constant by t, then 

(1) Tin) — n log 71 -f (2r — 1)« + 0{\/n) in <»). 

By Theorem 16.4o we have 

(2) Tin) = 2n 2 7 + 0(r) - v\ 

But it is a familiar fact* that 

(3) S ^ = log n 4- 7 -f 0 in -7 « ). 

Substituting (3) in (2) we obtain (1). 

16.5. In this section we show that the function f(s) does not vanish 
on the line <7=1. This is reallj" the vital point of the proof. Later 
in applying Wiener’s theorem it will be necessary to show that a certain 
kernel belongs to W, and it is pi-ecisely the non-vanishing of f(l -f ir) 
that will prove this. 

Theorem 16.5. The function f (s) is not zero on the line o- = 1 : 

f(l -f tr) 0 (— » < T < oo). 

Consider the function 


^ = i r(l -b 6) r^l f(l -b e + tr) II f(l -b 6 + 2fr) 


By expanding the nth factor of the product 


n 

VnSU 



in powers of and multiplying the resulting series together, we see 
easily that 


so that 


1 n 1 

^ Pn n=l ^ 


S 2 i 

n=N+l n 


(o' > 1), 


f(s) = n 


l-p7 


* Compare P61ya and Szego [19251 vol. 1, p. 197. 


(o- > 1) 
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and 

(1) S (<^>1) 

It IS thus clear that f (a) has no zeros for ^ > 1 
The real part of log f(8) la 'wa to be 

S S coa Onr log pO 

Hence 

loi«9 = 2 £ + cos(fflr logp.) + } cos (2mrlogp.)} 

But 

J 4- coa z + J cos 2z = JJl + cos i)* ^ 0, 

s( that 

C2) logp 2 0 p2 1 

Slice 

(1 - 2”)rW = £ (-l)"'n- (» > 1) 

a-3-)rw-|{f5^. + ,^.-i^} (.>» 

be ih senes converging to analjtic functions for w > 0 one 'ees froa 
tl c first equation that f(*) ** anaUtic for a > 0 except perhaps at 

'-‘+1^ (t-0±l±2 ) 

jr' J from the «econd that f (*) is anah tic for » > 0 except perhaps at 

'-l+r^ (i: = 0±l,±2 ) 

l<^3 

That IS f (s) must be analytic for <r > 0 except for a simple pole at » = 1 
If f(s) had a zero at a =» I + tn t# ^ 0 ne should haie 

I r(l + . + IT,) 1 = 0(0 (.-^0) 

ii-(l + * + 2ift)r = 0{l) 
lf{l+0t'* = 0(*-'*) 

P = 0(.*') 

contradicting (2) Hence f(l + ir) vanishes for no value of r 
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16.6. We next introduce a function f{x) defined for a: > 0 by the 
Lambert series 


( 1 ) 




and prove 

Theorem 16.6. The function f(x) defined by (1) satisfies the relation 

f(x) 0+). 

X 

E.xpanding the general term of the series (1) in power series we obtain 
fix) = t,i. {Ain) - l}e-^”* ix > 0). 

n«=l Tn=l 

Since 


A{n) — 1 = 0 (log n) (w ^ <»), 

it is clear that the double series converges absolutely for a: > 0. Hence 

fix) = E c„e-"* 

Rcatl 

c„ = E (A(d) - 1), 

df n 

where the latter summation is extended over all the divisors of n. But 
if n is factored into prime factors 

then 

E Aid) = ai log Pi -b . • . -f ai log pi = log n 

d! n 


c„ = log n — T(n) 

n 

E c;b = log 71 ! — Tin) 

1=1 

= —2yn + Ois/n) 

by Stirling’s formula and Theorem 16.46. Now by Corollary la our 
result is established. 

16.7. We are now ready to apply Theorem 106. Take 
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Then integrating b> parts gi\es 

/{i) . I' - “I" WhifOdi 

Bi Theorem IG G 

(i-») 

Now g{i) belongs to L In fad j(0 o«er positive and 

fimdi- -1 

.• -«^+» 

B lim (ii ^ j -■ 

The last *'tcp is obtained b% integration b> parts The integrated term 
>am hes at I «■ 0 bj Mrtue of the factor /* at t »» ® b> Mrtue of the 
factor c ' B> a familiar formula of Riomann 

K«)r(.) = ((r>l) 

Hence 

/ ffiOdi = lim (x» — J)r(l — zi + S)f(l — It + 5) 

Ja !••»+ 

= x»f(i — i»)r(i — zi) (z ^ 0) 

= -1 (z = 0) 

Since i\e haie alreadj seen that h(0 belongs to B we need onlj sho \ 
that it belongs to S* to apply Theorem lOb For this we ha\e 

>-£' (y>») 

Bj §10 4 (3) It 13 clear that the n^t-hand *ide of this ineqiialitj tends 
to zero as x becomes infinite y/x approaching unity Hence 

Iim {A{p) - A(x)( s 0 ^x-»® 


That IS A(i) belongs to S* 
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The conclusion of Theorem lOh is that /!(“) = — 2^ or 

r Idim - Wl = -27. 

Ji /2 r 

But in the proof of Theorem 3b we saw that if «(«>) = A, then 

f iidcxiit) = o{t) (t— w). 

Jo 

This result applied here gives 

— n = o(?i) (n — > oo) 

\f'(n) ~ 72 (ti — 7^ oo). 

By Theorem 16.2 the proof of the prime-number theorem is now 
complete. 

17. Ikehara’s Theorem 

Another method of approach to the prime number theorem is through 
a complex variable Tauberian theorem due to Ikehara* [1]. 

Theorem 17. If ^(t) is a non-negative, non-decreasing function in 
(0 ^ < ra) such that the integral 

/(s) = f e " p(i) dt (s = O' -b zV) 

converges for o- > 1, and if for some constant A and some function ^(t) 

(1) lim /(s) — — ^ = g{T) 

0—^1+ S 1 

uniformly in every finite interval (—a ^ r ^ a), then 

lim <p(j)e~‘ = A. 

/—♦sc 

Set 


a(t) = e ‘v(i) 

(f > 0) 

= 0 

(t ^ 0) 

II 

(i>0) 

= 0 

(t ^ 0) 


1 r“ 

- t)[a(t) - A(t)]e-“dt, 


Compare also N. Wiener [1933] p. 127, Theorem 16. 


( 2 ) 
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where < is a po«itne number and Ax(*) is the function defined in Section 9 
for everj positive ^ Since Ki(x) ta the Fourier transform of li(x), 
we have bj Fubini’s theorem 

Ix(x) ■= ^ £ l<'W - A(l)le-'iU £ dy 

“ h C •'‘V £ fa® - 0>h'-“’'di 

Ev (1) 

Jimyd +«-•!,)- = g(v) 

uniformij in (-2X S y S 2X) Hence 

(3) _hm 7,(1) - i da 

But bj Cortllarv Ic 

.'iSl I 

nting the integral (2) as the sum of two integraU we have 

(5) - OollV"*' dl - di 

\\ e see bv (3) and (4) that when « approached sero the first integral on 
the right-band 'ide of (5) approaches a finite hmit, which we 'hall 
call C Since the integrand of this integral is non-negative, the integral 

^ ix(x t}a(0dt 

mustexist For, othcrwi«cncshould havebj CoroIUrj IcthatC® ®, 
contradicting the above result Applying Corollarj Ic to the integral 
(2) we see that 

hm J,(i) - ^£*,(» - - AWIdl, 

SO that by (3) 

~ - A(0]£ff 
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By the Riemann-Lebesgue theorem the left-hand integral approaches 
zero as x becomes infinite. Hence 

(6) lim h(x - i)a(i) dt = A 

for every positive X. If we can show that a{t) belongs to <5 and to B, 
then by Theorem 9 we shall have 

lim a(t) = A 

t-*oo 

and the theorem will be established. 

To show that a(t) is slowh- decreasing we have for 5 > 0 

a(x + 6) — a{x) = e~'^[e~‘<s(x + 5) — o(x)] 

^ c“V(x)(c“' - 1) = a(x)(e"' - 1) 
since a{x) is non-decreasing. If a(x) is bounded then clearly 
lim {a{x -j- 5) — a(x)] ^ 0, 

r— •« 

a-»o+ 

and ofx) belongs to S. 

Finally to show a(x) bounded we have by (6) for every positive X 
1 

— 02X6(2Xt) di — > A (x — > oo) 

Hence there exists a number Xo such that 

^£“(‘' + ;£-i)*®'"<^ + i (»’>*•)• 

Since the integrand is positive 

~ +1 (x>Xo). ■ 

On account of the increasing character of o(/)e‘ we have 

Ly/a^ < A -]- 1 (x > .To), 

or 

a(x)e £^5(0dt < A + 1. 
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Hence 


, . V2 i(A + iy^ 

fl(x) < 


(i > In) 


Smce the left hand side is independent of X ive mav let X become infinite 
to obtain 


0 S a(r) S A + 1 {x> 


This completes the proof of our theorem 
The? theorem enables us to proie the pnrae-number theorem verj 
simply • B) differentiating both sides of equation §10 5 (1) ire haie 

- ^ x"'rfif(r) 

<7) ” *j[ 

But v.e 8w in Section IG 5 that f («) is analj tic for w 1 c^icept (or a 
simple pole at « = I and has no tcros for v g 1 Hence the function 

_ru)_ _J_ 

«j(*) » - 1 

approaches a limit uniformh in (—a S r ^ a) for eierj positiie con 
stant a as <r approaches uiiitj through lalues greater than unitj Since 
itfc') IS surely non ncgatiie and non-decrea®ing we are in a position to 
apply Theorem 17 to the integral (7) The conclusion is that 

lf(e*)~f‘ 


f(z) ~ z (z -» «) 

As we haie seen, this result is cquii alent to the prime-number theorem. 
• Compare O Doetsch (193761 



CHAPTER VI 

THE BILATERAL LAPLACE TRANSFORM 
1. Introduction 

By the bilateral transform we mean a Laplace integral whose limits 
of integration are — w and + «> , 

(1) /(s) = f e~‘*dait). 

J—oo 

Here we assume that ait) is of bounded variation in every finite interval. 
In particular, if a(t) is an integral of a function ^(f), the integral (1) 
becomes 

(2) /(s) = f 

J—oo 

We say that the integral (1) converges if and only if the limits 

f.R 

lim 1 e daii) 

R-*oo Jo 
-0 

lim / e '*da(f) 

J— R 

both exist. The sum of these limits is then defined as the value /(s) of 
the integral (1). 

We say that a(f) is normalized in (— <» , co ) if and only if a(0) = 0 and 

(.3) a{i) = 2 (—00 < t < oo). 

It should be observed that a function normalized in (0, oo) and zero 
in ( — CO, 0) is not necessarily normalized* in ( — oo, oo). 

AVhen the integral (1) converges for a given value of s we have 

(4) /(s) = [ e-“da(0+ r e’‘d[-ai-t)]. 

Jq Jo 

‘This difficulty might be avoided by adopting the convention a(-M) = 0 
instead of a(0) = 0. But then we should be excluding the important class of 
functions for which «(-«>) does not exist. Moreover, the convention adopted 
enables us to reduce more easily the study of the bilateral integral to that of the 
unilateral integral treated in Chapter II. 

237 
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Thus the study of the bilateral transform w reduced to that of the sum 
of ti\o unilateral transforms in one of which the variable s has been 
replaced b> — s \\c can eonscquentlj denve results concerning (1) 
from tho«c of chapter II IIowe\er m some cases the proofs are much 
more coraphented than might be expected from the relation (4) In 
other cases the proofs arc tnviat and the theorems are recorded merelj 
for conicnicnco of reference 


2 Region of Convergence 

Since the unilateral integral conrorgea in a right half plane it is clear 
from §1 (4) that the region of convergence of the bilateral transform is a 
vertical atrip of the complex s plane or niodifieatiorts thereof The 
bilateral transform is eJearii the continuous analogue of the I aurent 
senes 

( 1 ) 

as one aces more clearlj after the transformation z •• e ' As the region 
of convergence of (1) is the region between two concentric circles it u 
natural to expect that the region of convergence of §1 (I) ts a vertical 
etnp Wc have m fact 
Theorem 2 If [he tntearal 

(2) M - /’o-'Wl) 


conicrgcs for iuo points *i «= <r, + trj and «!*»#» + trifvv < »*), (hen 
tl comerffts in the icr/tcoi strip irj < tr < vj 
This result follows m a tnvia) manner from Corollary la of Chapter 
II It IS clear from examples given there that the stnp maj become a 
right half plane a left-half plane or the entire plane In fact if both 
integrals |1 (4) hav e the «ame axis of conv crgence the strip may reduce 
to this single vertical hnc For example the integral 


converges absolutely on the whole linea = 0 and nowhere else Finallv 
the integral may have as its region of convergence certain parts of a 
vertical line Thus if 0(0 =• |fl ‘ * then the integral §I (2) com erges on 
the line <r = 0 except at the ongin and div erges at all points off this line 
If the integral (2) conv erges in the stnp v, < tr < tr/ and diverges for 
ir > v, and for <r < rl then each of the lines ^ and <r == is called 
an axis of conmgence and each of the members ir', and 17" i» an obsetsso 
of coniergencc 
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3. Integration, by Parts 

We here obtain sufficient conditions for the integration b^' parts of a 
bilateral Laplace integral. As related results we state first two theorems 
regarding the beha'S'ior of a(t) at d- == and at — » . 

Theokeu So. If ihe iniegral 

(1) f{s) ^ r e-^‘dait) 

•*— cs 

coni'crgcs for s = Sj = r -f iS iriih y > 0 then «(— =c) exists and 

a{i) = o{e'‘‘) {i co) 

ait) — a(— =c) = oic'^‘) (t — oo). 

This result foUo^t's from the decomposition §1 (4) by use of Theorems 
2.2n and 2.25 of Chapter II. 

Teeokem 35. If the integral (1) conrerges for s = sy — y -r iS iriih 
Y < 0 then ct( ec ) exists and 

a(t) — a(^) = o(c’‘) (i-^ oo) 

e:(0 = o(c’‘) (f -»—«). 

The proof is similar to that of Theorem 3a. Both theorems fail if 

y = 0. 

We give the conditions for integration by parts mentioned above. 
Theorem Sc. If the integral (1) converges for s = so = y — id with 
r > 0 and if a{— x) = 0, then 

(2) /(so) = So /" e”*'' a{t) dt. 

For. by Theorem 2.3a of Chapter II 

(3) l~ dait) = So f~ e"*'' a(0 dt ~ a(0), 
and by Theorem 2.35 

(^) f d[-a(-0] = So r €^*ai-t) dt 4- a(0). 

•0 Jo 

Adding equations (3) and (4) gives equation (2). 

A companion result is: 

Theorem 3d. If the integral (I) converges for s = so = y ~ id with 
y <0 and if ct(cc) = 0. then 

fiso)=Sif c'^'^'-aiOdt. 
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Thn follows from the prcMOUS result b> a change of variable t «= -u 
Observe that the restrictions regarding «(«) and a( — «) in these two 
theorems are not senous ones since these numbers are known to exist 
by \nrtue of Theorems 3a and 36 Hence the vanLshmg of the one 
desired can alwaja be brought about by the addition of a suitable con 
stanttothcdelcmiiningfunction Of course such addition has no effect 
on the generating function It must not be supposed that (2) holds if 
y = 0 Thus if a(0 is the constant unity for non negative I and the 
constant sero for negative t the integral (1) clearly exists for all * and 
has the value umlj But if a* = 0 + t 

Bo ^ ^ e~“dt 

a divergent integral 

4 Abscissae of ConTergence 

e might obtain a vanctv of formulas analogous to those of Section 2 
Chapter If for detertmning the region of convcigenee of a bilateral 
I apIacQ integral from its determining function B e content ourselves 
with the most useful of these The others arc easilj obtained when 
needed b> use of the decomposition 5l (4) 

TiifconEH 4 // 

iT^r'loglaWl-i^O 
bm t ' log ltf(0 1 « f 0 
wlh k < I then the infc^ref 
( 1 ) 

converges for k < c < I and dnerges for a < k and a > I 
The proof of this result follows m an obv lous w av from Theorem 2 4<i 
of Chapter 11 and is omitted 

It IS clear that when the integral (I) converges m a proper strip then 
It converges uniformly in any closed bounded region inside the stnp 
and not touching the boundary of the stnp Moreover there is also 
uniform convergence in a Stoic region corresponding to a point of the 
boundary of the str p at which ( 1 ) converges Hence it is clear that 
the mtegral (1) rcprcMints an analytic function f{s) at inferior points 
of the slnp that 

/*’(«) - (-1)* (S = 0 1 2 ) 
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at such points, and that /(s) is continuous at those boundary points of 
the strip at wliich (1) converges. 

We say that the integral (1) converges absolutely if the integral 

JL . QQ 

converges. Here the function u(() is the variation of a(x) in the interval 
0 ^ X ^ t if i is positive, is zero if t is zero and is the negative of the 
variation of a(x) in the interval < ^ re ^ 0 if i is negative. Clearlj’’ u(t) 
is a non-decreasing function in ( — °o , °°) which vanishes at the origin. 

We now define abscissas of absolute convergence Oa and in the ob- 
vious way. With the above definition of u{C) we have; 

Theorem 4b. If 

lim r' log u{t) = k 9 ^ 0 
<-*♦00 

lim log [— m( 1)1 = f 7^ 0, 

<—*—00 

and if k < I, then a'a = k and a" — 1. 


6. Inversion Formulas 

We obtain first an inversion formula for the bilateral Laplace-Lebesgue 
integral §1 (2). 

Theorem 5a. If belongs to L in every finite interval, if the integral 
(1) fis) = r e-^‘4>il)dl 


converges absolutely on the line <r = c, and if <j>{t) is of bounded variation 
in some neighborhood of t = to , then 

(2) lim f(s)e^‘° ds = . 

r-*cc 210, Jc-,T 2 

For, as was done in equation §1 (4), write (1) as the sum of two 
integrals fi{s) and fois) corresponding to the intervals (0, oo) and 
(-«>, 0), respectively. If to is positive we have by Theorem 7.3 of 
Chapter II 


lim 

r-*eo 27n 


lim ~ 

r-*co 27rz 


/ fi(s)e' 

Je^iT 

rc-hiT 

/ fs(s)e‘ 

Jc— tr 


"‘"ds 
■"'‘ds 


<#>(fo+) + (j>{io — ) 
2 

0 , 


from which (2) follows at once. 
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If to IS zero, the same theorem gives 


and our result n obtained bj' adding The case U negative follows in a 
similar waj or bj a change or\anablc 

e turn now to the general I aplaee-SticUjes integral 
Theohem 51) // <«(t> 18 a normafuerf /unction of bounded tanahon »n 

cicrj/ finite tnlenal and tf the integral 

M “ “MO 


converges in the strip k a < 


C3) 


r-m 2n J,^T s 


m.-. 


I, then for alt I 

- o(- aj) 
|a(l) - a(ce) 


(e>0,K<c<l) 

ie<0,k<c<D 


To prose this result ssc appeal to Theorems 7 6a and 7 Cb, Chapter II 
l\rito/(<) as the sum of the two intograb/i(8)*and A(«) os in the presious 
proof If Ms positno vve hate 


(4) 

)™27J 

.«(!) 

U>0) 



- «{l) - »t”' 

) (c<0) 

(5) 

izLi 


(OO) 



- 0 

(c<0) 


Adding (4) and (5) we have (3) The case in which t is negative is 
treated in a sunilar waj or is obtained b) a change of variable Finally, 
for the case t = 0 we have 


( 6 ) 




± r 

2x1 


/.(»). _«(o+) 

( 00 ) 

s 2 


(c<0) 


( 00 ) 

_ «(Q-) 

(c <0) 


(7) 
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Adding (6) and (7) gives us (3) vdth t = 0 since [q:( 0+) + a(0— )]/2 
is equal to a(0) by our definition of normalization. 

As an illustration of this theorem take /(s) = 1 so that a{t) ma}’ be 
taken -1/2 for - «> < / < 0 and +1/2 for 0 < / < “. It is easily 
seen by Cauch 3 "’s theorem, or otherwise, that 

1 rl+tT 8t 

lim — . / — ds = 1 = a(0 — a(— “) (t > 0) 

r-.x 2Tn Ji~iT s 

1 = ^(0+) + - «(-cc) (f = o) 

2 2 

= 0 = «({) — a(— «) (t < 0). 


We have chosen a positive c, so that the theorem is verified in this 
special case. In a similar v a\' we have 

lim — . / — ds = — 1 = a(t) — q:( «) ) (i < 0) 

r-* S 


1 a(0+) + q:(0 — ) f s, 

= "2 = 2 ^ 


(t = 0) 


= 0 = a{t) — (t > 0), 

so that the theorem is again verified for this negative value of c. 


6. Uniqueness 

The invereion formulas established in the pre\aous section enable us 
to discuss the uniqueness of the representation of a function bj’’ a bilateral 
Laplace integral. It is to be noted that Theorem 6.3 of Chapter II 
does not jdeld a uniqueness theorem for the bilateral transform, so that 
a different approach is required. 

Theorem 6a. If ai{t) and a^it) are two normalized fiinctions of bounded 
vauation in every finite interval such that 

(1) f e~’‘ dai(t) = f e~’' da 2 (t) 

in a common strip of convergence k < <r < I, then ai{t) = asCt) for all t. 

For. ve have from Theorem 55 

(2) ai{t) — ai(— =o) = a 2(0 — ao(— cc) (— oo <t < oo) 

if the interval (^■, 1) includes points of the positive axis and 

( 3 ) aft) — ai(a:) = a 2 {t) — a2(«:) (—00 < i < 00) 

if the inten-al {k, 1) includes points of the negative axis. Since aKO) = 
02 ( 0 ) = 0 it follows that af- 00) = «.) in ( 2 ) or ai(oo) = a/(co) 

in (3). This proves the result. 



244 


BILATERAL LiPLACE TRAIvSFORM [Ch VI 


W e can obtain a similar result for the I aplace-Lebesgue integral 
It IS not pro\ed howeicr from Theorem 5o but directlv from Theo- 
rem Cq 

Thtoufm Gh If onrf are of class L tn every finite infcrrol 
and such that 

(i) j 

in a common stnp of eoniergcnec h < e < I then ^i(0 is equal to ^(0 
Jor almost all I 

For cfjuation (1) becomes equation (4) if 
«i«) = j[ 0i(«)d« 

a»(<) - (~ « <t < *) 

Bj equations (2) or f3) wt ha%e oi(t) «» oJ(l) at all points viheie thM 
derivatives e’sist But for almost all ( 

akt) - 
a><l) *» ^(l)» 

80 that the result is established 

7 Summability 

Regarding the summabiliU of the inversion integral for a bilateral 
Laplace tran«form we have 

Theorem 7a // <i({) befonj^s to L tn every Jin\U intenvit and t/ the 
integral 

Sis) =» jf e-"«(l)<ft 

coni'crges in Me strip K < tr < I then the integral 

(1) (KeiO 

is summoWc {C 1) to + ^(t— )J/2 for any t ukere ^(t+) orid 

) exi«f 

This result follows in an obtious waj from Theorem 9 2 Chapter II 
In particular, (1) is summable to ^(/) at all points t where <p{t) ts con 
timious 

Theorem 76 The integral (I) t* aummahfe (C 1) to ^(i) ai all potnl^ 
of Ike Lebesgue sel for ^(f) 
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This follows from Theorem 9.3, Chapter II. From this it is clear 
that (1) is summable to ^(i) for almost all t. In particular it gives a 
new proof of uniqueness, Theorem 66. 

8. Determining Function Belonging to L- 
IVe here extend the results of Section 10, Chapter II to the bilateral 
transform. 

Theorem 8a. If for two numbers k < I 

r e--^‘\4>(t)fdt < oc 
Jo 

/ 

«/—oo 

then 

(2) .R 

l.i.m. / e~‘‘<j}it)dt 
R-*oo J-R 

exists for k ^ a ^ I and defines an analytic function f{s) for k < <r < 1. 
Moreover, 

fis) = f e~‘“^(t)dt, 

J— 00 

the integral converging absolutely for k < a < I, and 
( 2 ) 

1.1. m. /(cr + ir) — f{k + ir) 

( 2 ) 

1.1. m. /(o- + ir) = f{l + ir). 

Heie the notation l.i.m. indicates mean square convergence. Thus 

( 2 ) 

l.i.m. Fsis) = F{s) 

iov k ^ ff ^ I means that for anj’^ such a 

lim f 1 FrCct + ir) — F(<t + ir) 1“ dr = 0. 

R— *co V— oO 

The theorem follows in an obvious way from Theorem 10, Chapter II. 
Theorem 86. If f(s) is defined as in Theorem 8a, then 


l.i.m. - — 
r--*eo 27rz 



{k^c^l) 
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and 

[' f * - ^ £ ifl” + ”) I’* a s « s 1) 

This result is a direct consequence of the Plancherel theorem, or may 
be obtained in an ob\ lous way from Theorem 10 1, Chapter II 


9. The Mellm Transform 

This IS the transform 

K.) = I'rvwii 


It was used by Riemann and Cahen but was first put on a rigorous basis 
by II Mellm 11002) and now bears his name 1 1 may be obtained by an 
cKponcntial transformation from the bilateral Laplace transform and 
hence requires no special treatment here It JS, howeier, useful for 
reference to ha\c the results recorded jn the Mellm form 
In the integral 

(1) fit) - [j"M0 


we make the change of variable e ‘ u and obVam 
(!) Sit) - £■<•<«(»), 

v.h«re 


0(«) » -a (logu ') 

We «hall refer to f2) as the MclJm-Stieltjes transform 
integral of ^(0 the integral (2) becomes 


If a(0 IS an 


(3) 

where 


Jifi) = ^ u*~V(a)di/, 

^(u) »= « (log tt'*) 


This IS the clas'sical form of the Mellm transform except that we are 
here considenng the integral as a Cauchy hmil at its lower limit of 
integration 

Theorem 9a Jf (he integral 


JU) = j[’rv(0di 


(4) 
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converges absolutely on the line cr — c, and if \p(i) is of hounded variation 
in a neighborhood of i = x (x > 0), then 


1 rc+iT 

lim — . / f{s)x~‘ds 

T—*eo StTZ- Jc— % r 


^(a:+) + fix—) 
2 


This follo^vs from Theorem 5a. Since belongs to L on (0, =0 ) 

we may clearly replace (3) (4). 

Theorem 95. If the integral (2) converges for e' < a < Oc , then 


lim 


2Tri 


c 


c+ir 

tr 


f(s)t “ 
s 


ds = /3(«)) — 


= ^(0+) 


/3(t+) +P(i-) 
2 

i8(^+) + ^(t—) 

* 2 


(c > 0) 
(c <0) 


for any value 0/ c ^ 0 between cr'c and a". 

This is a corollar5’^ of Theorem 56. 

Theorem 9c. If u''f{u) belongs to L~ on (0, 1) and u^fiu) to if on 
(1, co), with k < I, then 


( 2 ) 

l.i.m. 

^“*00 



^f(u)du 


exists for k ^ a S I and defines a function /(s) which is analytic in the 
strip k < e < 1. Moreover, 

fis) = / u’~^f{u) du (k < a < 1), 

Jo 

the integral converging absolutely, and 
( 2 ) 

l.i.m. /(o- + ir) = f{k + ir) 

( 2 ) 

l.i.m. fiff + ir) = fil + ir). 


Theorem 9d. If f{s) is defined as in Theorem 9c, then 


lim f f(ti)u‘' — — / /(s)m ’ds 

r-^co •'0 2jn Je—tT 


du 

u 


= 0 


(fc g c ^ 1) 


and 


jf I'dit = ^ £ l/(c + ir) I’dr (k ^ c ^ 1). 

These two theorems are corollaries of Theorems 80 and 86. In 
particular if c = 1/2 we see that the function 


2Tii 



ds 


converges in the mean to fiu) in the interval (0, <=0). 
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10 Stieltjes Resultant 

Let o(t) and ^(t) he two functions defined for all real \alue» of { 
U c define their bilateral Sticltjcs resultant 
Dehnition 10 The bilateral Stieltjea resultant of a(t) and dit) w the 
function 

( 1 ) 

when these two tntesrals eztsl and are eijual 
If off) IS continuous for — « < t < »■ if 

j 'd5(tt)l < « 

and if «(«) o(— *) exist with a(— «) = 0 then the integrals ( 1 ) 
exist and are e'jual «o that the resultant of a(0 and 0(t) exut* Am 
one of the following pairs of end conditions would suffice 
ja (-*)=0 |a (-«)=0 jd («)=0 f ^(«)»0 

Note that it is the Caueh> talue of the integral on the right-hsnd side 
of (1) -which IS known to exi«t under our fcs.«umption« It need not 
conierge 8 b«olutch B> mmmetm the eondition* imposed on o (0 and 
0 ( 1 ) max be interchanged 

Let ua next con«idec the case m which both «(!) and 0(1) are of bounded 
lanalion in (— « «) 

(2) £w»wi<» 

Then a(i « ) and 0 (± co ) exist It ts no essential restriction to assume 
that a(— «) = 0 (— «)=sO 

let P. be the countable «et of points where a(0 is discontinuous 
(po«siblj a null set) and P# the «et where 0(1) is discontinuous Define 
Pa« as in Section U of Chapter H We now proxe 
'Dieoreji 10 If o(l) and 0(1) ore of bounded lanalion tn (— * *) 
tnfli discon/innihfs jn the sets P, and Pa respeelncl]/ and if a(— “) = 
^(— co) = 0 then the SUeUjes resultant y(l} of a{t) and 0{l) exidsfor 
oil 1 not jn Pm.j 

For if 1 is not m P,+.j thenaft — «) and0(u) cannot haxe a common 
point of di continuitv fonnx « in (— « »:) Hence for 1 not m P.^j 
the integral' 

^ o(l -«)*(«) f’m-uiMa) 
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exist for eveiy R and N by Theorem 14, Chapter I. The limits of these 
integi-als as R becomes positivelx’- infinite and 5 becomes negatively 
infinite exist since 

1 a{t - w) M d^{u) 1 < «:, i < °°- 

That a(0 and p(t) are bounded follows from the inequalities 
1«(01 ^ \da(tt)\, \m\ ^ \dM\ 

hi — eo 

and (2). Finally one sees that the two integrals (1) are equal by inte- 
gration by parts. Notice that these two integrals might exist and be 
unequal but for the assumption that a(— =o) = ^(— «) = 0. This 
happens, for example, if 

a(t) = 1 (— « < t < =o) 

0ii) = it ^ 0 ) 

= 1 (t < 0). 

Both hitegrals exist, but they differ by unity. 

11. Stieltjes Resultant at Infinity 

We next investigate the behavior of the resultant of two functions 
of bounded variation for large values of the variable. 

Theorem 11. If a(t) and /3(0 satisfy ihe conditions of Theorem 10, 
then 



a{t — u) d^iii) 


■ a(w)/3(«:) 


it 


+ ») 


^0 (t — cc ), 

the variable t becoming infinite through the set complementary to . 

Consider first the case in which t is becoming positivelj' infinite. It is 
clear from the assumptions §10 (2) that j8(co) and a(aj) exist. Let 
T'sCO be the variation of /3(w) in the interval — w < n ^ t. Then it 
udll clearlj' be sufficient to prove that 

lim f [a(f — «)•— a(K))]d/3(«) = 0, 

or that 


lim [ \ait-ii) -ai^)\ dYgiu) = 0. 

f — ♦co hL-co 


( 1 ) 
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Let « be an arbitrarj positive number Choose R so large that for all 
t not m Pa+5 

This IS possible since 0 (t) is of bounded \ anstion and a {0 is bounded 
Next determine U such that for all / not m but greater than ij 
la(f- u) - a(«)| < e {-«<u^P) 

For such t 


(2) <•'»(») 

Combining ( 1 ) and ( 2 ) we ha\e the desired result 
The case t — * — « ma^ be treated 6% applying what we ha\e ju t 
proicd to the integral 

J [«Cu + 0 - - d(-u)J 

+ a{< - u)d^(ti) 

Coaoi.L.tRr 11 I/a(t)and 0 (l)arte>/houndedianalt 0 ntn(—«> «) 
ihfn 


lira 


jf a(i — m) dfl(u) 


fa(«)f/3(«)- (<-»«) 

l«*(- «)(«<*)- «-»-«) 


T! to follows by appl> uig the theorem to the functions n(l) — n(— 
and^lO - /S(-«) 


12 Steltjes Resultant Completely Defined 
W e show next that the resultant of two functions a(t) and ^(0 of 
bounded lanation m (— » «) can be defined in the set P.+5 in such 
a waj as to be of bounded lanatton in (-• « *) 

Theoresi 12 If a{l) and -rfO ore defined as in Tkeorem 10 
ihen yft) may be defined tn Ike set P.+j so as to be of bounded tariaiion m 
(— ec to) and so that the total lanafton of 7(f) is not greater than the 
product of the total tanations of «{0 and 0(0 tforeoter 7(— «) - 0 

y(«) “ 

By breaking a(l) and 0(0 into their real and imaginary parts and 
then decomposing each of these into the difference of tw 0 non-decreasing 
functions w e see that 7(0 is a I near combination of integrals of the form 

c(0 = ^ a(t — u)d&(u) 
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where a(f) and h{i) are bounded non-decreasing functions vanishing at 
— 00 and continuous except in and , respective!}^. Since c(t) 
is non-decreasing, y{i) has right-hand and left-hand limits at all points 
and may be defined in Po+a so that 

( 1 ) 7(0 - (-«<(<„). 

Then to < h <•••< in are any points not in Pa+^ we have, as in 
the proof of Theorem 11.25, Chapter II, that 

1=0 

B.y a limiting process we see by virtue of (1) that the same inequality 
holds if some or all of the lie in Pa+$ ■ It thus becomes clear that 
y{t) as now defined is of bounded variation in ( — «>, w) and that its 
total variation is not greater than EaC “)F3(«>). By Theorem 11 

lim yit) = 0, limyCO = ai<x:)p(co) 

if the variable is restricted to lie in the complement of P0+5 . But 
by (1) the same is true if t varies through all real values. 

If the restriction a(— «) = j3 (— 00) = Ois omitted, then b}' Corol- 
lary 11 

t(«>) = a(« 3 )[| 3 («)) - / 3 (- 00)], 7(- co) = «(- '»)D 3 (<») - ( 3 (- «>)]. 
13. Preliminary Results 

Before discussing the product of two bilateral Laplace integrals we 
need several preliminary results. 

Theorem 13a. If for some 'non-negative constant c 

(1) f e~“ 1 da{i) I < 00 j 

J_oo 

ajid a(— 00) = 0 , then e is of bounded variation in (—00, 00) 

and vanishes of — 00 . 

The result is trivial if c is zero. If c > 0, let F„(0 be the variation 
of a(a:) in (- co < x ^ t), vanishing at - co. By Theorem 3c 

® [ e-^‘dVM)=cf c-"y„(0dt. 

•^00 

By the same theorem 

(3) e~"‘a(0 = f e~‘“da(tt)-cf du, 

J-00 
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so that e~*‘a(0 dearly ^anrehes at — « Since a{— «) o, Me ha\e 

(4) (-^<(<=c) 
From (3) and (4) we see that the total vanat on of e~*‘a{l) does not 
exceed 

jf'e— +c[ 

and b} (2) this i3 equal to twice the integral (1) This completes the 
proof of the theorem 

Tjieoheit 136 for tome non-negatne eonslant c 

(5) <" 

and if a(— «) « /3{— «) = 0 Ihen the SUclljca retullanl y(l) of a{() 
and fi(l) exists and e~'’yit) It of bounded tartaliontn (-”* 1 , «) lanuhing 

of - « 

If c » 0 the remit is contained in Theorem 12 If c > 0 we see by 
(5) that the function 

S(l) - 

isofboundedtanationin(-« »)and%onj hesat-w By Theorem 
13o the function the same property Compute tU Stieltjes 

remitant of these two functions It is 

< *'’ • a(< — tf)dB(u) « £ e'^ait — u)d0(u) «= c"'‘t(0 

By Theorem 12 this e\i<ts for all t (witli the umal definition at the 
points where the Stiell;es intcgnil is not defined) Also the total 
variation of e~*V{0 docs not exceed the product of the vanation of 
afOe”*' by the variation of B(0» and «~' 7{0 vanishes at -* hj 
Theorem 12 

14 The Product of Foutier-Shcltjes Transforms 
Let a(t) be of bounded vanation in (— «o *) Then its Founer 
Stieitjes transform is 

Ft*) *= j c“'da(0 

and this integral is clearly absolutely eonv ergent for all real x We 
wish to di«cuss the product of two such functions F(x) W e shall need* 

• Compare S Bochner llSS’l p 70 Theorem 20 
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Lemma 14. If for each positive number R the function \pR{t) is non- 
decreasing and hounded, and if 

(1) lim ^pit{t) = y{i) (— oo < i < w) 

R— *00 

(2) lim 

R— *oo 

then 

(3) lim [ = f e"‘dy(t). 

R-*oo J-oo 

t 

Clearl}'- y(t) is non-decreasing and bounded so that the integral on 
the right-hand side of (3) exists. Set 

h = r d[Mt) - ym, 

J— CO 

and express it as the sum of three integrals Ig , Ig , I'g corresponding 
to the three intervals of integration (— », —A), {—A, A) and {A, «), 
respectively. Here A is an arbitrary positive constant. Then 

UrI^ f d[\f/g(t) y(t)] = rps( — A) -j- y( — A) — \f/g(— <X,) — y(— m) 

\I'r\ ^ f d[\f^R(t) -h 7(01 = + 7 («’) — ^h{A) — Y(-d) 

"'A 

Hence 

Ur 1 ^ j J ^ e“'d['/'R(t) — 7(0] + ^h{—A) -f tC—A) 

~ '/'r(— 00) — t(— '») + ^rCw) + yC®®) — iAr(A) — y(-^)- 
Then* by Theorem 16.4 of Chapter I and b 3 ^ (2) 

lim Uh! ^ 2y(— A) — 2y(— 00 ) -[- 2y(w) — 2y(A). 

R“^cO 

But the right-hand side of this inequalit}'- can be made arbitraril}'- small 
bj" choice of A, whereas the left-hand side is independent of A. Con- 
sequently the latter is the number zero, and our proof is complete. 

By use of this lemma we can prove the fundamental theorem regarding 
the product of two Fourier-Stieltjes transforms. 

* The Helly-Bray theorem is appiicable here, for if R is sufficiently large we 
have by (2) 

7(-co) - 1 < >Pg{-«>) ^ ^g(t) g iAr(«) <y(eo) 1, 

BO that the set of functions is uniformly bounded. 
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TiiEonEii 14 If a(0 and 0(t) are of bounded tanalion tn (— ®, «) 
and if y(0 is their SlitUjea reaidlant then 

U) (-»<!<.) 

It mil be sufficient to consider the case in which a(— «) s 
y5{— eo) ss 0 For subtracting a constant from a(0 and one from 
0{l) onl> alters 7(1) b> the addition of a constant so that equation (4) 
IS not altered at all Also b\ decomposing a(0 0^^ ^(0 into real 
and imaginary parts and then into monotonic functions we see that 
there is no restriction m sssuming that «{0 and 0U)f and hence y{l) 
are non-decreasing 
Set 


F.U) = ly-'MO 

~ *'*■'' [ ‘"'ddit - m 

Then bj Theorem 11 5 of Chapter 11 (with ao “ “«)» tve have 
F,(f) - - /’ «“'*.(! + 2S) 

where 

^ a^t - R - - R1 

(5) vt(t + 2ii) = £ a(t — s) d3(y) 

Set 

M0^f*(t + 2R) (-21? gt) 

- 0 (t g -25) 


It IS to be understood of course that we are following the consentsoas 
of Chapter II in the definition of v>«(<) «t a point ( where the integral 
(0) IS undefined Then 

(6) r,(i) - 

From (5) we have for all t 

lira ^8(0 = J a(t — y)dd(y) = >({) 
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If we maj" let R become infinite under the integral sign of (6) our theorem 
is established. To establish this point we use Lemma 14. From its 
definition it is obvious that is a non-decreasing function of t and 
that ^k(— to) = 0. Let us compute ^k(to). Theorem 11 

7(— to) = 0 

7(00) = q:(to)j9(co). 


Now 


l>l+R 

'/'«(«>) = <pRi^) = lim / a{t- y)dpiy). 

<—►00 *f—R 

Set 

^*iy) = Piy) y>-R 

= ^(—B) y ^ —R 

a*{y) = a{y) y > -R 

= 0 y ^ -R. 

Then 

Z t-hR 

^ a{t - y) dfiiy) = £ a*(t - y) d^*{y). 

By Corollary 11 

^s{«>) = Urn f a*(i - y)dp*{y) = a*(TO)[/3*(co) - p*(— oa)] 

i—*eo •f—eo 

= q:(to)[j3(co) — 

Hence 


lim ^b(to) = a(oo)/3(co) = yfco). 

That is, hypothesis (2) of the lemma is satisfied, and our proof 
is complete. 

Corollary 14. If <f>(i) and belong to L in (— 00 , 00), then 
[ e'^‘<p{t)dt[ e^‘f{t)dt= re'^‘o>{t)dL 

CO CO 00 ^ 



<p{t — u)4>{u) du. 


where 
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This foHo«s if m the theorem we take 

a(l) = ^ ss(w)d«, “ f ^{■u)dii 

Then 

>(0 = j[ yf^(ii)duj^ v(y)d}/^ l_^<f'(u)dul^^y>(y~u)dy 
and bj Fubini's theorem 

l -(0 = ‘■>(!/)dy, 

«o that the result is estabh'^hed It can also be proved very easily 
direct!} by Fubmi’a theorem without appeal to Theorem 14 

15 Sbeltjes Resultant of Indefimte Integrals 
l\e discuss here the resultant of two functions defined by indefinite 
integrals of the form 

dfy) =» £ e‘''da(0 

Titsoitsif 15 If a(t), fl(() ond yft) are dejCnrd as vn TAeorem 1S6, 
and if 

-i(i) - £c-"io(i), B(i) - c(i) = 

for some non ncgaltie constant c, then C(x) ts the Sttelijes resvUant of 
4(j) ond B(t) 

The result is trivial if c « 0 If c > 0, bj §13 (6) the functions 
A{x) and B(x) are of bounded vanation m (— «, <w) Hence their 
Stieltjes resultant is defined bv 

- u)dB{u) = £ e-'^dffM e-*'da(y) 

= £ rfi3(u) /^c~"dyp(y - u) 

Since o(— oe) = 0, we maj apply Theorem 3c to the inner integral 
Then 

£ .4(1 — u)dB(w) = £ d|3(u) + c £ e'^'afy - 

(1) =7(0e~" + c£ rfd{u)£ e'^*a{y~u)dy 

= 7(0c’“ + c f e~‘*y(y)>Ii/ 


( 2 ) 
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if it is permissible to interchange the order of integration in the iterated 
integral (1). By Theorem 15d. Chapter I. this will be so if 


(3) 


= f I dp(u) if e~“'l a{y - ^t) \ dy 


< 


But 

03 cc 

g [ c“"“ I d/3(u) I f Va(y) dy = - f e"'’' | d0(v) \ f c"^' | da{t) j 

J«00 **—00 C j—tc J— 00 

by Theorem 3c. Inequality (3) follows b\' §13 (5). 

Since bj- Theorem 136 the function y(t)e~“ is of bounded variation 
in ( — oc, 00 ), vanishing at — «>, we may integrate bj" parts in (2) again 
using Theorem 3c. Thus 

[ A(l - 2 i)dB(u) = f e~'''dy(y). 

This shows that the definition of C(x) given in the statement of the 
theorem has a meaning and that C(x) is the resultant of A(a;) and B(x). 

16. Product of Bilateral Laplace Integrals 

We can now e.xpress the product of two absolutel}' convergent bila- 
teral Laplace-Stieltjes integrals as another Laplace-Stieltjes integral. 
Theorem 16a. If the integrals 

/(s) = f e~“da(t), g(s) = f e~’‘ dp{t) 

J— CO 39 


converge absolutely for a common valne of s, then for that value 

(1) f{s)g{s) = [ e~’‘dy{t), 

•'—00 

where y{t) is the Stieltjes resultant of a{t) and P{t). 

If s is zero or pure imaginary the result is Theorem 14. Let the real 
part of s be c, the imaginary part -x, s = c - ix. Suppose fimt that 
c is positive and define A(t), B{t), C(t) as in Theorem 15. Then 

/(s)p(s) = [ e'^‘dA(i) f e'^‘dB(t\ 

**-C3 *Lco 
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By Theorem 15 the function C{() is the Stielt;es resultant of 4(0 and 
B{t) Bj Theorem 14 

■= 

so that (1) IS prov«l for positive e 
If c IS negative we have bj a change of variable 

M - dl-a(-l)] 

and since — c is positive we have bj the previous case 

/(>)s(i) - d„(i) 

where w(0 la the Stielt/cs resultant of — a(-0 “’3(“0 

w(f) " jf a(~t + u)d^(~u) ■= a{-( - u)d5[u) 

J a(( - u)d3(u) =. 7(() 

Hence 

/(«)?(«) = e~' *"drl-0 => jf e^'drd), 

so that the theorem is complctclj established 
The case of the Laplaee-Lcbcsguc integral maj be treated as a «pecial 
case of the Laplace-Stieitjcs mtegral Re prefer to treat it directlj 
bj classical methods 
■Rieorem 1G6 If the tnt^grafs 

/(«) = e~“<p{t)dt, j(8) «= J 

conierge obsoluielff for a common lolac of s, then 
J{s)g{s) = £ e~“u{0dt 


uhere 

(2) 


»(0 == £ vit — («) du 
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For, 

/(s)fir(s) = [ f e ^(y) dy 

J— 00 J— CO 

= f ,p{i)dl f — t)du 

J— 00 J— CO 

= f e du f 4'iii — i)ip({) dt 

«/~oo — 00 

= f e~‘'' b)(u) du. 

J-co 

To justify the interchange in the order of integration we use Fubini’s 
theorem, which is applicable since 

r -t)\du 

J— CO 00 

= r I .pit) I dt f c-^‘ I ldi< 00 . 

J—ea J— CO 

It is understood of course that «(<) is defined by (2) almost everywhere. 


17. Resultants in a Special Case 

As an example of the usefulness of the methods of the present chapter 
we compute the successive iterates of the Stieltjes kernel.* As we shall 
show, the problem is essentially that of computing resultants. Set 

(1) g(0 = &i(0 = ^ ~ — i 

(2) g„(t) = [ !7n-i(< — u)giiu) du (n = 2, 3, 4, • • • ). 
It is easy to verifj’- that the integral 

/(s) = [ e'‘’‘g(t)dt 

V— OO 

converges absolutely for 0 < c < 1. Hence we are in a position to 
apply Theorem 165. It is thus clear that the functions p„(0 are defined 
almost everywhere and that 

[/(s)]" = [ e~"‘g„(t)dt (0 < 0 - < 1). 


See D. V. Widder [ 1937 ], 



260 


BILATEUA.L I APLACE TRANSFORM 


[Ca M 


e compute the Jeft-hand side of this equation explicitly and obtain a 
new Laplace integral reprc«entation for it with an explicit determina- 
tion of the deteraiinmg function B> the uniqueness theorem this 
latter must be ^.(O 

THrORES! 17o // ff(t) = (1 + 6“*)“’, then 

/(*) = - — (0 < < 1 ) 

i-M Bin *$ 

For, expanding pfO m powers of f“* gives us 

U It IS permissible to put the limit sign m front of the integral sign we 
maj integrate term bj term to obtain 

(4) £»-•’«(()<«- lim (0 < o < 1) 

To show the validity of the above operation we have for (0 § f < ») 
' e-*(e-*‘ - e*‘)a - +e-r'i £ Se-'le"" + e*')(l + e"')"' 

But 

■i f Oil < ^ ( 0 <,< 1 > 

I + e~' 


so that we obtain our result b> application of Lebesgue’s limit theorem 
But is IS well known* that the nght-hand side of (4) is r/sm « This 
completes the proof of our theorem 
Corollary 17a //n * 1, 2, andO < < 1, fAen 


(-i)7-w - - 0-rM,!, - 


(- 1 )* 

, (s + 


This 13 obnous formally bv differentiation The formal operations 
are easily justified Of course, if n = 0 the equation still holds if the 
senes is interpreted as in equation (4) 

Theorem 176 // F(s) t* defined os 


( 5 ) 




See toi example W F Osgood llDSS) p S09 
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To show tliis we compute g^it) explicitly. By (2) Ave have 

^ Ll + 1 + 

Using the method of partial fractions, this gives 


Oiii) = 


1 - c-‘' 


But now (3) and (5) give (6). 

Corollary 17b. If n = 1,2,... and 0 < cr < 1, than 

We can now prove our principal result. 

Theorem 17c. If g^ii) is defined by (1) and (2), iheii 


gin(t) = 


r 

X Azn.Sn yp- — rr-, + Asn.iin-S 

L (2n. -1)! 


(271 - 3)! 


“{-••. “t" Ai 


g2n+l{t) — 


'' ' r j2n~2 “I 

X I A2„+i,2„+i , H + Aon+l.lJ, 

ivhere the constants A„,n are defined by the expansion 

(9) = An.n + An,n-lS + A„,„_2S" + . . • . 

\sm TTs/ 

To prove this we make use of the Mittag-Leffler* development of the 
function (ir/sin tts)". The principal part of this function at the origin 
is obtained at ones from the expansion (9). Denote it 63^ Qn(s): 

n _!_ -4n,n-l , I An.l 

^ s" ^ ^ ~' 

* See, for example, W. F. Osgood [1923] p. 540. 
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ICn n 


Then the pnncipal part at the integer « = it is (— 1 )*0»(« + ^) if n is odd 
and is Q«(a -f A) if n is even Hence 


(’-^y = 2 Q .(« + 1) 

\sin tif 

(— Y"*’- 2 + 

\sm rif 


where 




t 

a + k 


IS understood to mean 


lim S 


— ~ At«ti 


Hence bj use of Corollanes 17a and 176 we have 

(^ST.) ■/.n:T''[‘’’-i2rriy,+ +^..]* 

(.■JTs) 

Finallj bj sirtue of (3) v'chaie twodctemuning functions for the« 8 me 
generating functions B 3 the uniqueness theorem w-e maj equate the«e 
two determining functions to oblnm (7) and < 8 ) 


18 Iterates of the Sbeltjes Kernel 
The Stielljes transform 

mil be discussed in detail in Chapter \ III If this transform is apphed 
to itself one obtains 




= f ^{u}dH { 5 . 

Jt ^ A (a + <)(( + u) 

The inner integral s) is the iterate of the Stieltjes kernel 

H(u , «) » (u + «)~* 

H,(ti .) =. H(ii ,)dl 



§18] ITERATES OF STIELTJES KERNEL 263 

The successive iterates are defined bj’' the equations 

H„(u, s) = ( t)H{t, s)dt (n = 3, 4, • • 

Jq 

One may easily obtain an explicit expression for the function HzCw, s) 
by direct integration of the integral defining it. It is found to be 

( 1 ) 

U — S 

The higher iterates can also be obtained b 3 ’- use of the functions g„{() 
of section 17. Thus 

U _ r Hn-l{u, t) , 


Hniu, s) = f dt 

Jo t + s 

H.(c^ e“) = r 

J-co e“ + e" 


e“ + ey 

In particular we see that 

(3) E(e^, e^) = Hi(e% e") = - x) 

= e~^g(x - y). 

Also fiom (2), with n = 2, and (3) we have 
Ho(e‘, e’') = 

e“ + e>' 

= e“‘' / g(y — u)y(z< - x) du 

V- 00 

= 6“" / g{y — X — u)g{u) du 

V— 00 

= e~''g 2 {y - x) = e~^g 2 {x - y). 

We can now apply induction to prove 

W fl'nCe*, O = e~’'g„(y - x) = e~^g„{x — y). 

For assume that (4) holds for n - 1 and substitute in (2). We obtain 

e’') = e '' f g{xi — x)y„_i(y — u) du 

•t.00 

= e ^ / y(tOffn-i(y — x — u) du 

J_QQ 

= e ‘'y„(y — x) = e~^g„{x — y). 



284 


BILATERAL LAPL4CE TRANSFORM 


ICh M 


Hence (4) is completeh established e hav e thus pro\ ed 
THEonEM 18a If 

Hi(r, y) = {x + y)~‘ 


then 


HJr, S) “ j[ B) dl (n - 2, 3, 

?i (0 = (1 + «'')■* 

g.(0 = du (n = 2, 3, 


€*) - - y) *= - i) (n = 1, 2, 


Bj u«e of Theorem 17c tie can non pro\c 

Theqbem 186 // //»(!, y) w dcjfncd as in Tktoran ISa, then 


(S) 

(0) 


v) - 


y) « 


v **_ (»/y)r~* 

.4f(2il-I)l *-y 

a (2A)* *+y 


(n *» 1, 2, 
(n » 0, I, 2, 


tf^ere Ike eonstanh M.j are defined by the expansion 


f— " \ « 4, • + ».j8’ + 

Vm T«/ 


) 


), 


) 


), 


). 


For, we ha^e 

H,.<i y) = 

and b> §17 (7) this gi\es (5) In a similar nay one obtains (C) from 
§17 (8) 

As an esample, let us compute //j(x, y) Irom formula (5) and compare 
mth (1) It IS known* tliat 


- = 71 (-1)‘ 
s .t;' ^ (2A)' 


where the constants 5* arc the Bernoulli numbers defined by the sym- 
’bohe equation 

(B 4- D* - B* = 0 (B" * B.) 

•See, for example, I\ Anapp[1028]p 2(M 
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Squaring (1), we see that A22 = 1, and from (5) 

rr .A _ lOE (^/y) 


Hiix, y) = 


x — y 


and this checks with (1). 

Let us also compute H^ix, y). From (7) we have 


\sm TTS/ 2 


Hsix, y) = 


so that As, 3 is 1 and As.i is ^12. Hence 

rr r \ ^/vf 

H.fe !/) = ^^ + 2(,, + ,jj- 

rr/^ ,A Tt" + (log t/t/)' 

- 2 (*— 5 ,) — 

Incidentally we have thus evaluated a certain definite integral: 
r” log jx/i) 1 ^ + (log {x/y))- 


Jo X — t t-\- y 


2(x + y) 


19. Representation of Functions 

We derive here certain sufficient conditions that a function /(s) can be 
represented as a bilateral Laplace integral.* 

Theorem 19o. Let f{s) be analytic in the strip a < cr < /3 and such 
that 


[ |/(tr + Zt) 1 dr < 

J— 00 


{a < or < 0). 


lim fiff + ir) = 0 

jT[“-*00 


uniformly in every closed subinterval of {a < <7 < 0), and set 
(3) ^ 5 ( 0 ,*) = — . / /(s)e”ds (a<(r</3, — =0 <a;<oo). 

^TTt J tr— loo 


f{s) = f”e-V(x)( 
J— 00 


(a < <r < (8). 


We observe first that tf>{x) is really independent of cr. This follows at 
once by Cauchy’s integral theorem, using the analyticity of /(s) and (2). 

* Comp.irD H Hamburger [1921], p. 416 
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Let So “ tfo + trobean arbitrarj point of the strip (« < <r < ^) Choose 
ffi and <rt so that a<a\<a>,<m<0 By (1) and (3) 

UW j ^ Ha) 

(« <.7 <^, -® <!<«>), 

where Ale) la a non-negatne function which ig finite for each v Set 

(4) F<8t,) ■= e'^**v’(i) dx 

The integral con\crges since 

j e '''v(ar)dx 4(ifi) e"**''"*’’ dx 
£ €-'\‘U)dx « A(a^ £ 

Substituting (3) m (4), choosing « « 4r« m (3), we have 

Bj Fubini’s theorena this becomes 

H».) - Iim ‘ ['/(„ + „) S'" li, 

»-• ir JL» r — To 

Bj Theorem 7 2 of Chapter II this bmit 13/(011 + *to), and our result is 
established 

Re prove now two other representation theorems of Hamburger 
[1920a|, one involi mg the unilateral Laplace integral These theorems 
involve the positivene«s* of the sequence of derivatives of the functions 
to be represented R e need a prelimmaiy result 
Lemma 195 If a{t) ts non-deereasing tn (0 S t < »), and tf for (ico 
pojihre constanio M and p 

Cda(i)< Afn1p~" (n = 0,l,2, 

• For tha meanitig of th« see DefiBitMaOb of Cbapwr III 
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then 

r e-“ da{t) = E r f dccit) (1 s 1 < p). 

Jo n=0 72 1 Jo 

For, bj' Theorem 5d of Chapter I we have for every positive R and 
any s 

l>R « / \n -S 

(5) / e ** dait) = E p- [ da(t). 

Jo n=o ri! Jo 

But series (5) is dominated by 

ii/Eisl"p~" 

and is consequently uniformly convergent in 0 ^ i? < oo for an}^ fixed 
s in modulus less than p. Hence we maj' let R become infinite in (5) 
to obtain the desired result. 

Theorem 19&. If f(s) is analytic m the strip (a < o- < /S) a?zd if for 
some real cin {a < <t < /3) the two sequences 

(6) {(-i)"r’(c)}r 

are positive, then f{s) is analytic in the half-plane a > a and 

(7) /(s) = f e ’*(fa(0 (o- > a), 

Jo 

where a(t) is a non-decreasing function. 

By Theorem 13a, Chapter HI, there exists by Aortue of the positive- 
ness of the sequences (6) a non-decreasing function p{t) such that 

(-i)7'"’(c) = f f dm. 

Jo 

Since f{s) is analj-tic at s = c there exist positive constants M and p 
such that 

(S) I /'"’(c) i < il/n!p' 

and the Tajdor’s series 


m = E/”’(c) 

t ;:=0 nl 


cc 


= E 


(c - sT 

nl 



{n = 0 , 1 , 2 , ... ), 



2C8 BILATERAL LAPLACE TRANSFORM ICh VI 

converges to (/)« for | s — e | < p But by I emma 196 this sum is 
equal for I a — c I < p to the integral 

(9) f e'""dm - f r"rlM 

a(l-l- (0<I<«) 

The integral (9) clearly converges for <r > c — p, but bj Theorem 56 
of Chapter II, it must al«o converge for ^ > tr Then we conclude our 
proof by analytic cTtcnaion 

Convcr«ely, it la evident from Theorem I3a Chapter III, that if (7) 
holds then /(«) is anai> tic for » > « and the sequences (C) are positive 
for ev cry c greater than a 

ConoLLAiiY 196 7/ <Ap trfuf/ices {/*’(«)}* ond are post 

five, tJiCTi 

M-j’t-dail) (-«<»<« 

For under the present hy-pothescs /{— «) salisfica the conditions of 
Theorem 196 in the interval (—0, —a) 

TiiEonEM 19c ///(«) ts analytie tn the strip a < <r < 0 and if /or 

some real e tn (a < c < 0) the sequence 

K-i)r*’(c)i? 

ts positive, then 

u-hcrc a(l) ts a non-deereasing function 
By Theorem 10 of Ciiaptcr HI there exists a non-decreasing function 
0(0 such that 

(-l)T(rt - (n = 0,l,2, ) 

As in the previous proof we Iiavc (8) Then 

(10) j t^"d0(t) g S il/(2R)Ip"*" (n = 0,l,2. ) 

Also by the inequality of Schwarz and (lO) 

f‘ i-*'ddu) < Cdum f 

S2t/(2»-bl)«p-“'*'’ (n = 0,l, ) 
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That is, 

( 11 ) r f dm ^ 2M7Up“” (n = 0, 1, • • • ), 

and in like manner 

(12) (-iTdm g 2Mnlp-’‘ (n = 0, 1, • • •)- 

J— 00 

Lemma 19h the inequalities (11) and (12) enable us to conclude 

r V(3(0 = £ r i” dm (1 S - C I < p) 

Jo n =.0 nl Jo 

f e''-*’ ‘ dm = £ f t" dm (I S - c 1 < p), 

J—oo n=0 ^ • •t—eo 

respectively. Adding and setting 

(13) m = f e^'dm) (-” <^< ■*)» 

Jo 

we have 

f ” e-“ da(0 = £ /''■' (c) = /(s) 1 s - c 1< p. 

As in the previous proof this equation must hold throughout the strip 
of analjdicity. Again it is clear that the converse of the theorem is 
trirdal. 

CoROLLABY 19c. If {/^"’(c)]o fs o -positive segiience, the result holds. 
For the sequences {/'"'(c)]?’ and {(— l)”/'''\c)|“ are both positive if 
one is, as is easily verified by an examination of the defining quadratic 
forms. 

Following the same order of ideas we prove: 

Theorem 19d. If f(s) is analytic at a real point s = c -where the 
sequence 

(14) {(-l)7‘"’(c)}o” 

is completely monotonic, then for all complex s 

(15) f{s) = f c~’^da{t), 

Jo 

ivheie a{f) is non-decreasing and bounded in (0 ^ ^ 1). 

For, by Theorem 4a of Chapter III there exists a non-decreasing 
boimded function /3(f) such that 

(“■l)7^"’(c) = f t" dm (n = 0,1,2, . . .). 
Jo 



270 


BtLATERAL LAPLACE TRANSFORM 


ICh \I 


Since f(s) IS analj tic at * = t 

/(.) - £/■'(») <- 1 ^ - £ I' i-dm 

for some neighborhood, | » — c [ < p, of <; B> Theorem 5d of Chapter I 
this gii cs 

/(.) - I' «-'<(«(!), 

where a(0 is defined bj (13) in (0 ^ £ 1) But this integral defines an 
entire function, so that n e can complete our proof by analj tic extension 
It IS ohxious cQn\cr«clj that if /(«) has the representation (15) the 
sequence (14) is completelj monotonic for cicry real e 

20 Kernels of Positive Tj^pe 

In order to obtain ncccssarj and sufficient conditions for the repre- 
sentation of a function as a bilateral laplace integral "s need a pre 
hmuiary discussion of kernels of positive tjqie • These are the con- 
tinuous analogues of positue or semidcrmitc quadratic forms 
Demnition 20 A real /unction Jl(*, y) irfiich »» confinuous in Vit 
s?uaw (o S r S 6. a ^ V S h) i» 0 / pontiif type then tf for etery ml 
funelton eofihnuous tn (a S f S b) 

(1) J{4>) =■ & 0 

As an example take A(i, y) = <f(x} 5 (y) where g(j) wans function con- 
tmuousm (o S i § 5) Note that the integral (1) ma> lanish without* 
haling iji(x) identically tcro Thus m our example nc haie only to 
choo«e ^( 2 ) orthogonal to g{x) on (o, h) 

A kernel is said to be ■positue defimlr if it is of positiie type and 1 / 
integral (1) can vanl^h for no real continuous function ^( 2 ) except 
P( 2 ) s 0 As an example take o = 0, 6 »= r and 

A(r, y) >= 2 e" cos nz cos ny 

The integral (1) becomes 

(2) S ^ *>« 

a. = ^ ^iz)cosnzdx (n = 0, 1, 2, •■ ) 


SceJ Mercer 11900], p 242 



§ 20 ] 


KERNELS OF POSITIVE TYPE 


271 


But (2) cannot be zero unless all the a„ are zero. But bj^ the complete^ 
ness of the cosme set on (0, tt) this implies that (f>(x) is identically zero.. 

We non' prove an important result of J. h'lercer [1909] which brings 
out the connection between kernels and quadratic forms. 

Theorem 20 . A contimwus kernel kix, y) is of positive type if and 
07ily if for every finite sequence of distinct numbers of {a ^ x ^ b) 

the quadi-atic form 

n n 

(3) Qr. = 2 S 

t»0 7=0 

is positive {definite or semidefinite). 

Suppose first that the quadratic forms (3) are positive. Let us prove 
that k{x, y) is of positive type. Choose an arbitrar 3 ’^ continuous func- 
tion <i){x). The integi-al J(<#)) can be expressed as the limit of a sum 

J{<f,) = lim S x,),p{x,) 4 >{x,) 

n— *00 1=0 J=0 

.-c, = a -f- - (6 — a) (f = 0, 1, • • . , n). 

Choosing 

4 , = 

n 

in (3) we see that J{ 4 >) is the limit of a non-negative function of n, is 
therefore itself non-negative. 

Let us turn next to the converse. Suppose that we could find some 
form (3) which is not positive, A\ith a < aro < Xi < • • • < < h. 

Then we can choose the J, so that Qn has a negative value — Now 

define an auxiliary function 6,,^{x, c). Let c be a point of (a < a: < h). 
Let € and y be so small that c — e — y and c + e + y are points of the 
same interval. Now c) is defined as zero in(a^a:^c— e — 57 ) 
and (c + e + 57 g a: ^ 6 ) as unity in (c - 77 g x ^ c d- 77). In the 
rest of the interval it is to be hnear and such that it is continuous in 
(a, b). Set 

n 

6{x) = 2D X.) 

t=0 

where e and y have been chosen so small that no two intervals 
(-€ — 77 -f X, , X, -f e -f 77 ) overlap and such that o < xo — e — 77 
and x„ -f 6 -f- 77 < 6. Set 

n n 

i^n{x, y) = 2 D S fr(xi -L X, y,- -f- 

t*=0 J=0 
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Then we may easilj compute J(0) 

JW - I' fF.{i s)di:iy + J^ 

where 

y)o{x)6{y) 

Here y</ IS the region het« con thcsquArc (a-^— « — + 7 

ly — «— i 7 SySx, 4-« + «) and the square (ly — n S 2 S 4* 7 
I, — ij S V S *, J- tj) Since 

S lUil 

for (i y) in qu ne liave easily 

I J,| S + .) (§ 

nhere M is the maximum of |A(*, y) \ in the whole square 
Since F,tO, 0) *■ -H wc can find ij so small that 

K{x,y) < -A/2 (|x( < 7 . |y|<fl) 

Then 

J j F,{s,y)dxiy < — 2Ae*, 
and 

m < -2A,' + MM2l+.)(glt.|), 

for all ( sufficiently small \\ c can choose « so small that the nght- 
hand side of this inequ3ht> is nrgatiic For this continuous function 
6{x) ive see that J(P) is negative, contradicting (1) Hence there can 
beno Q, , with thei.tnlcnor points of (o, l>), which can have a negative 
value Neither can there be a havir^ a negative value even if 
or ar, is allowed to bo an end point This is clear by the contuiuity of 
k(x, y) The proof of the theorem is complete 
A kernel which is continuous ui an open square (0 < * < h, a < y < W 
13 said to be of positiv e type there if it is of positiv e type in ev ery closed 
square interior to the open square 

21 Necessary and Sufficient Conditions for Representation 
By way of making the results of the present section plausible let us 
make an analogy with the moment pr^Iem have aheadv conv 
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pared the Hausdorff moment problem with the representation problem 
for the unilateral Laplace integral. Here we shall then expect to com- 
pare the Stieltjes moment problem with the bilateral representation 
problem. We recall that the system of equations 

(1) f Cd^ii) (n = 0,l,2, ■■■) 

has a non-decreasing solution fi{t) if and only if the quadratic forms 

(2) X/ 22 22 22 = 0, 1, 2, • • •) 

,=0 3=0 t=0 3=0 

are all positive. If in (1) the integer n is replaced by a continuous 
variable x and if f = e~“ we obtain 

^{x) = Ce-^'-daiu), 

J—eo 


where 

a(«) = -^(e-“). 

Clearly a(u) is non-decreasing when fi(i) is. 

When one changes from the discrete to the continuous one would 
ex-pect the quadratic forms (2) to coalesce into a single double integral 

11 fi(x -f y)^(.x)^{y)dxdy 

which would be required to be non-negative for all continuous functions 
^{x). That is, the kernel ii{x -f- y) would be of positive type. We are 
thus led to the following* result. 

Theorem 21. A necessary and sufficient condition that the Junction 
fix) can be represented in the form 

(3) /(x) = 

J_CO 

where a{t) is non-decreasing and the integral converges for a < x < b, 
is that fix) should be analytic there and that the kernel fix y) should be 
of positive type %n the square ia < 2z < b, a < 2y < b). 

First suppose that (3) holds. Then ifa<a<jS<6we will show 
that/(x -f y) is of positive type in the square (a ^ 2x g |8, a ^ 2y g 0). 

* Compare S. Bocliner [1932] p. 76, M. Mathias [1923], and D V Widder [1934h] 
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Clearlj /(r) is analj tic m tho intenal a < x <h For any continuous 
function ^(r) we have 

rtn ft i f* 

= J j^J detijl) ^ 0 

To justify the interchange in the order of integration we have only to 
observe that the integral (3) converges uniform^ m (a S * g This 
completes the proof of the necessity of the condition 
Conv crselj if /(z + jj) is of positiv e tj-pe in the square (a g 2i g J 
a S Zy g /S) then hj Theorem 20 choosing *, » (c/2) + iS for some 
number c of (a g z < B), the quadratic forms 

(4) S 2/(c + H + J»)i. J, (n ■> 0, ) 2 ' 

BTC positive, provided that $ is chosen for each n so that 

agc<e + 2n$ SB 

In particular, if we set 

( 5 ) 

and recall that 

i!/M » g + <t) 

we have 

t !, t/ic + IJ +]S) t 1* 

- E {, g « g ( - 1)“ (‘) /(= + i* + 

W -gtEwilKc + jJ) 

If the value of f; from (5) is substituted in (C) the latter reduces in a 
similar wa> to 


( 7 ) 
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Since this form Avas obtained from (4) it is itself positive. Now replace 
Vi by Vi/^' in (7) and let d approach zero. We obtain • 

S E f^Hc)viVi ^0 (7i = 0, 1, 2, . . . ). 

{=0 1=0 

Now by Corollary I9c 

f{x) = f e~^‘ da{t) {a < X < b) 

for some non-decreasing function a(t). This completes the proof of the 
theorem. We observe that it would be sufficient to assume that f(x) 
is continuous in (a < x < b). For, it could be shown that this vith the 
fact that f(x + y) is of positive type would insure the analyticitj^* 
of fix). 

* See R. P. Boas, Jr. and D. V. Widder [1940b] ana R. P. Boas, Jr. [1941]. 
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INVERSION AND REPRESENTATION PROBLEMS FOR THE 
LAPLACE TRANSFORM 

L lotroductiaa 

We hi\e seen that the LajJare transform ma> be regardetS as a 
generalization of To> lot's senes Thus the senes 

(1) Fw - £ 

and the integral 

(2) F(!) - I oOV* 

ma> be regarded as the discrete and continuous aspects, respcctnely, 
of the saroe Stieitjes integral 

(3) F« - [‘'Ml) 

Making a change of \anabfe wc obtain the Loplaee-StieJtjes integral 

(•*) Fit--) -fit) -[ ‘-'MO 

One familiar determination of the coefficients of (1) 

(5) -a. It- 0, 1, 2, ) 

involves a knowledge of the dematnes of F(«) at e = 0 By analog} 
ue should expect the existence of an inxersion formula for (-1) which 
depends on a knowledge of the dentatnes of /(a) m a neighborhood of 
a = « , say along the positn c real axis, since such a neighborhood is the 
transform in the z plane under the transformation a = «“* of a nght- 
handed real neighborhood of (he ongin in the r plane Such an in\er 
sioufonnulawasdisccneiedbyE L Post 11930} forthe casewhen a(t)K 
the mtegral of a continuous function p(t) The germ of the formula is 
contained in a letter from StieItjes to Hermits dated August 29, IS93 (let 
ter 383, pp 332-33-1, Vol 2of the ccdlected correspondence, Pans, 1905) 
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The general case (4) was first t'-eated the author [1934a]. 
formula is 


( 6 ) 


k—*iO “ • 




Post's 


Since a limit process is involved it is clear that one needs to know 
deiivatives of f(s) onl}’^ for large real values of s. In this sense (6) is 
analogous to (5). 

The present chapter mil be devoted to an elaboration of formula (6) 
and to the representation results which grow out of the formula. 


2. Laplace’s Asymptotic Evaluation of an Integral 

In our development of an inversion formula it will be convenient to 
apply an asymptotic method of Laplace [1820]. For the reader’s con- 
venience we prove here the results which w^e shall use. 

Lemjla. 2. If a <b,0 < y, then 

For, simple changes of variable give 



Theorem 2a. If 

1. a < a t; <1 b; 

2. h(x) tC' (a ^ X ^ a + y), Ji'{a) = 0, h''{a) < 0, 
h{x) is non-increasing (a g a; g b); then 


f 



(A- 


w). 


Let e be an arbitrary number such that 0 < e < —h"{a). Then we 
may choose S less than tj and so small that 


(^) h (a) 6 < h"{x) < h"{q) -p e < 0 (® = a; ^ a -f- 5). 

Consider the integral 


-vs/; 




dx ~ Ii II 
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where I* and It correspond to the intervals (o, a + S) and (a + 5, b) 
respectively Then 

Since A"(fl) < 0 it is clear that A(a + 3) — A(a) < 0 Hence tends 
to zero mth 1/A for any positive S By Taylor’s formula mth remainder 

"'■dj (o<f<o+«) 

Ej (1) 

VI < /; e'" 

By use of Lemma 2 

( 2 p?T.frTi) ® s (sifStVi) 

Since ( IS arbitrary ne have 

and our theorem is prov ed 

Theorem 2b If in addtUon to the hypolhttes 1 and 2 of (he fTtvtout 
iheorem ue hate 

3 ^(z) e L (a £ X g h},^(a) ^ 0, 

(2) a(x) = j [^(u) - ^(a)lda * o(ar - a) (x -*a+), 

then 

I. * ~ (211%)) ^ 

Set 

If Vk f [«W - * 

By Theorem 2a ncneed only show that /» tends to zero n hen A becomes 
infinite Define « as in the proof of Theorem 2a Choose 3 so that 
(1) holds and so that 

( «(x) I < «(t - a) (a S X i a + 3) 

This IS possible by hypothesis 3 As in the proof of Theorem 2a 
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break the integral Ik into two parts I't and l" corresponding to the 
intervals (a, a + S) and (a + 5, b), respective^. Then 

\Ik\^ r -^(a) I dx 

= o(l) (k—> 00 ). 

Integrating the integral ll by parts we obtain 

J 1*0+5 

a 

= o(l) -h Ik (A: — > oo). 

But 

h'(x) = h"(^)(x — a) (a < f < X < a + 5), 

so that b 3 ’- use of (1) we have 

J f*a+3 

(x - +6]dx. 

a 


flaking the change of variable 

- «f'"(x - c) = i 

we obtain 


■h"{a) + 


- eP Jo 


+ ^ f 
- Jo 


i~e 


Hence it is clear that 


Inn I Iji 1 ^ € 

K-*90 


— h"{a) + e 
I-*"(a) - 6?/^ 


r ee-‘‘'^dt, 

Jo 


or, since e is arbitrary, that 

lim Ik = 0, 

A-*ao 


and this establishes our result. 

CoHOLLARY 26.1. If the conditions of the theorem hold except that 
<^(a) = 0, then 

£ .#,(x)e‘'‘'^’ dx = =o ). 

Corollary 26.2. If 

1. a < 6 - 7j < 6; 

2. 6(x) 8C= (6 - 7? g X g 6), h\h) = 0, h"{b) < 0, h{x) 

IS non-decreasing in (a ^ x ^ 6); 
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A result of a similar nature is contained m 
TnEOREM 3b If 

1 0{i) eZ<(0 <( S X S t) for a fixed t and eiery smaller postliie t 

2 f x'^(x) dr comtrge* /or a fixed real constonJ r, 

J»+ 

3 I [«(«) - *(01 du = o(t ~x) (z~* l~) 

then 

Choose a positne 8 less than ( and «et 

o{x) = j u'*(u)di< (0 < I g f - 3) 

Then by h.>pothesia 2 there exists a constant M such that 

I a{x) I S {0 <x i I- S) 

Integration bj parts gi\ es for t > r 




The function in brackets considered as a function of « has its only 
maxunutn at u * (i — r)l/L and hence is non-decreasing in 0 g ^ 
< — i for A sufficient^ large "aj for A > A» Hence 

I /; I - ~ a ><■) 

Using the same deuce as in the proof of the prcuous theoiem we see 
that I'l, tends to zero with 1/A since 

Bj use of Corollary 26 2 we bate 
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This completes the proof of the theorem. 
Theorem 3c. If 

1. E L iR~^ £ X ^ R) for every R > 1; 

2 . J (i>(x)e~^'^ dx converges for a fixed c > 0 ; 

3 . f (f){x)x’' dx converges for a fixed r: 

Jo-»- 

4. l<p(ti) - </>(/)] du = o(l a- — / 1) 


{x-^t); 


then 


limify') f e ‘'"'‘ri'ihiii) du = 

/— *cc \^/ •'04* 


The proof is obtained in an obvious way using Theorem 3a and 
Theoiem 36. 

CoROLLART 3c.l. If hypothesis 4. is replaced by 




the conclusion holds. 

Of course hypothesis 4.' implies the existence of limits on the right 
and on the left of <jjiv) at u = t. 

Corollary 3c.2. If hijpothesis 4. is omitted the conclusion holds for 
almost all positive t. 

For, it is known that condition 1. implies 4. for the points i of the 
Lebesgue set for the function </>(«). 

4. Uniform Convergence 

In this section we extend the Laplace method of asj'^mptotic evalua- 
tion of an integral to the case in which one function of the integrand 
involves a parameter. 

Theorem 4a. If 

1. h{x) eC- {I ^ X I + V, r, > 0), h'{l) = 0, h"{l) < 0, 
h{x) is non-incrcasing in {1 ^ x ^ 1 + rj)-, 

2. <l){x) e C (0 g o ^ a: ^ 6), 4>(x) e L (a ^ a; g 6(1 -{- ?;)); 
then 

(1) to fy 

uniformly in a t ^ 6', wheie b' < 6. 

Ifag«g6andlga:gl + 7j, then a g ta: g 6(1 -f y) and the 
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integral (1) exists by xirtue of hypothesis 2 Let « be arbitrary except 
that 0 < « < — V'(l) Choose S < if and so small that 

(2) A''(i)< + ., |0(tx) -^(01 < ‘ (a St 560 

when 1 S X S 1 + 3 The second inequality follows by the uniform 
continuity of ^(x) For, if 



then a £ tx g 6, so that lx is in the region of continuity of Since 
I /x — < I S 36' ^r all X m (1 § X S 1 + 3), it is clear that 3 may be 
chosen so small that (2) holds 
Set 

- va - mdx, 

and wnte h as the sum of two integrals Z» and /i corresponding to the 
intervals (1, 1 + 3) and (1 + 3, 1 + i?), respectnely Then 

l/n IS /“**U(tx) - «(0I* 

where A » independent of ( m (a S t S 6') To show its existence 
we have 

(3) /"' 1 « (n) - ♦(() I S ) I ■>(*) I * + U(0 1 (l - i) 

The nghl-hand side is clearly a continuous function of t m a S I $ If 
ifa>0 lfa«:0 the same is true, for then 0 (x) is continuous at 
X = Oand 

•1 

lim - / |«(i)|rfi - - j)|«(0)| 

«-u+ t •'(l+Jic 

Hence A may be taken as the maximum of the right-hand side of (3) 
Since A"(I) < 0, we ha\ e A(I -f 3) - ft(I) < 0 and 

Iim/t — 0 

uniformly m (o S I g 6') |or any \alue of 3 under consideration 
On the other hand bv (2) 
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for all tin {a ^ t ^ b'). Hence 

lunll.l ^ ^(2[/F'(1) + e]) 
lim h. = 0 

/.-►CO 

uniformly in a ^ t ^ b'. The proof is now completed use of Theo- 
rem 2a. 

Theorem 46. If 

1 . h{x) 8 C' (0 < 1 - 7 ? g X g 1 ), n'il) = 0 , /i"(l) < 0 , 

h{x) IS non-decreadng m (1 — 17 ^ ^ 1); 

2. ^{x) 8 C(0 ^ a ^ X ^ b), <f)ix) eL (a(l — 57 ) ^ a: g 6 ); 
then 

A,— *00 \ '^ / *'1— Jj 

uniformly in a' ^ t ^ b, where a' > a if a > 0, a' = a if a = 0. 

The proof is similar to that of Theorem 4a with a slight modification 
in case a = 0. In this case it is clear that if 0 ^ f ^ 6 and 1 — 77 ^ 
a: g 1, then tx lies in (0, 6), the interval of continuity of ^(x). Since 
\tx — t \ g 56 for all .r in 1 — 8 ^ x g 1, it is clear that 5 ma}”- be 
chosen so small that (2) holds as before. The rest of the proof follows 
mutatis mutandis. 


6 . Uniform Convergence ; Continuation 


We now apply the result of Section 4 to the Laplace integral inversion 
formula under consideration. 

Theorem 5o. If 

1. <i>{u) sL in {R~^ ^ u ^ R) for every R > 1; 


2 . I e "‘^{u)du exists for some 'positive c; 

3. I at’’ <ji(u) du exists for some positive r; 

Jo+ 

4. 0(7f) eC in (a ^ u ^ b) for some positive a; 
then 


hit) = u^ thin) du <t>it) {k 00) 

uniformly in a' ^ t ^ b', where a < a' < b' < b. 

Set 

rl+l ^eo 

hit) ~ <7,(0 = _ - <p(t)]du = I[(f) -f I"(t) + li"(t), 
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where the three integrals /» , /» , 1>” correspond respectively to the 
intenals (0, 1 — if), (1 — >f, 1 + ij), (1 + ij, «o) Here 7 is any positive 
number less than unity 

Bj Theorems 4a and the integral Jt(0 tends to zero uniformly m 
the inten al a' £ t S b' as I becomes infinite 
Set 

a(x, 0 = j j [iS(u) — ^COIu'du 

Then a(f, t) is continuous in the rcctan^e and 

con‘»equentIj has an upper bound M there But 

= aiu. l)d.fe“‘"u‘T (i > r) 

The function e'^*u*“' is increasing in {0, 1 - 7) if i is sufficiently large 
so that ne have for such values of k 

>111 

i lUt) I s - ’i)*^ p- « oil) (K -♦ .) 

That IS, It approaches zero uniformly in (a, b) as k becomes infinite 
Finally , set 

/9(*i 0 - / Mlu) - du •» \ [ (^(u) - *(f)]e"”di/ 

Ji+t » 

By V irtue of hypothesis 2 it la clear that 0(x, 1) has an upper bound If' 
in the region l + 7 S-r<®®,<iSt^b Hence 

i:"w - - r ««. ') x*! «■ > 

»i ^1*1 

For any I m (a, 6) the function in brackets is a decreasmg function of i< 
in (1 + 7 «) provided i 13 so large that 


Then 

1 >;"(!) 1 £ + ,)• S ~ .V'e (1 + »)'. 

80 that /* (f) also tends to zero uniformly in (a, b) as i becomes infinite 
It follow s that the same must be true of /»(!) in the inten al a' ^ ^ b', 
and our theorem is proved 
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We \^■ish to treat next the case in which 4>(t) is continuous in 0 ^ 
t < 00 and tends to a limit as t becomes infinite. In this case the corre- 
sponding Laplace integral is absolutely convergent. This fact simplifies 
our discussions considerably. We can also avoid completelj" the use of 
Theorems 4a and 46 if we emplo3’' the following preliminarj’’ result. 

Lemma 5. If 4>{t) is continuous inQ ^ t < <x> and approaches a limit 
as t becomes infinite, then to an arbitrary positive -e there corresponds a 
number t] such that 

I <t>(tx) - m 1 < £ 

for 0 ^ t < oo,0<l — 

With 6 given we first determine R such that 

(1) I m - 4>{t") I < £ {f, t" ^ R). 

We next determine S so that 

(2) (,#,(0 -<^>(01 < « (U'-r|<5) 


for any pair of numbers t' and f" in 0 ^ i ^ 3R. We consider the range 
of t in two parts, (0, 2R) and (2R, «). For any v < 1/2 and t in the 
second interval, {2R, co), we have for— — both tx R 

and t R, so that (1) is applicable. If t is in (0, 2R) then tx and t 
are both in (0, 3/2) where (2) is applicable, and if we now choose ?; < 1/2 
and 7? < 5/ (2/2), we have 

1 2x - 2 [ g 2/277 < 6 (I a; _ 1 I ^ 

and (2) gives 

I - Ht) I < E. 

This completes the proof of the lemma. 

Theorem 56. If (j){t) is continuous for 0 g 2 < oo and approaches a 
limit as 2 becomes infinite, then 

liiOT'hl 

uniformly inO ^ t < « . 

For, given e we determine 77 as indicated in the lemma, and for this 
^oice of 77 we define the integrals l[(t), l"{t), l'"{t) as in the proof of 
1 lieorem 5a. Then for 0 ^ t <i °o have • 
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Also 

ii»+i .i-d 

e-'-u'du-oll) 

|/i"» I S 23/^' - o(I) (k «) 

where 

3/= ub !«{<)} 

•s«s- 

The last three inequalities are clearly sufficient to prove the unifona 
convergence desired 


6 The Znversion Operator for the Laplace-Lebesgue Integral 


We now define the following operator, which will serve to invert the 
Laplace integral 

DErRonov 6 An operator L* u defined hy the equation 






for any real potilive number t and any positive integer k 

If the operator la to be applicable to s function f(x) for a given k 
and t, the function must possess a deni atne of order il m a neighborhood 
of ar “ k/t Actually ne shall be appliTng the operator only to func* 
tionh which have dcmatives of all orders for all x suSlaently large 
As an example, take /(i) ** i"' Then 

u a/(x)i = 1 

for all positive t and all positive mtegeis k 
Theokem 6a Jf ^(u) cLinOSu^/f/or every positne R, and if 
the integral 

(1) fix) « e'*''^(u)dM 

conierges for tome x, then 

(2) hiBL*.[/(x)l =.«({) 


for all positive t in the Lebetgue set for ^{u) 
■poT, Simple compotation giv« 
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We have now only to apply Theorem 3c to this integral to obtain the 
desired result. The number r of that theorem may be taken as zero 
here and c any number greater than the abscissa of convergence of (1). 
The Lebesgue set for <^(m) is the set of numbers for which 

[ I (p(u) — 4)(to) \du = o(| f — < 0 1) (.t — > to). 

'>‘0 

For such numbers to hypothesis 4. of Theorem 3c is satisfied. 
Corollary 6a. 1. Equation (2) holds for almost all 'positive t. 
Corollary 6a. 2. Equation (2) holds at points t where ^(w) is con- 
tinuous. 

Corollary 6a.3. At a point t > 0 in a neighborhood of which 
is of hounded variation 

^—*00 ^ 

We shall have occasion to use the following result.* 

Theorem 66. If dc(u) is a normalized function of hounded variation 
in 0 ^ M ^ jR for ever'y positive R and if the integral 

fix) = f e-^'‘aiu)du 
Jo 

converges absolutely for some x, then 


lim ^ = ait) 

A.— *00 fC . 

{t > 0) 

Xi. — ik df)ft 


0 ^ ^ 1 

li 


Observe that the result is evident from Corollarj'- 6a.3 if 0^ = 0 for 
all k. We prove first that 

(3) limfl + = 1. 

\ k/ 

By use of the inequality 

1 - ^ log X ^ a: - 1 (0 < x < oo), 

we have 

* Compare E. L. Post [1930] and H. Pollard [1940]. 
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The re«ult no^\ follows immediatelv bj allowing k to become infinite 
Meha%e ‘»ecn that 


Set 


B> (3) 


i»+l fm 

- V J. ' 

/. - f'e •u‘,zmdu 


so that it will be sufficient to «hou (hat 

U (/Wl - 1. - '■"‘tl - 

approaches zero with 1 /i For tlien /* will ha\ e the same limit as that 
ascribed to / k bv Corollarj Ca J But 

11 "M S II - e' "I (0Su<») 
«o that we need onU show 

lim ^ j t *’i<* I {1 — e* *)a((u) | dn = 0 

Since the function | (1 ~ r‘ *)a(fM) lani hes at u = 1 we haie our 
remit bi an application of Theorem 3c 

7 The Inversion Operator for the Laplace-Sbeltjes Integral 
Bj u«o of the operator tj [J{x)\ defined in the preiious section we 
can also iniert the Laplaco^lieUjes integral 
"RfEOREM 7a If «((} IS a normalized function of bounded t-analion 
in 0 S t ^ li for aer^ positirt R and if the irtfeprof 

(1) /W - 'VoCO 

conifrpes far some x then 

hm jf i, - .(I) - o(0+) 

in the prei lous secticm we ba\e for (X/w) > a, 

U .1/Wi = p(t)"' 
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Since a{i) is normalized, q:( 0) = 0, and integration by parts gives 

-lid)"'!" 

for (k/u) > cTc and u > 0. 63’^ Euler’s theorem on homogeneous 
functions 


Hence 


d7j\_ J du L J ' 


This integral converges uniform^ in 303”^ interval r ^ u ^ t, where 
r is 333"^ positive number and k > act. This is seen b3’’ use of the relation 


oi(y) = (c > o-c , c > 0 , y — > 00). 

Integrating under the integral sign gives 

/' w/(x)i<h. - •g r e-‘-"Py - g r e— < iy. 

Jr A:! 7/ r kl Jo y n 

Letting r approach zero, 


(2) f L,Af(x)] du = f ^ ^ dy - a(0+). 

•'0+ O' I *'0 y V 

To prove this it is enough to show that 

tA+I -f pco 

(3) [a(y) - a(0+)}e-’^’"'y^-^dy = 0. 

r-*o+ k! r'‘ Jo 


But if t is an arbitrar3^ positive number we can determine 5 so small 
that 1 a(y) — a(0+) j < e when 0 ^ y ^ 5. Then 


k\ r*- 



- a(0+)]e-’'*'^y^-^dy 


< e 


Also 


(0 < r < 00). 


jM-l j ^eo 

~ a(0+)]e~^^^’'y''~^dy 


cr)/r -00 

^ 1 «(2/) - a(0+) I e~^''7f~^dy, 
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•where c > ff, , c > 0 and tr <k The nght-hand side approaches sere 
with r 60 that 

f"!“W -"CO+)|e-’‘"»*"Vff| S , 

1 fcl T* I 

from which (3) follows at once 

Now let K become infinite in (2) and apply Corollary 3c 1 to the 
Ti^t hand inlegr&\ iaVmg a(x)/i equal to the function of the 
corollarj Since the integrals 

f e'™ du f a(u)du 

A ti A*. 

exist the hypotheses of the corollary are satisfied 
It remains to show that 

Thu will be true if 

(4) /’ irW '«*■'<(»< » (i-1,2 1 

for some positive R But if * > e i > 0 

/">W - « J%-"(-()*o(l)* - „(l)(-l)‘e- 

+ 1 /'«•"(-()— aWrfI + 

the integrals coD\ erging absolulel} Hence bj Fubim s theorem 
/*l*|■.(l)|<il£’«— u'du+|a(l)l 
+ kf^&-'\ „(1) I dt 

+ ^ J e~"'u* ‘dit (R > c R>0) 

il the iterated integrals on the R^t exist But 
c‘''u*"‘du = e "P*(l/0, 
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where Pkix) is a polj^nomial of degree k. Hence 

r 1 I du ^ f | a(0 1 t*=Pjt+i(lA) dt 

Jg •’1 

+ 1 a(l) 1 e-Vi(l) + k e'^‘ \ cc{t) \ r^PkH/D dt 
+ f e-^‘f‘Pi(lA)|d«(0|- 

Jo 

If P > c one sees by inspection that the integrals on the right exist, so 
that (4) is established. This completes the proof of the theorem. 

In addition to Pi,([/(a:)] it is sometimes useful to introduce a further 
operator. 

Definition 7. An operator <Si.<[/(x)] is defined by the equation 
Sh,tt/(x)] = /( ) -b (-1)^-"’- r du (fc = 1, 2, . . . ). 

J /;/ 1 I 

We shall be applj^ing this operator onlj’- to functions f(x) which have 
derivatives of all orders for large x and for which /(“) exists. For 
example, if /(x) = e~* we have 

(5) = i r e-^x^u. 

k\ hit 

We shall show that N;fe.([/(x)] also tends to q!(<) as k becomes infinite 
under the conditions of Theorem 7c. Thus in particular 

lim SK.t[e~^] = 1 (1 < 0 

k-^90 

= i (l=t) 

= 0 (0 < i < 1). 

This could easilj’^ be shown directly* by use of the integral (5). We 
now prove: 

Theorem 7b. If /(x) has derivatives of all orders m 0 ^ c ^ x < co 
and if the integrals 

® f xiY'^%i)du (k = 0,1,2, ...) 

Jc 

converge, then 

L>..t[K^)/x] = -Si.,[/(x)] {k> tc]k = 1,2, .. .). 

* Compare D. V. Widder [1934a] p. 114. 
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For, we have bj integration by parts for anj R x 


Since these two integrals tend to luaits as R becomes infinite the same 
IS true of fn particular if i — 0 we see that/(oo) evists 

That 13, we have 

J(x) - /(-) = 0 ( 1 } 

/^Hx) = 0(x-'^} = .. ) 

By Theorem 4 4 of Chapter V, 

(I-. «,A: ^ 1,2,...) 

Hence from (7) we have when x is greater than c 

»-« y 

Finally, setting x ■> k/t our result is established 
CoaQi.LA.BY 7b Conditions (6) may be reptaced iiy fA< condition tftaf 
the foUcncing Itmtis exist 

(8) lim x‘/*'(i) (k = 0, 1, 2, . ) 


For, the existence of these lunits shows first that 

/Vwdu 

converges Then by use of the equation 

j' u‘ f “*"(«) du - 

and by induction we see that all the mtegrab (6) converge 
Theorem 7c lff{x} ts defined as tn Theorem 7a, then 

l™S.Mr)l = r.(l) (0 <!<■») 
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If X is sufBciently large, 



df. 


Since /(«>) = a(0+) and 

lim f^''\x)x'' == 0 

r-*3C 

Corollarj’ 75 is applicable and 

-Sx..[/(x)] = UMi^yx]. 

B}' Corollary 60^3 

lim Lji.([/(x)/ 3:] = a{t) 


(k = 1 , 2 , ...), 


{t > 0), 


so that the theorem is established. 

We can now obtain an inversion formula of a somewhat different 
nature.* 

Theorem 7d. If fix) is defined as in Theorem 7a, then 

(9) lim 'i: = aW (0 < f < «). 

x-*« ns=0 'ftl 

Here [.rf] means the largest integer contained in xt. Note that the 
summation is the partial sum of the Ta3-lor development of fiy) about 
the point y = x evaluated at y = 0. 

Clearly, for x sufficiently large 

Fix) = f e-^‘ait)dt 

X Jo 

the integral converging absolutel3^ B3' Leibniz’s rule 

(10) F'"'(x)x"-‘ = E f”\x). 

k\ n=0 ?i! 


But equation (9) may clearl3’- be witten as 

lim i: = a(f), 

n=0 72 ; 

where 


Xk = ik dfj/t 

(fc = l,2, ...). 

* Conip.'ire M J Diibourdieu [1939] and W’ Feller [1939] Note that both 
authors make the unnecessary restnction that the deteimming function is non- 
decreasing. See H Pollard [1940] 
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By (10) we have only to show that 

Im - o(l) (0 < 1< ») 

But this IS true bv Theorem 6h 

8 Laplace Method for a New Integral 
In Section 2 we obtained an a^miptotic evaluation of the integral 

J 

for large A Vie assumed that A(i) had a flat maximum at x = o and 
that ^(a) 7^ 0 In this section we consider the case in which ^(x) has a 
certain type of aero at x » a 
TMeohem 8a 7/ 

1 Q<a + ’j<f», 

2 h(x) tC* (a S X S a + v) A'(a) » 0 A"(o) < 0, A(x) « nm 
tnereasing tn (a g x £ b), 

3 d(x) e L (a S X g A), ^(a) 0, d(<t+) txuU ond eqtjalt d(a)i 

lAen 

It IS clearly no restncUon to assume «<«) > 0 Given an erbittary 
positive number « less than ^(a) and less than — A"(a), we determine S 
so email that 

(1) 0 < «(o) - « < ^{z) < *(o> + * 

(2) A"(a) - € < A"(x) < A"(o) + t < 0 
for all X ui (a g X g o + 3) Set 

I. - j’ di 

and write this integral as the sura of two integrals 7» and 7* corre- 
•spending U> the intervals (o o + 6) and (o + A b) respectively Then 

I S f‘ |#(i)|(i _a)it 

•>•+1 

Since A(o + i) — A{a) < 0 it is clear that 

(3) I.' - 0(a*) (i - ») 
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where a is a number between zero and unit 3 ^ B}”- use of (1) and (2) 
we have 

J f»o4’5 

- a) da; < li 

a 

/•a+5 

< [<t>(a) + e] I - a) dx 


where a < f < a + 5. Using (2) we only strengthen these inequalities 
by replacing h"(^) by h''(a) + e on the right, b}"- h"(a) — eon the left. 
The resulting integrals maj'' easily be evaluated, Virhence 


[0(a) - - 11 ^ r' ^ ['#>W - 1] 

kl/i"(a) - 6] ^ ' A;[/i"(a) + e] 


0(o) — e 
-h''{a) + £ 


^ lim kl[ ^ lim kl[ 

K—*oo K—*co 


< 


0(a) + e 
h''(a) + e' 


By (3) 


lim kin = lim k![ 

A-*« A~*eo 

l im kin = lim kl[. 

A,-*oo /l-*« 

Since e was arbitrary we see that 


lim kin 


0(c) 

h''(a)’ 


and this proves our theorem. 

Theorem 8h. If 

1. a < h — T) < b; 

2. h{z) eC' {b — rj ^ x ^ b), h'(b) = 0, h"(b) < 0, h(x) is non- 
decreasing {a ^ x ^b); 

3. 0 (x) eL (a ^ z ^ b), 0 ( 6 ) 5 ^ 0 , 0(6—) exists and equals 0(6); 
then 


(4) £ 

The proof is obtained by appljdng Theorem 8a to the integral (4) 
after a change of variable x = —t. 

As an example of Theorem 8a take the integral 

^”e-"“n"-V-l]dw. 


(5) 
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This has the value e"Vi. ^ o“® bj differentiating the equation 
e“* I y e~*'du 

L times and setting x = I Here 4k(u) = ti“*, hiu) = ~u + Jog « 
Then by Theorem 8a the integral (5) should be asjmptotic to e~^/l as f. 
becomes infinite, and this is checked bj the computed value of the 
mtegral In a similar a aj the equation 

— e”* ^ ^ j e”*”***”*!** ■“ lldii 

senes to check Tlieorem 8h 

9 The Jump Operator 

\\ e non define an operator similar to i-» ahich sen es to com- 
pute the saltus of the determining function at a point of discontinuity 
in terms of the generating function 
DtnvrnoN 9 An operator I» i» dr/ined 6y iht equotum 

l.,I/(»)l - (-|)V"(;) a - 1, 2, ....OO) 

I^EonEif 9 If 

(1) /(I)- 

the integral coni’crginy far wme wlue o/ z, Iftcn 

lun/U/(j)! = «(/-(-) -«((-) (t>0) 

If t is a fixed positn e number, and if il is so large that k/l hes m the 
region of convergence of (1), then 

[kil/(i)! = ^0 y da(u) 

" "0 C' “ jj-M* 

Making the change of variable u = iy, this becomes 

(2) jf (1 - 9)s‘“'<iS 

Let ij be a positive number less than unitv Wnte (2) as the sum of 
four integrals, /i , /t , 7* , 7* corresponding to the mterv als ( 0 , 1 — *f)» 
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(1 - V, 1), (1) 1 + v), (1 + ’?>“), respectivel 3 ^ By Theorems 8a and 
8& vre have 

1 2 ~ cc(t — ) 

1 3 ~ a(i+) {k “). 


For 1 1 we have 

111! g - v)f~' f ” e~‘'\a(ti/) 1 (1 - y) dy, 

Jo 

» 

and since e’Cl — t?) < I the right-hand side approaches zero with 1/k. 
Since the integral (2) converges absolutely for large k, say ior k h , 
we have 

i I ^ ke%-^-\l + f i a(iy) | (y - l)y'°-'dy, 

Jl+n 

and since e'^Cl -}- 77) < 1, the right-hand side approaches zero with 1 /k. 
This completes the proof of the theorem. 

As a simple example take 

6"*= re"*‘da(0 

Jo 

a(t) =0 (0 ^ t < 1) 

= 1 (!<«<«>) 

Then 

^ (;)‘ e-‘". 

This is equal to unity for all k when i = 1. For any other positive t it 
tends to zero vdth l/k. This checks vdth the fact that a{t) is con- 
tinuous except at t = 1 where the saltus is unity. 


10. The Variation of the Determining Function 

In this section we obtain a formula which gives the variation of the 
determining function a{t) in any interval (0, R) in terms of the gen- 
erating function /(s). 

Theorem 10. If «(<) is a normalized function of hounded variation in 
every finite interval, if 

fix) = f e-^‘da(t), 

Jo 


( 1 ) 
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the tnlegral converging for eome x, and if V(t) ts (he lartaiion of «(x) m 
iht tnlerval 0 g x g (, (hen 

no = lun/jl...l/(»)ll<i» + l/(")l 

Let S and H be any tuo positive numbefs K > S Set 
fi(x) = e~’‘da(0 

ft(x) = e'^'dtx(i) 

Then 

(2) j* I L* idtsf‘\l* mx)] I dt + j‘ I U .I/i(x)l I d/ 

Simple computation gi\es 

f‘\L, \dtsf‘L,,^f’ e-" d V(u)] * 

By Tbeorem 7a the nghuh&od aide of this e(]uaht> tends to 
V(R) - V(0+) as k becomes infinite, eo that 

(3) fiiii jT it.tt(x)l|dl S V'(«) - V(0+) 

On the other hand we can shon that 

U) Im/^'l&J/iWIIdi-O 

For, as m Section 7, ne have 

AI Jm y L «*J 

IfOSuSff<5gj/ then the function e“**'*(y/a)* is an increasing 
function of w, so that 

s /■ W«) - 

/*• l.H-1 •• ... 

iL».{/,{i))}du g -p- l«(y) - a(S)ljrV‘’''''y R dg 
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Now bj’’ Corollary 3c. 1 the right-hand side of the latter inequality tends- 
to zero as k becomes infinite. Hence equation (4) is proved. 

Combining (2), (3), and (4) we have 


(5) 


lim r ^ V(R) - 7(0+). 

r— « Jo 


Now set 

By Theorem 7a 

If 

then 



jbr.„[/(x)] du 


lim aji(i) = a(0 — a(0-]-) 

A.— ♦« 

0 — fo ^ ••• tn ~ Rj 


(0 ^ i < oo). 

(0 < t< «>). 


X I'akiU+i) - akiU) i ^ f I BA.«[/(a:)] 1 du. 

,=o Jo 

Letting k become infinite this inequality becomes 

1 aih) — a(O-t-) 1 + 2 I ct{U+i) — aiU) 1 ^ hm /" ] I/i,u[/(x)] | du. 

1=1 Jo 


The left-hand side can be brought as close to V(R) — 7(0-f ) as desired 
by suitable choice of position and number of the points t, , whereas the 
right-hand side is independent of this choice. Hence 


V{R) - Vi0+) g Km 


r iL,jf(x)i 

Jo 


! du. 


This combined -nuth (5) gives 


V(R) - V(0+) = lim r |Li.J/(x)]|du. 

00 Jo 


But 


7(04-) = |aC0-!-)| = !/(«)!, 

so that the theorem is established. 

Corollary 10. // 7(oo) < °o^ then 

7( CO ) = lim f 1 LA.„[/(a:)] j + | /( « ) | 

Jt-^00 *'0 
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For, suppose first that/(«) = a(0+) = 0 Since 

J/Ml I <(« S j(' I ii J/Wl I du 

ha^e bj Theorem 10 

W ■ 

V(»>SIy5j. 

On the other hand 

|t..[/Wl|i(« S j'‘ W “ 

(7) S H») 

so that the result is proved bj combining (6) and (7) 

If a(0+) p* 0 we apph the result ^ust established to the function 
/(*) “ /(*) who'j; cionnatitcd determining function will have total 
variation equal (o that of ofO decreased bv {/( « ) I On the other hand 

i,*,[/(j)|-L..r/(x) -/(«)] (i = 12 ) 

so that 

1("=) - l/(«)l - UWlliil 

and the corolhri is prov cd 

11 A General Representation Theorem 

Since 

Iim Lt L/tx)I = 0 (t) 

wlicn/{i) IS the generating function of^{() and when <^(0 eati ties suit 
able conditions we would have formally that 

(1) c ^'Li l/(*)ldt = J e =/(i) 

This would give us a representation of/(x) in terms of the L-operator 
operating on /(x) Thus wi the end result Uie determining function <#(0 
does not appear Me shall obtain conditions on /(i) alone for the 
validitj of (1) Tliesc conditions except for contmuit} requirements 
will depend onlj on the behavior of /(x) at z = 0 and at i = « and 
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will not require that/(a;) should be a generating function. AVe need the 
following preliminary result. 

Lemma 11. If k is a posiiive integer and x and u are positive variables ^ 
then 


For, since e ""'“(w/.t)*’ ^ is homogeneous of order zero, w^e have by- 
Euler’s theorem 



from w’hich the result is evident. 

Theorem 11a. If for each non-negative integer k and for some positive 
number c 

1. f''\u) = o(u~'-) {u °o); 

2. f^\u) = 0 ( 0 ^'“) {u 0+); 
then 


lim / e~^‘ Lu[f(x)]dt = /(x) (0 < x < oo), 

A.— *00 *' 04 * 


Let X be any fixed number greater than zero. It is understood, of 
course, that the hypotheses 1. and 2. imply that/(x) is continuous with 
all its derivatives in 0 < x < w . Choose k so large that xk > c. Set 

h = = i (^k/t)dL 

*' 04 - hfi 

It will be seen in the course of the argument that this integral exists. 
By a change of variable it becomes 


(k- 1)\ Jo+ ^ 


Integrating bj’- parts. 


Jt — 1 j«5 

(-1)^ ^ r r(r-i)/ d , 
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The mtograted part \s cleatlj zero by 1 and 2 Again integrating by 
parts 


(- 1 )*' 

■ (i- !)!• 


/'-Mile 




Except for constant factors the integrated part is 

'’(■■lUl - Iju*-" + in,*"). 


and by 1 and 2 this approaches zero when u becomes infinite and 
when u approaches zero Continuing this process ne obtain 

By Lemma U 

It IS clear by hypothe«cs 1 and 2 that this integral exists In fact it 
conterges absolutely so that the loirer limit 0+ could be replaced by 0 
It follows that all the previous integrals also exist By another change 
of variable 


Now apply Theorem 3c to this integral, taking the function 4>{x) of that 
theorem equal to The number r of Theorem 3c mav be taken 

equal to unity, the number c of that theorem, any number greater thsn 
the number c of Theorem 11a Condition 4 of Theorem 3c is 'sati'fied 
since is continuous m (0 < i < «) Hence 

liin It = Kz), 

and our result is established 

CoRoi-iARY 11a Tht result the theorem hoWs i/ hypot/iesi* 2 vs 
replaced hy 

3 /*’(«)- OCn'"’) (u-O+J 

where g{k) is any real funclim ofk 
For, it 13 clear that hypothe^ 3 impbes hyqwthesis 2 for any posi 
tive c 
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The sufficient conditions 1. and 2. for the validity of Theorem llo 
may be replaced by others which will prove useful. 

Theorem 115. If for each positive integer k 

f Lulf(^)ldt = 0(x) (x-^ co), 

Jo h 

ihe>if(m) exists and 

lim f e~''‘L/i,,[f(^)]dt = f(x) — /(») (0 < a: < <»). 

k—^co Jo+ 

For, the hypothesis is equivalent to 

(2) f dt = 0(x) (a; ^ 00 ; A; = 1, 2, . . . ). 

Jl/x 

We saw in the proof of Theorem 7b that the existence of these integrals 
implies the existence of /(oo) and that 

[/W - fi^)f^ = o(a;~^) (a: oo ; * = 0, 1, 2, . . .)• 

Hence hypothesis 1. of Theorem 11c is applicable to the function 

/(t) - /(oo). 

Integration bj" pai'ts gives 

( 3 ) f f+^\t)t^dt = - k r f’'\t)rUt, 

and, since these two integrals are 0{x) as x becomes infinite by (2), 
we have 


/'‘’Q = 0 (a;^^^) (x-oo) 

(■i) /‘"(x) = 0(x-^*) (x -> 0+, fc = 1, 2, . . . ). 

In particular, li k = Q, equation (3) becomes 

no df = /( CO ) - /Q = o{x) (x -> 00 ), 

whence 

(x-^0+), 

so that (4) also holds when k = Q. Consequently we may apply Corol- 
lary lia to the function /(x) — /(oo). Since 


n,i{f{^) - /(“)] = Li.([/(x)] (fc = 1, 2, . . .), 
our theorem is established. 



30G 


INVEUSION or LAPLACE TRANSFOKM [Ch \1I 


12. Detennlning Fonctton of Bounded Vanation 
We now discus.^ the question of what functions can be expressed 
as Laplace integrals, the determining function being of some prescribed 
chss In the present Motion we shall obtain necessary and sufficient 
conditions that 

/(x) = jP e''"tfQ(0, 

for all positive x, the function or(0 being of bounded vanation m (0, ») 
We introduce the conditions in the form of a definition 
Defivitiov 12 A /unction /(x) salisjies Conditions A tf it has 
dmialms oj all orders in 0 < i < and tf there exists a constant M 
such that 

(1) I' II., t/(x)ii* - jTirwijx^^r, (1-1.2. •) 

As an example take /(i) * e“' Then 

and this integral has thetalue unity regardless of K Hence e"* satisfies 
Conditions A 

Tueoiiesi 12(1 Conditions A are necessary and siij^ctenl that 

(2) /(x) = j["x-'da(() (i>0) 


where o(t) is of hounded rarmtion in (0 g t < w) 

First, let U9 suppose /(r) has the representation (2) and prove (I) 
We hav o 




Bj Theorem 15c of Cliapter I, may reverse the order of integration 
in the iterated integral and obtain 




-|"lrf«(0| = 


M 


This number is finite since o(t) was assumed of bounded variation on 
the infinite interval (0 g f < «>) Hence (1) is established 
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Conversel}’, assume that /(x) satisfies Conditions A. These condi- 
tions clearly imply the hj'potheses of Theorem 116, so that 

(3) lim r e-^‘Lu[f{x)] dt = f{x) - fi^c) (0 < x < « ). 

•'0 + 


Since c“‘' is bounded, it is clear from (1) that the integrals (3) converge 
absolutely, so that the 0-f of the lower limit of integration maj" be 
replaced by 0. 

Set 


ai{l) = [ Li.„[/(x)]d!i 
Jo 


(0 ^ t < oo). 


The total variation of at(f) on 0 ^ t is less than M by (1) for each 
A- = 1, 2, • • • . Hence the sequence is of uniformlj^ bounded variation, 
and we maj' employ Helh'’s theorem, Theorem 16.3 of Chapter I. 
Hence we can find a sequence of integers Ui , «: , • • • , and a function 
a(i) of bounded variation on (0 g f < «>) such that 

lim an,(l) = a(t) (0 ^ t < 00 ). 

I—* CO 

Hence 

lim [ e~^‘L„„,[f(x)]dl = f(x) -/(oo), 


lim / c~^‘dan,(0 = fix) — /(oo). 

t“*co •'0 

By (1), integration bj" parts is possible for x > 0 and 
lim X f e~^‘ a„,(t) dt = fix) — fi^). 

t-»co •'0 

Since 

1 «n.(0 \ < M (0 g < < 00, f = 1, 2, . . .), 
"e may apply Lebesgue’s limit theoi'em and obtain 

(•1) fix) -/(co) = X [ e~^‘ait)dt = f e^‘dait) (0 g x < oo). 

If now we redefine ex{t) so as to increase its value b\" /( oo) for everj’ 
t > 0, keeping its value zero at f = 0, the term/(oo) on the left-hand 
side of (4) disappears, and our theorem is established. 
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Theorem 12i' ///(z) tatisfies Condilwna A, then the limit 

exiits 

For, by Theorem 12a, /(z) has the representation (2) with 

jT IMDI < ” 

By Corollary 10 

This result is easily \enfied for the function f(x) — e** gi\ea aboie 


13 Modified Conditioos for Detennimog Funeboos of Bounded 
Vanshoa 

We now introduce conditions which are equivalent to Conditions A 
but which involve a summation instead of an integral * 

DBnvmov 13 A/uneltonf(x)$<itisjUiConditionsA'tfithasderu'a 
luea of all orders in (0 < * < «e) and tf there (xttU o eonslanl V' such 
that 

(1) g lA*) , J-* < jr (0 < » < ») 

Aa an example take /(i) *» « * when the senes (1) becomes 


Hence e*^ eatisfies Conditions A' 

Tiieoreii 13 Condtiions -1 owf A’ are e^uiialcTit 
t\e prove first that A’ implies A Let (1) hold, and let n be an 
arbitrary positive constant Then we can show that /(z) is analytic 
for X > 0 and continuous for 0 g z < w if /(O) is defined as /(0+) 
For, by Taylors expansion with remainder we have 

/W “ (0<a:<£<“> 

By(l) 

'A"WI < ’-ffiiil' 


See D V Widdei {19361 P M* 
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so that 




(x - a)* 


K (i + D! 

If a/2 < a: ^ a, this gives 




/“™(« fed < c-v^r = 


Hence the series 


tr'M 


converges to/(a:) for a/2 < i ^ a. Since a is arbitrarj’-/(a:) is analytic 
in (0 < a: < »). By Abel’s theorem one sees that 


no) - 1 w 

A«o A;! 


(a > 0). 


The series converges bj'’ (1), so that /(a:) is continuous in (0 ^ a: < «>). 
Computing the successive derivatives of f(x), we have 


so that 


n -0 n! 


i/‘“» I s I; I ‘-5^", 


(0 < M ^ O). 


and if 0 < 6 < a, we obtain 

/V“™w I fi ,i» a E /• (a - .)V.„ 

The inequality is strengthened if e is replaced by zero on the right- 
hand side, and the series continues to converge since it becomes 

n=A+i n! 

and this converges by (1). Hence for each a > 0 

{ F! I I (^ = 0,1,2,...) 

from which it is evident that f(x) satisfies Conditions A. 

Conversely, suppose /(a:) satisfies Conditions A. Then the hjqjothe- 
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ECS of Theorem 116 are satisScd In the proof of that theorem we 
showed that /( ») exists and that 

I/W -/(»)] *’-«(*’) 0,1,2, ) 

But this IS sufficient to guarantee that 

/(a) -/(»)«(-!)"' »-0I,2 ,o>0) 

Appbing this formula to /*' (i) for an arbitrary positive integer p we 
have 

/'(«)- ,i) 

Consequently 

(p = .,2 ,« 

and 

t I’ I/" (a) I S {' f, + l/(») I 

< W + !/(«)! 

by Conditions A Since the right hand side is independent of k we 
have 

s w + i;(«=)i 

and this is precisely (I) mth ill' = V + !/(») ( 

14 Hetemuamg Function Non-decreasing 
e now discuss conditions on the generating function which wiU m 
sure that the detemiinnig function should be non-decreasing AA e have, 
seen earher. Theorem 12a of Chapter I\ that for this it is nece«sar} 
and sufficient that /(*) should be completely monotomc AA c here ob- 
tain a new proof bv use of Theorem 12a 
TiiEonEii 14a d necfssary and sw^eient condition that fix) can 6* 
expressed in the form 

(11 Ax) = ^ e-dx{l) (0 5 1 ■: ”) 

where a(t) u non-decreastng and bounded tn (0 g < < «), ts thatfix) 
should be eompleUly monotome »fi (0 S x < ®) 
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If f{x) has the form (1), then clearly 

(-l)V'^’(a:) = [ (x > 0; k = 0, 1, 2, • • •), 

Jo 

and 

/(0+) - f dad) < 

Jo 

so that/(a:) is completely monotonic in (0 ^ a; < <»). 

Conversely, if f(x) is completely monotonic in (0 ^ x < oo), then 
fix) is analytic for (0 < x < «>) by Theorem 3a of Chapter IV. For 
anj”^ positive number a 

(2) fix) = f:f^\a) (0 < X < 2a). 

K=o kl 

Since each term of the series is positive when x < a, we have 

/W(a) ^ fix) ^ fi0+) (0 < X < a). 

Allowing X to approach zero this becomes 

/‘"(a) ^ fi0+) (0 < a < <«). 

Hence 

f''\x) = 0(x“*') (x — > 00 , x — > O-f; A: = 0, 1, 2, . ■ 

Since /(co) and /(O-h) both exist under the conditions assumed, we 
have by Theorem 4.4 of Chapter V 

/''■’(x) = o(x~*') (x — > 00 , a: — > 0-f; k = 1,2, .). 

Hence 

j[ \LL.i[fix)]\dt = (-1)' j[ /"(O 1 )!^^ -/(0+) 

as one sees by successive integration by parts. Hence Conditions A 
are satisfied by/(x). 

Alternatively, we could show that Conditions A' are satisfied. Equa- 
tion (2) shows that 

® /(o-h) = f: (-i)y"(a)^", 

it=0 K\ 

the series converging. For, since the coefficients i-lff'da) of the 
senes (2) are all non-negative, it is clear that the divergence of (3) would 
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implj /(0-h) = “ contrary to a^mption But (3) shows at once 
th'^t J{x) satisfies Conditions A' 

Hence b\ Tliconm 12a or Theorem 13 we ha\c equation (1) with 
q( 0 of boundctl ^anatlon m (0 \\c mav assume n(t) nonnalizcd 

Bj Theorem 7a or Theorem 7c ece «eo that <i{t) is the limit of a sequence 
of iion-decrcasuig function* and is con*<ciuentK non-<lecrcasing Fi 
nalU we note that «(<) mu't be bounded For othcrwx'C we «liould 
haie 

/#)+) - j[" <(»(() - • 

contrars to hipothe'is This completes the proof of the theorem 
As sn oTample take J{i) = e * It is completeli monotonic for all 
X and has the representation (1) with a(l) zero for t < 1 and unit^ for 
t g 1 The iheorcni docs not appl> for example to the function 
/(i) «* I ‘ which 13 completclj monotomc in fO < i < «) but not m 
{0 g I < se ) To co\cr «uch functions we have the followT,ng te«u!t 
proved m Chapter I\ aa Theorem 126 restated here for compIetcae«s 
TitEORHit A fic«s«r|^ and tufnent condition that /(i) chouH 
haie the TepreeentaHon (1) /or * > 0 leith a(J) non-drerctwin^ in 
(0 g t < «) uthalJix)ehouldlecomjdelelymonDtomein (0 <x < *) 
If/W “ * ' then (I) holds with o(/) « ( a non-dcercasing ua 
bounded function 

16 The Class L' p > 1 

Me next di«cuss the case in which the determining lunction a(f> u 
an integral of a function <»{0 of class m (0 g t < «) Me hr*t 
introduce a further definition 

DmivmoN 16 A /uncfien/(i) *oli*/f» Conditions B i/ it fias dmro 
tucs o/ afi orders in (0 < i < «) «/ it ranisftea Qt in/imty ond i/ there 
exist constants If and p (p > t) such that 

(1) j[" 'dK U « - 1 2 ) 

From the definition of the operator [/{x)) w e «ce that (1) is equii a 
lent to 

— I" / ■ (I) <11 (1-12 ) 

As an example take /<r) — <t + I) * Then 

f li. IKrtl ’Jl - 5 (S = 1 2 ) 

Jo ip + p — 1 
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aud it is clear that Conditions B are satisfied. On the other hand the 
functions /(.r) = and /(x) = do not satisfj’ Conditions B. In 
the latter case 


r 


IT fT/'. N-l IP Jj _ P 


and tliis becomes infinite with k. 

Theohem 15a. Cond 2 hons B are necessajy and sufficient that 


(2) f{x) = f c "'‘(f>(t)dt 

JO 

tv/teie belongs to V in {Q i < °°): 


{x > 0), 


(3) 


f 1 0(0 rdf < 

JO 


First assume the representation (2). Then (2) converges absolutely 
for a; > 0. For, by Holder’s inequality 

r“ r r“ 

I c-*‘!0(oidfg[| i.f.(ordfj [xqr'^ 

■v\heie a: > 0 and p“‘ + = 1- The integral on the right exists by 

the assumption (3). 

Another application of Holder’s inequality gives 

s r i. (jT I *<”> i’‘’" [i' i. (ly"'*”] 

Tliis last factor is equal to unity so that 

» f Ii..,[/(x)ir<« s rj'f 

By use of Fubini’s theoiem ve may inveit the order of integration 
the iterated integral, since the resulting integral 


|p/« 


m 


(5) 


comeiges and has the value 


( 6 ) 


[ |0(«) rdiz = Af. 

JO 
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Thus (1) IS satisfied Since 

/(«) =a hm f ^(it)du » 0 

t—o* ^ 

we see that Conditions B are satisfied by S{z) 

Con\ersely 6uppo«e Conditions B hoW Tlienbj Holder s inequalits 

1' ) 

Hence for each positive integer 

■SO that the hjpotheses of Theorem 116 arc satisfied Con«equentIj 
/(«) exists and 

l™ f I- -/(i) -/(•) (0 < i< •) 

But /(«)«» 0 by hjpothe u But by Theorem 17o of Chapter 1 
there 6X1313 a sequence |A<ir of the positive integers and a funeton 
0(0 of class Z.' in (0 S f < such that 

Iim j( « ' t. IfMIdl - jf t "tWdl 

Hence 

M - jf <’ 

and the theorem is proved 

Theoreji 156 If f(x) hat thf repretentatwn (2) Kith 0(0 hehnging 
loU in (0 S J < «) then 

lim I i, 1/Wl ’dt - |0(()1V; 

For by (4) (5) and (6) we «ee that 

jf" I i. .[«»« '<* S [ 1 5>(l) rdl 

On the other hand by Fatou s lenuna • 

• Compare Theorem l"a ol Clapter 1 for Fato i a lemma see E C Titch 
tnirsl [I93'’l p 246 
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/ lim / \LK,t[fix)]\'^dt, 

JQ Jo 

SO that the result is proved. 

16. Determining Fimction the Integral of a Boimded Function 

If we let p become infinite in Conditions B we are led to the case in 
which I/A.i[/(3;)] is bounded uniformly in t and k. As one would e.\pect 
from Theorem 15a, this case is that in which /(a;) has^the representation 
§15 (2) with uniformly bounded in (0, «>). We introduce 
Definition 16. A function f{x) satisfies Conditions C if it has deriva- 
tives of all orders in {0 < x < «>) and if there exists a constant M such 
that for {0 < X < m) 

( 1 ) 1 A,,<[/(x)] I < M (^• = 1,2,...) 

(2) I xf{x) 1 < M. 

AVe observe that inequalities (1) and (2) are equivalent to 

(3) i < Pi' (fc = 0, 1, 2, ...;0 < X < oo). 


Since for .x ^ o > 0, inequality (3) becomes 




we see that /(.t) is analytic at anj^ point of the complex plane within a 
distance a from that part of the real axis between x = a and x = + oo . 
As an example, take /(x) = (x + 1)“^. Then 

_ (fc+ 

fc! (x + 1)*^+= ’ 

and it is easily seen that the maximum value of the function on the right 
is at X = A: + 1. But 



so that (3) holds for any M greater than e 
Theorem 16a. Conditions C are necessary and sufficient that 

f(T) = r c-^‘^(t)dt, 

Jo 

where 4>(t) is bounded in (0 < / < oo). 
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For the necessity we have 

( 6 ) 

(i»0 1, ,0<i<«) 

S ub 14.(01 
«s<<« 

so that inequahtKS (3) are satisfied 

Conversely if (1) and (2) hold then /(«) ** 0 and 

Hence by Theorem lib 

fix) = hm < "Lt(I/(z)Id( (0 < X < w) 

By Theorem 17b of Chapter I inequalities (1) and (2) imply the CTist* 
ence of a eabset il I of the posittic integers and a bouodal function 
4(0 such that 

tim e "Lit J/(i)Id( ■= e'^'40)d( 

Hence 

/W . 

£0 that the theorem is proved 

Tiieoresi 166 If fix) has (he rcprcacn&itton (4) tniA 4(0 tiounded 
jn (0 < t < «o) thfn 

Ittn u b I L* 1 »= true mav 1 4(0 1 
*-« «<!<« •«<» 

For, bj Theorem l7b of Chapter I there exists m every infinite 
sequence of positive integers a subsequence (/t<|r«e such that 

hm ub (L» > trueinax‘4(t)l 

• -•.ISK* »s»<* 

for some bounded function 4 ( 1 ) For each of these sequences the func- 
tion 4(0 must be 4 (<) almost everywhere by the uniqueness theorem 
But by (5) 

hm ub lit S true max l4(t) ! 

as<<* 

so that the theorem is established 
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As an example take the function f{x) = (a; + 1 ) ‘ considered above. 
For this function 


u.b. Li.tifix)] 



and this tends to e ^ as A: becomes infinite. But for this generating 
function 0 (i) = te~‘, and the maximum value of this function is 


17. The Class L 

The developments of Section 15 are not valid when p = 1. For, 
when p = 1 Conditions B become Conditions A. For Theorem 15o 
to be valid for p = 1 the class of functions of bounded variation would 
have to be identical, by Theorem 12a, with the class of absolutelj" con- 
tinuous functions, vliich is certainly not the case. We introduce a iiev 
set of conditions in 

Definition 17. A junction f(x) saiisjies Conditions D if it has deriva- 
wes of all orders in {0 < x < =o ), vanishes at infinity, if 

[ 1 Bt,t[f(x)] 1 * < CO (fc = 1, 2, • . 

Jo 

and if 

(1) lim f I Ltjfix)] — Lj,tlf(x)] fdt = 0. 

3-*to *'0 

For example, the function f(x) = (x + 1)“^ can be shovm to satistj-- 
Conditions D. Equations (1) mean that Li,/[/(x)] converges in the 
mean (exponent unity). In discussing the class of functions satisfjdng 
these conditions we shall need the following lemma. 

Lemjia 17. If <f>{t) belongs to L in (0 ^ t < oo), then 


(2) 

g(u) = f 1 <p(tii) - 0(0 1 dt = o(l) 

Jo 

ill 1) 

(3) 

g(u) = 0(1) 

ill oo) 

(4) 

= O(ir') 

(u -> O-F) 

By a 

change of variable 



9(en=f l0(e"+") - 0(e")lc^dx. 

J-~co 


If 0(a;) 

= 0(eOe*, then 



f 1 fi(x) Idx = [ j 0(0 I d; < 00 . 
J_00 • Jo 
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Then 

|ff{c“)i ^ ^ + 1/)* ' “ *1 + — 'l'(x)\)dx 

= e )>f'{x + y) - if{x)]dx + \e~'‘ ^ l\ ^ 


The iight-hand side of tins inequality approaches lero as y approaches 
zero * so that (2) is established 
Moreover 

ItMl i + (1 + 0 j[" 

SO that (3) and (4) are also proved 
Theorem 17a Conditions D are neeestary and tuffiaent that 

(5) /W - I' «-•■«(()* 

uAere 

(8) « 


Suppose first that (5) and (6) hold Then 

Iiwl/(r)] - ^(01 £ [c •' VU{u) - 

= ^ - (fCO Idu 

Hence 


j[ iLk [/(i)! - ^(()|d( £ ^ e *“u* ^((u) -^(Oldu 


In inverting the order of integration m the iterated integral «o have 
used Fubinis theorem observing that^hc last integral certainly con 
verges for A 1 bj virtue of (3) and (4) But by Corollary 3c 1 this 
integral approaches p(l) - 0 as A becomes infinite if p{z) is defined as 
in Lemma 17 That is L» i/fz)) converges in mean to ^(t) on 

"See for example \ Wiener [1933] p H 



§17] 


THE CLASS L 


319 


0 ^ ^ < «> , so that (1) is established It is clear from (7) that each 
function Li, ([/(a:)] belongs to L on 0 ^ f < «>. Finally, equation (5) 
implies that 

/( 00 ) = lim f <j>{u) du = 0. 

f -* 0 + •'0 

Conversely, if Conditions D hold, the general theorj^ of mean con- 
vergence shows the existence of a function <i>(t) of class L in (0 ^ i < «>) 
such that 

lim [ 1 Li,,[/(rc)] — </>(0 \dt = 0 
*'0 

and 

(8) Ijm [ I Li.,[/(x)] jdi = f 1 ^(0 | di. 

l Jo Jo 


This latter equation implies the existence of an integer ko such that 

f I Li.,[/(x)] 1 d? ^ l-f- f 1 0(0 I A = il/ (k^ ko) 
Jo Jo 


Hence it is clear that/(x) satisfies Conditions A, and, bj^ Theorem 12a, 
that 

fix) = f e-^‘da(i), 

Jo 

vheie a(t) is a normalized function of bounded variation in (0, «). 
But a(0 must be an integral. For, by Theorem 7a 

lim f LA.u[/(a:)] du = a(t) - a(O-l-) = ait). 


Clearly a(O-l-) is zero since /(«>) = 0 by hypothesis. Since La.,[/(x)] 
converges in mean to 0(0 we have 



La.«[/(x)] du 


Hence 



(0 ^ f < 00 ). 


fix) = f c-"‘0(Od^, 

•'0 

and the proof is complete. 
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TllEOBEXt 176 If 

/(i) = e'"^(0 dt 

^ l^(l)\di < ®, 

then 

Imf l*»l* 

This follows from Theorem 126 In the present case/(a>) = 0 and 
the total ^ anation of the function 

a{z) ~ 

IS the ngtiti'hand side of (8) One could also obt&m the result from 
the general theotj ol mean conNcrgcnce 
Theorem 17e // /(*) #afis>f<9 condihons D, ond \f 

then 

(9) l^n « tfCt) 

for almott oH postltu values of t 

For b) Theorem 17o fix) must ha\e the representation (o) (G) 
Hence (9) follows bj Corollary Oa 1 and the uniqueness theorem 

18 The Geueral Laplace-Sheltjes Integral 

To discuss the general LapJace^tieltjes integral w e need the foIJoimg 
preliminary result 

THEOREii 18a A necessary and sw^oent condition that 

(1) /(i) - I jf « "sTO 111 (0 < j < •) 

tefhire <^(i) ts bounded tn {0 S t < •of and is such that the limit 
lim I du 
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exists, is that for some consia7ii M 
( 2 ) I r du <M (0 <x< 

We first establish the necessity of the condition. 

1 f* 

lim - / ^(u) du = A, 

f— *00 t •'0 


oo;fc = 0, 1, - 
If 


then bj’ Corollary la of Chapter V -ne see that /(“) = A. Set 
F{x) = f{x)/x. Then bj" Theorem 16a 

(3) i F^’-Kx) \ < NWx'-~^ (0<x< CO ; A; = 0, 1, . . .), 

where N is an upper bound of j ^(0 j. This, by use of Theorem 4.4 of 
Chapter V, gives 

~ (-1)^^^' (x-^co). 

But 

ax 

Heuce for 0 < x < co and Z; = 0, 1, 2, • • • we have 

(5) £ = (-1)V(«) - 


so that by (5) and (3) we have (2) with M = | /( «= ) | + N. 

Conversely, if (2) holds it is clear from the existence of the integral 
(2) when A' = 0 that/(a)) exists. By (4) and (2) it is evident that 


- 0 ( 1 ) 


(a- 


co). 


Then as before (5) holds. But relations (5) and (2) give us (3) with 
^ — !/(“)! + M. Bj’ Theorem 16a 


xF{x) = fix) = X f 
Jo 


‘<t>it)dt, 


wheiec^fi) is bounded in (0 ^ f < <»). Finally', to prove that 


lim - 
<-^0O t 



exists we make use of the fact that ^(f) is bounded and appl 3 c a Tauberian 
theorem. Theorem 4.6 of Chapter V. 
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TfitontM 18b 4 set of tieeessary ond suSicieni condtltonz that 

/(x) = ^ e^da{i) 

the t \tegral co> icrging Jor x > 0 t* that for each positive « there should 
exist n eonsfont 4/, ai eh that 

( 0 ) I f' (u) li« I < If. (^,)**' (l > . t - 0 1 ) 

and that for each positue R (here ehauld exist a constant iV* such that 

m dtt <A, (1 = 0 1 ) 

\\c proAc first the nceessitj of tie conditions Set F(x) = /(x)/t 
Then 


/M- I c ’«(«* 

and b) Theorem 22a of Chapter II lor each positne « there exists a 
con«tant 1/* ®uch (hat 

UfOi < !/’«' (0 S t< «) 

whence 

(8) F‘M <,j^. (.>■) 

From this it is clear that 

F* (x) » 0{x * ) (r-* «) 

and tl at 


F(X) = a(0+)x ' (r -• “) 

As in the proof of Theorem l6a this irophea that 
(-l)*F*(x)~«(0+)jHx *~‘ 

_*+i 

- <~l)‘o(0+) - f“ 


(r-» ») 
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By (8) we now have 

so that (6) is estabhshed if it/, = | a(0+) | + M* . 

By Theoxem 10 

lim f i U+^,[fix)] I dt = lim r I 'f. du 

A—m Jo A— coJa+l)/R Kl 

= f I da(0 1 -!/(«)!, 

Jo 

from which (7) is emdent. 

Converselj’, if (6) holds, then as in the proof of Theorem 18a we have 

(9) I du={- 1) V( “ ) - ^ . 

Hence (6) becomes 

T \*+i 

! + e) I g 14 0¥. + !/(«)!) (S > 0), 

so that by Theorem 16a 

Fix + e) = f e""V.(t) dt 

Jo 

F(x}=^-^ = f e-^‘<f>it)dt ix>e), 

X Jq 

where ^,(?) is bounded in (0 ^ t < «>) and where 

4>{t) = F'UO 

(10) 4,it) = OiF‘) (i-^oo). 

The function 0(;) is independent of e by virtue of the uniqueness theorem. 
Set 

a, it) = (-1)*^^ r f''^^\u)^^du + fi^) 

Jk/t fcl 

kaCO) = 0. 


(0 < t < 0=) 
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Then 

I' I i«(i) I - 1/(“) I + £. ir’rf" 

s '/(«)! +r 

•'{t+H/W k' 

^ !/(<«) ! + A'« a = 1,2 ) 

That 13, the set of functions o*<f) is of untformly bounded iTination m 
(0 S 1 S i?) From equation (9) ne haie for (0 < / < «) 

Bj Corollarj Ga I 

ltm<n(0 •= 4(0 

on a *ct E of almost all posidie t Since the aet of functions {et(0}i 
IS of uniform bounded \anation in (0 £ I g E), the limit function 4(0 
IS of bounded Tanation on that part of E Tihich » m (0 R) Then 
4(0 coincides* on E with a function o(0 which is of bounded vsnation 
on (0, R) for etcrj positiie R Hence if we redefine 4(0 (o couicide 
withofOeicrjwvhere a process which may be performed without chans 
iog/(z), then 

(11) f(i) “ * e~’*a(t)dl 

\Se may evidently assume thatafO) = 0 Then by (10) we hsie on 
integrating (11) by parts 

/(i) - jJ e-"da(l} (0 < I < «), 

and our result is established 


Sec, {or example S SaV» U^) p H9 Theorem 1 



CHAPTER VIII 


THE STIELTJES TRANSFORM 
1. Introduction 

The Stieltjes transform arises naturally as an iteration of the Laplace 
transform. For, if 


where 


then we have formally 


f(x) = r 

Jq 

<p(x) = f 
Jo 


f(x) = f f 

Jo Jo 

f(x) = fjmdt 


'^(0 di 


Jo X t 

This last equation we refer to as the Stieltjes transform, or from another 
point of view as the Stieltjes integral equation. However, we shall 
usually be concerned \vith the more general case in which (1) is replaced 
by a Stieltjes integral 

( 2 ) = 

Jo X t 

In fact it was in this form that the equation was originally considered 
by Stieltjes [1894] in connection with his work on continued fractions. 
It is clear from the above formal work that the properties of the integral 
(2) will be intimately related to those of the Laplace integral.* 

2. Elementary Properties of the Transform 

Let a(J) be of bounded variation in 0 ^ ^ jR for every positive R. 

Then we set 


fy) = - lim /" ^ 

Jo s + [ b-»m Jo s d- f 


' See D. V. Widder [1937]. 
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for onj complex %aliic of s # = ^ + «r which makes the limit exist 
The corresponding improper integral (1) is then said to conierge 
It will al o be conienient to assume in some of our work thatQ{t)jsof 
bounded variation in * S t S R for c\cr> pair of positive numbers < 
R {f < R) Then if the limits 


!^!:m 

f 


+t 


both exist, we write 

Tlic difference m notation in (I) and (2) will be sufficient to distinguish 
between the difference m the assumptioas about o(0 in the two ease« 
For example if afl) » f «m (l/l) when 0 < f < 1, and if a(f) •* 0 for 
allothcrt we would wnteouriransform m the form (2) Onthcother 
hand the function 1/s can be represented m the form (1) though not in 
the form (2) In the next two theorems we restnet ourselves to integrah 
( 1 ) 

TliEORrvf 2<i J/ the tnlefral (1) conierges for a point s “ <» nflf on 
the negalne real mi* r — 0 » S 0 then tt eontergesfor eterg tuek point 

For eet 


m ~ 

•*»*«+ u 


(0 S l< «) 


Then for any » not on the negative real axis and for an} positive R 

j: = i: 'ill + i' ,ar^' 

Since ff(R) approaches /{«») when R becomea infinite it is clear that 
X (« + O' 

converges absolutely Hence (1) converges and 
(3) 




g(t) . 
(s + 0* 
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This completes the proof. We observe that (1) may converge without 
converging absolutely as the example 


«0 


/(s) = E 

n=0 


(-ir 

s + « 


shows. However, equation (3) enables us to replace (1) by an ab- 
solutel}" convergent integral. We point out a contrast with the Laplace 
integral. For the latter integral a simple integration by parts replaces 
a conditionally convergent integral by an absolutely convergent one. 
That the same is not true for the integral (1) is shown bj’' the example 

a(0) = 0 


ait) = (-1)" 


f “1“ 2 
log (t -f 2) 


Here 


(» < i < n + 1; ^ = 0, 1, • • •)• 



\ait)\ 
{t + 2)' 


dt 



dt 

(< + 2) log (i + 2) ’ 


and this integral clearly diverges. But 


r 

to t + 2 



ajt) 

it + 2y- 


dt = (-1)" log 


ftasO 


log in + 3) 
log in + 2)’ 


and this latter series converges. 

Theorem 26. If the integral (1) converges, it converges uniformly in 
any closed bounded region not containing a 'point of the negative real axis. 

For, using the notation of the previous section and defining M as 
the maximum distance from the origin to a point s of the region de- 
scribed in the theorem, we have for any R greater than M 


f 


da(t) 


sq R 




dajt) 
s 1 


s -j- t s + R 

' g \fiso)-m)\ + 1/3(72)1 


+ 


iso-s)[ 


Pit) 
is -f- 1)‘ 


dt 


1 s — So I 
1 5 -p 72 1 


+ 1 So 

I /(») - /3{B) I + i (J(K) I 


*fR 


\m 

Is -f 2| 


.dt 
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Since the nght-liand side is independent of s and tends to zero as R 
becomes infinite our result is pro\ed 

CoROLiARY 1 If the integral (1) eanierges tt represents an enaljhc 

stngle-mlued function in the eiwnpfcr plane cut along the negative real ai» 
Corollary 2b 2 If the integral (1) conicrges to f(»), then for any * 
not on the negative real axts 

H-012 ) 

\\ e observe that all remits of tlw present section apply equally well 
to the integral (2) For, 

CMt) rdaU) irtdad/f) 
y,vs+<“ A a+t a A (l/*) + t' 

and hence (2) can be expressed in terms of two integrals of type (1) m 
one of which « has been replaced by its reciprocal This is sufficient 
to prove our contention 

e may extend Theorem 21* to the case m u hich the kernel (< + 0 ‘ 
19 replaced bj (s + 0 * «'th p > 0 We rtstnet ourselves to real 
values of « since this was the onl> case needed in Chapter 1 
Theobejj 2e If the integral 

eonivrges for a potituc talue of t, H (emerges vntformlg in any closed 
inlenal of the posiliic s-azts not including the ortyin 
For, if the integral (5) converges nt s > 0 set 

= (0S1<«) 

A (*i + «)* 

so that >(») « /(«o) Then 

fio that (5) converges for all po«itive s If B > 0, then 

/; - /w - ^ «) {’^y 

It IS clear that (so + B)'(s + B) ' tends uniformly to unity m an m 
terval 0 < a S s g b Moreover m that interval 

!-('• - ■) /; s p(^ + b) /; i7wi<<‘ 
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for R > b. The right-hand side is independent of s and approaches 
zero mth 1/R, so that the theorem is established. 


3. Asymptotic Properties of Stieltjes Transforms 

We first consider what necessarj’- conditions are imposed on a(t) by 
the convergence of the integrals §2 (1) or §2 (2). 

Theorem 3a. If either of the integrals 


( 1 ) 

( 2 ) 


i: 

I 


da(t) 
s -f- t 

da(i) 
s -f- t 


converges, then a(O-l-) exists and 
(3) a(0 == o(0 

Let (1) or (2) converge at s = 1 (and hence every-where). Set 

da{u) 


Kt) = f ^ (1 ^ t < «>). 

Jl M + 1 


Then 


a(t) — a(l) = J da(u) = (u + l) d 0 (u) = ^(t)(t ■+ 1) — J / 3 (u) 


du 


+ 0-7 


^0 _ «(!) 
t 


a(t) 


'|S(«>) - /3(oo) 


(t-> oo), 


SO that (3) is established. 

If (1) exists, the existence of a(O-t-) is trivial. If (2) exists set 



da{u) 
It -|- I 


(0 < t ^ 1), 


SO that 


(4) 


a(t) — a(l) = — ^ daiti) = ("a’-t- 1 ) dyCw) 


— — (t + 1)7(0 — ^ yiu) 


du. 


Since 7(0+) exists by hj^jothesis it is clear from equation ( 4 ) that 
«(0+) exists. 
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Corollary 3o 1 If Oie tategral (1) comerges, then 

r <f«(o _ «(o) . r «(0 .. 

I rn T'^X 


Jo a + I a A (« + 1)* 
Corollary 3a2 If the tniegral (2) comerges then 


rM> = - -i- r 

Ja+8 + t a X (* + 0' 


Corollary 3a 3 // the integral 

r Ml) 


eonierges then 

a(I) - 0(0 

TIu 3 follows easily from the equation 


«(t) — oCl) “ •r(0(t + 1)' — (“ + 


It IS important to obscnc that the eonditions on a(0 of Theorem 3e 
necessary for convergence of (1) or (2) are no means sufficient For 
example if 


‘“S'""’ 

then a(0+) = 0 and a(f) «= o(t) as ( becomes vcifiaite Yet the integral 


X (« + /) log « -f- 2) 


clearlj diverges at s = 2 (and hence everywhere) 

The following sufficient condition for convergence is useful 
Theorevi 2b If for some pontne 6 

m a{C)^0(f) (1^") 

then (1) conter^cj If xn addition <»(0+) exists, then (2) converges 
According to our convention for the integral (1), a(0 is of hounded 
variation in 0 g / S ^ for everj ^ > 0 Hence 


f* ^ ^ _ a(0) , f" 

Xs+I S+fi s X 
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and it is clear b 3 '’ \drtue of (5) that this approaches a limit as R becomes 
infinite. A similar proof holds for the integral (2). 

IVe wish to studj’' next the asjmiptotic behavior of the Stieltjes trans- 
form /(s) as s becomes infinite or approaches zero. 

Theokem 3c. If f(s) is defined by the converge7it integral (1) with 
a(0) = 0, then 

(6) /'"'(s) ~ (-l)"n!a(0+)s“""' 

(7) = o(s-") 

where s is real and positive. 

First suppose that n ^ 1. Then 

(8) >(_„•(„ + 

The integral (8) converges absolutely by Theorem 3a. Then 
j _ _ „(o+) = (« + +> du 

Given « > 0, we choose 5 so small that for (0 g t g 6) 


(s-^0-|-;n = 0, 1, 2, ... ) 
(s CO ; n = 0, 1, 2, . . . ), 


Then 


1 a{t) — a(Od-) 1 < £. 


1 J" 1 ^ (n 4- l)s' 


,"+i 


I 


'o (s-l-0"+" 


dt + {n fr l}s 


n-rl 


r 


i¥ 

in+l 


dt, 


where 


M = u.b. I a{t) - a(O-l-) 1 1 \ 

3^/ <eo 

This is a finite number by Theorem 3a. Hence 

I / 1 ^ € 4- 2s"^'r"il/ 
lim 1 / ( g e 

S-.0+ 


lim 1 = 0, 

1 — 0 + 

and (6) is estabhshed for n ^ 1. 

Again using Theorem 3a we determine R so large that for R ^ t < ao 

I a(0 j < d. 
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From (8) «e ha^e for n fe 1 

|.V“W I S + 1)' I ’ + »■<(- + 

Allomng « to become infinite we Ime 

_Sm ,7'(>)1 £.‘-5^^' 

Um »V * («) = 0 

That IS we ha\c proved (7) torn g I 
The case n » 0 roust be treated diffcrentlj since certain o( the intcgraL 
uitmlitd in the aboic calculation do not comerge absolutely in this 
case M c now maVc u<e of $2 (3) nilh Aj “ 1 Tl en 

( 0 ) n>) -/w + d- 'if <« 

M - jf ^ (0 £ 1< •> 

A I + tl 

To complete the proof of fC) it wiH endentlj be enough to prove that 


to « f d! . «0+) » o(0+) 




Gncn f we choo.'c J so sroa]) that for 0 S t S i 


ld(0 - «0+-)l < e 

Let 1/ be an upper bound of | d(0 — d(Q+) I for all positive t Then 




from which (C) foUows for n =» 0 
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Finally, to prove (7) when 7i = 0 we again use equation (9). It ■svill 
be sufficient to show that 


f =/(l) = /3(”). 

J-OO Jo (s + t)- 


But 


r 


Pit) 


.di 


/3(oo) = s f 
Jo 


i3(0 - Pi «>) 

(s + 




Jo (s + i)“ 

This integral converges absoluteljq so that the proof may be completed 
in an obvious way. 

Theorem 3d. If f is) is defined by the convergent integral (2), then 

(10) /‘"'(s) = 0 ( 8 -"-*) (s ^ 0+; n = 0, 1, 2, 

(11) /'"^(s) = o(s~") (s -7- CO ; n = 0, 1, 2, ■ 

where s is real and positive.. 

For, by procedure similar to that used in obtaining (9) we have 


) 

), 


Sis) = /(I) + il-s) f 

Jo 


Pit) 

Jo is + i)' 

m = /' 

•'0+ 1 


dt 


Jo+ 1 + u' 

But we showed, merely on the assumption that |8(0+) exists, that 


lim s 


r 


Pit) 


»-*o+ Jo (s + ty 

In the present case /3(0+) = 0, so that 

/(s) = ois~') 

By Corollary 3o.2, we see that 


dt = ^(0+). 


(s->0+) 


(12) 


fis) 


_ _a(0+) 


+ 


/■ 

Jo 


ait) 


is + ty 

But we showed in the proof of Theorem 3c that 


dt. 


(13) 


ds" Jo 


ajt) 

(fl (s 4 * ty 


dt 


i — l)."a(0+)7i! 


o7i4*1 


(s^0+) 


for all positive integers. In the present case we do not know that a(t) 
IS of bounded variation in any interval including the origin. However, 
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we do know tliat a(0+) exi ts and this tras the essential hj-pothesis m 
the abo\e proof Hence equation? (12) and (13) giie 

f\s) « o(*"‘ ') (s — 0+, n = 1, 2, ) 

so that (lO) IS established In a similar wnj one proaes (11) bj use of 
(12) and the results of Theorem 3c 

4 Relation to the Eaplace Transform 
e -saw in Section 1 that the Stieltjcs transform ma% be r^nled as 
the result of iterating the Laptaee tmn-^orm \t e make this result more 
precise in the present section 
Theopi-m 4a // Ihe infeyml 


(1) 

/(«) = 

r dad) 

A « + / 


conrerges tfirn 




(2) 

/w = j( 

r"* V(t) 

(ff>0) 

VhCTC 




(3) 

v(0 . / 

e ‘"rftfffi) 

(f>0) 


For bj Theorem 3<i the conxerpienec of (1) implies that 

0(0 » 0(0 (I-- 

Hence (3) conicrge^ for t > 0 mil eoneerpes uniform^ m e ^ f ^ £ 
for irbitnin i>o»itiie number- « and It Hence 

e d( c **datw) s da{u) 

If $ IS mi point not on the negatne real acts the integral 

f 

•» » + « 

clearO con%ergcs so that 

(4) ~ X i^ f ~ u *^°^**^ 

Tlic first Laplace uitegr^ on tlie n^t-hand «ide con\ergea utiiformlj 
(s being fixed) in the mtcr\alO 5 c ^ 1 and lienee approaches /(*) as « 
approaches zero MoreovTr bj Corollary la of Chapter \ w'e baie 
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f” r' 

lim / — I — daiu) — lim / 
K— to Jo S + W <-»0+ Jo 


da{7i) 

s + u 


a(0+) - a(0) 

s 


so that the last term of equation (4) approaches zero as R becomes 
infinite. Letting e and approach zero in (4) thus gives (2), and the 
theorem is proved. 

Theorem 45. If the integral 


fis) = J 

Jo 


da(t) 
^ 0 + s + i 


conrerges, then /(s) has the representation (2) with 


(t) = r e-‘'‘ daiu) 
Jo+ 


it > 0). 


The proof of tliis result is similar to that of Theorem 4a and is omitted. 
We observe that the converse of Theorem 4o is not time. That is, 
the integrals (2) and (3) may converge in the regions indicated ivithout 
having (1) hold. For example, take 

+ I)®'"' 

fl -f- e n =0 



(1 + e-r- 


dt 


But (1) becomes 


(a > 0). 


00 


fis) = r (-1)" 

n=0 


•R + 1 

s + n ’ 


a series which diverges for all s. 

Theorem 4c. If the integral (3) converges for t ^ 0, and if fis) is 
defined by (2) for tr > 0, then fis) also has the representation (1) for all s 
not on the negative real axis. 

For, under the present hj'pqtheses, a(co) clearly exists. Hence by 
Theorem 36 the integral (1) converges. Hence we may apply Theorein 
4o to obtain our result. 

Theorem 4d. If a(u) is non-decreasing and is such that the integrals 
(2) and (3) converge for <7 > 0 and t > 0 respectively, then the function 
fis) defined by (2) also has the representation (1) for any s not on the 
negative real axis. 

To prove this, substitute the integral (3) in the integral (2). In the 
resulting iterated integral reverse the order of integration to obtain (1). 
This is permissible bj"^ Theorem 15c of Chapter I. 
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6 TTfluiueness 

It 13 important to ob me that s function /(s) which is a Stieltjes 
transform h sucli a transform in esspntiali> only one waj 
Theorem 5<i If a(0 o normaltzed function of bounded laneilion in 
every finite intm-al 0 i t £ ft on I is suck /hat ike integral 

com erges and if /{«) vanishes at a set of points in arithmetic ‘progression 
(2) /(so + «0 “ 0 (I > 0 n =* 0 1 2 ) 

then o(<) is identieally zero 

For bj Theorem Aa /(s) is the Laplace integral |4 (2) Then b> 
CoTollarj G 2a of Chapter 11 we see that ^i) m tdenticaU> zero Then 
by Tlicorcm 0 2 of Chaphr II a(0 h identicallj zero Hence our 
theorem is pro\od 

CoROLUARY As Equations (1) and (2) imply tkatfis) is identically 
zero 

TiitORtu 56 // «(<) and ^(t) arc nofmahred functions of bounded 

ranahon in etery finite infcnal 0 £ t g ft such that 

r » r ^ 

Jt s+t J, $ + t 

both integrals eomerging Then a(t) ts tdenlieolly equal to fi(t) 

Tins follows m an obtious wa> from Tbeorcoi 5fl 

6 The Stieltjes Transform Singular at the Ongm 
11 e have noted that a function /(») which is a Stieltjes transform is 
analytic in the entire t plane with the nrgativ e real axis remov ed How- 
ever the points of this axis need not be singular points For example 
if q( 1) 13 unity except at t = 0 where it is zero then/(s) » s ' which is 
analytic on the whole negative real axis The ongm itself need not 
be a singular point of f(s) as the example ^s) = (s + 1)~* shows On 
the other hand the negative real axis may be a cut for the function /(s) 
For example /(s) may reduce to the senes 

where the pomts a, are dense on the negative real axis and 

glfcK- 
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E. Goursat* has shown that the line on which the o„ are densely dis- 
tributed is a cut for the function f(s). 

It is useful to obtain a sufficient condition that f(s) should have a 
singularity at the origin. 

Theorem 6. If a{t) is a real non-decreasing function for which the 
point t = 0 is a point of increase and for which the integral 



da(t) 
s -h t 


converges, then f{s) has a singularity at s = 0. 
For, if this were not the case the series 

fis) = 

n*=Q ^ 1 


would converge for s some real negative number, — e, and 

tlssO ^ • 

We may assume without loss of generality that a(0) = 0. Then by 
Corollary 26.2 and Theorem 3a we have 


w M 

f(-e) = Z f 

n«=>0 •'0 


(e + ir 


da(t) 


{t -H l)"+i 


This series dominates the series 


( 1 ) 


00 pit 

E (« + 1) / 

n-O 


(6 + ir 

{t + 1)"+= 


a{i) dt, 


so that the latter also converges. Since the integrand is non-negative, 
and since the series 

V 1 1 > d + 1)" _ 1 

;^o ^ + l)’‘+2 {t - e)2 

converges for < > e, we may interchange integral and summation sym- 
bols in (1) to obtain the convergent integral 


( 2 ) 


r ait) 

Jt {t — e)- 


dt. 


* See E. Borel [1917] p. 37. 
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Bvit “^incc our hjpolhesia assorts that t = 0 is a point of increase of 
a(0 It follows that a(f+) > 0 and 



Hence (2) cannot converge and our assumption that /(s) is regular at 
a = 0 must ha\c been a Wse one This proics the theorem 


7 Complex Inversion Formula 

\n ui^cr«iQn formula for the integral §2 (1) was obtained bj Stieltjes 
JlS91j in connection with his work on continued fractions This formula 
applies boweicr onlj to the case m nhich a(l) is a real non-decreasing 
function One maj eosilj treat the general case bj similar methods 
e nwl certain prclunmarj re»«Us 

Lemma 7 1 // «(<) belongs to class L tn 0 S I ^ li ond if a(0-h) 

exist! tlcn 

(!) I,n, ‘ 

r + ir 2 


Since for an> posiCne number 9 




It mil clearlj bo ‘uflicicnt to a^umc o(0+) * 0 Giten # > 0, we 
determine S < R v that | a(<) { < « for 0 ^ t S £ Then 




'irh 




This gn-cs us (1) at once 

Lemma 7 2 // a(t) heionp* la L m 0 S t S I?, i/O < { < K, ondi/ 

o(i+) onrf a({— ) extsi then 


ta 

r J» (I 


o(t)v ^ a(S+) + a(?— ) 


This IS proxed b> breaking the integral into t\%T> parts corre«ponduig 
to the inten aL (0 ?) and (( R) and appijnng I emma 7 I to each part 
The integral is known as Poi sons integral for the half plane or as 
Cauchy’s singular integral • 


• Soc for example L C Titebmarsh [1937) p 30 
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/M - / 


s + t 

converges, then for any positive number ^ 


( 2 ) 


lim . 


— . [ lf( — o- — it}) — f( — (r +it])]d(r 
m Jn 


«(!+) + “(f~) _ g (04-) 4- a(0) 

“2 2 

Let us assume that q:(0) = 0. This is no restriction. Then 

ait) 


}(s) = / 

Jo 


(s + t)- 


dt. 


Since this integral converges uniformly along the line segments t = ±??, 
0 ^ v ^ we have 

~ iv)]dcr 


dt 


^ ± f 1 L_ 4-_J L_ 

2x1 Jo \t — ^ — ttj t — it] t -{• it] t — ^ it] 

= 11 


Choose a number R > ^. The integral 

h {t-O-t 

converges by §3 (3). Then 


TT i - ^y- + <- + f} 


dt 


< r k 

~ X Jfi — 


ait)\\2t-^\dt ^2t}^ 


< 


■ r \A 

Jr (t — 


«(i) 


[it - 0^- + vW + V^) tr Jr it - kyt 
Letting ?? approaeh zero we see that 

lim 7, = lim 1 f - lim 1 f" ^Jt, 

ij— 04- 1I—04- TT Jo (i — f)“ + 7/“ )j-f04- TT Jo + 7?“ 

and by Lemmas 7.1 and 7.2 we have 

i;^ j _ + ad— ) _ a(0+) 

,-0+ ” 2 2 ’ 

and the proof is completed by replacing ait) by ait) — a(0). 


dt. 
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ob'ene that the Wt band mde of equation (2) can be written 

+27,/. ■'w*}' 

Fo that we arc integratine/fa) along opposite sides of the negative real 
axis in opposite directions and at infinitesimal distance from the axis 
In particular if o(0 is real then the conjugate of /(— cf — iij) is 
/(— tf + 11 }) and/(— ff — iij) — /(— « + reduces to 2i multiphod by 
the imagtnarj part of /(— « — n) We thus obtain the result of 
Stieltjea 

ConoLLART “a If a(0 IS rraf then Ihe real part of 
iri/t 

approaches 

o(f+) + a(f-) o(0+) -f o{0) 

2 2 


OS n approoc^ea zero lArou^A poaitue ratues 
As an example take /(<) «» mlh a(<) I for 0 < < < 
o(0) 0 Our iniersion fomula (2) ©vas for t > 0 


OW - 


Iim - tan“* * 
«-«* t r, 


1 

2' 


and 


and this la the correct result 

We turn next to a similar imcrsion formula for the case when a(ft 
IS an integral, 

W e prove 

Theor£M 76 If f (0 belongs to Lin{Q %t ^ R) for aery pojjn« R 
and is such that the integral 


convergesy then 


/(.)-{ 


a + t 


dl 


(3) 


lim ~ ~/(— f + tv) _ p(t+) + 

t-o+ 2»t 2 


for any posiliie { at which *j(t+) andvd-) exist 
For, simple computation gives 


/(~t ~~ "• + tn) 


- f- 
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Now choose R greater than ^ and express the integral (4) as the sum of 
two integrals h and h corresponding to the intervals (0, R) and (R, =o ) 
respectively. Then by Lemma 7.2 

lim 

T)-’0+ 2 

The integral need not converge absolutely. On this account we 
introduce the function 

a(0 = f <p{'u)du (0 ^ t < co). 

Jo 

Then integration by parts gives 

_ -vaiR) 2r, r cx{t){t - 

7r[(/2 - + r,^]^ ^ [it - 1)2 + yy ■ 


The first term on the right clearly tends to zero with i?. Denote the 
second by h . By Theorem 3a there exists a constant M such that 

1 ait) \ <Mt (0 ^ t < co). 

Hence 


\h\ < 


2vM r 

TT Jr 


it - 


dt. 


The dominant integral converges and L approaches zero as approaches 
zero. Hence 


lim I 2 = 0, 

and our theorem is established. 

We observe for later reference that the result may be written sym- 
bolically as 

(5) ^ 

2ti 

This* of course is to be understood as equivalent to equation (3). 

8. A Singular Integral 

We wish to obtain next a real inversion operator involving the suc- 
cessive derivatives of /(s) and analogous to that obtained in Section 6 

* Compare E. C. Titchmarsh [1937] p. 318, equation (11.8.4). There our equa- 
tion (3) is proved for the case in which belongs to L^. 
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of Chapter \ II Prelimmary to the derivation of such a formula we 
prove 

THEonzi! 8a If 

1 <f{x) c i (0 < < S * ^ R)for a fixed t and eiery larger R 

2 j x’if{x)dxeonierge3forajixedrealcon$tantc, 

3 j W«) - v(0]du = o(r - 0 (r -♦ <+), 


llien 


To save writing let us set 


2 




(2t - 1)» 
k'a - 2)f 


I ct j be a positiv e number, and cct 


Bet 


a(a) « ^ uV(u)du 

so that there exists a constant M for which 
I a(x) I < M 


(t S* < «) 


0 S i< «) 


Integration by parts gives 

»« + « - "‘L 


provided t > — c tte observe that in practice c will usually be a 
negative constant The functron u*^(l + u)~** considered as a func- 
tion of u has its only roaxuniun at u f(i. — e)/(fc + c), a cumber 
w hich IS less than t -f- 3 for A sufficiently large, say for A > A* That is 
the function is decreasing m(f + a 2 g«< «) when A > Ao Hence 


uil S dfdit*-* 


ft + s)^ 

(2t + «)** 




ft + s)*- 

(2t + 3)-* 


« I* 
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But 


h+i _ (2fc + 1)(2A:) t{t + S) 4t(t + S) ^ ^ s 

h {k + l)ik-l)(2t + 5y- {2t + sy ^ 

This limit is clearly less than unity, so that tends to zero as k becomes 
infinite. 

To Ik we applj’’ Theorem 2b of Chapter VII, choosing 


h{x) = log a: — 2 log {x + t), 


a = t and h = i + 5. Then 


h''{i) 


-1 


2t- ’ 


so that 


(2fc 


1)1 1,^-1 i ‘ /rfY 


A 1/2 


^ k\{k-2)\ 

By use of Stirling’s formula this becomes 

r'f ‘r>(0 


) 


{k 


This completes the proof of the theorem. A result of a s imil ar nature 
is contained in: 

Theorem 8h. If 

1. <p{x) eL{0<e^x^t) for a fixed t and every smaller 'positive e; 

2. / x"" <p{x) dx converges for a fixed real constant c; 

Jo+ 

3. [^(«) — = o{t — x) (x — ^ t—); 

the7i 


<p{t) 


We prove first that the hypothesis implies 



lim 




du = 0. 


or that 
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hypothesis 3 this will follow if 

.'™ [’’® “ S’’®]'*" “ ” 


This w seen to be true by perfomung the indicated iritegcation 
After this preliminarj remark we may easily reduce our present 
problem to that of Theorem 8a For by a change of i anable we haie 




(a + 1 »)“ 


To the latter integral we may apply Theorem So replacing the function 
v5(u) of that theorem by v>(u ’)tt * Using (1) «c clearly obtain (2) 
and our result la established 
Theorem 8c If 

1 tpix) tL{R^S^&R)for etery R > \ 

2 j ifiix)z‘dxcomergttforoJixedreoleontUxntc 

3 dr Mnierff<$/orc/ixtd real constant c 


4 


I — lefrtldii =■ o(]r — (|) (*“+0 


lien 


- 2 ) 


(2k - l)t /■•/*»«» - , , 


The proof is obtained by combining (1) and (2) 

CoROLUiRi: 8c 1 // kypoUtftu 4 t« rrplaced by the eiisfcnce of vj(t+) 

and if(l^) then 


For then hypothesis 3 of Theorem 8a holds mth i?{0 replaced by 
v^(f^-)/2 and hypothesis 3 of Theorem 8h holds with v(0 replaced by 

Corollary 8c 2 If kypclhetts 4 is omitted cquafion (3) / olds for 
almosl all positiie t 

For hypothesis 1 imphes hypothesis 4 for almost aH positne < 
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9. The Inversion Operator for the Stieltjes Transform with a{t) 

an Integral 

We now define the following differential operator, which will serve to 
invert the Stieltjes transform 

Definition 9. An operator -Lj„([/(a:)] is defined for any real positive 
number t by the equations 




(-0 




If \f{(t)] 

k\{k - 2)1 dt^’^-^ ^ 


(fc — 2, 3, • • • )) 


= /(O, 




We assume, of course, that a function f(x) to which we are applying 
the operator has derivatives of all orders less than 2^:. In practice the 
functions employed will have derivatives of all orders. 

As an example take f(x) = (a: + a)“* where a > 0. Then 




(2k -1)! t’‘-^a^ 
k\(k - 2)1 (t + a)^ 


(t>0;k = 2, 3, ...). 


Theorem 9. If tp(t) belongs to L in Q ^ t ^ R for every positive R 
and is such that the integral 


( 1 ) 



v(i) 

X + t 


dt 


converges, then 

(2) lim Lk,,[f(x)] = <p(t), 

at all points t of the Lebesgue set for (he function <p(t). 

That is, we wish to prove (2) for all t for which 

(3) I ^(u) — (p(t) I dtt = o(! a: — i |) (a; — > t). 

Since 


t + u 


^ - (--»)* = , ^ ..-I 

t u t u 


- + 


± u' 


k-1 


(-U)^ 
t + u’ 


LkAfix)] 


(2k - 1)! r 

k\(k -2)1 Jo 


e~^u'‘ 

(t + u)^’- 


<p(u) du. 


we see that 
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If Ms a point salisfjnnB (3) ive are in a position to apply Theorem 8c 
e ma> take c = — 1 For, once (1) converges we know that the 
function 


approaches a limit as * becomes infinite Then 

j;-f 

proMtled the latter integral converges But it clearly converges abso- 
lutely, 80 that it 13 sufficient to take c = - 1 Be maj take c' »0 
since v(t) cZ<in(0^(gl) Hypolhests 4 follows a /crficri from (3) 
Then §8 (3) gives 59 (2), and our theorem is proved 
CoBOLLAnv 9 1 Equatton (2) hotda for almoft all potiUte t 
CoBOLtARY 9 2 Equalion (2) holds for all t uhere ts conltnuous 
CoROiXARt 93 At all potnls tin a neighborhood of xehteh ^(u) ts of 
bounded vanatton 




2 


As fin example of Iho theorem take /(i) « *“* where ( u a positive 
number less tlian unity By use of the familiar formula 


(4) 


Cl 


r(in)r(n) 
r(m + n) 


ne see that 


I 1 f* t”* 

^ “ r(i - i)r(3) Jb F+l 

Simple computation gives 

L b-’l = rq - ^ + i)r«r + a - i) r* 

r(A + Drq - i) r(i - i)rq) 

But 


so that vv c have 


rq + «) 
rq) ^ 


(a > 0, ^ 




lim Li ,{x *1 


r* 

r(i - 8)r{sy 


as predicted by the theorem 
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10. The Inversion Operator for the Stieltjes Transform in the 

General Case 

We now obtain an inversion formula for the general convergent in- 
tegral 

_ r da(t) 


fix) = / 
Jo 


' Jo x+t 

We shall need the following preliminary result. 
Lejima 10a. If (1) converges, then 


, f 

l(k- 2 )] Jo 


k!(k - 2) 


(7^^ “W dt = a(O-l-) (fc = 2, 3, ■ . 


For, ^ven an arbitrary positive e, we determine 6 such that 

I a(t) - a(0+) I < 6 (0 ^ t ^ 5). 

Then defining d*. as in Section 8 we have 


ll(x) j = dix'- f 
Jo 

Jo 


! ^k-l 


dix’' f 


= ^ Jo (x-l-0=' I Jl (X 
Since the last term is not greater than 

j f” I «(0 — a(O-f) 


r® fi-i 

s (x + 0=*- 


[a(i) — Q;(0-f)]di . 


the integral converging bj^ §8 (3), it tends to zero vdth x. Moreover 


j.S .k-l 

d^ < dhX^ 

Jo ix + t)-'- 


Jo ix + ty-^ 

and by use of formula §9 (4) 


r 

X ix + t)^ 


dkx^ f 

Jo (x - 


r® 7, 1 

[ (x + ty -^ "" ~k~ ^ 


Hence 


lim ll(x) I ^ e, 

i-*0+ 


so that 


lim dkx^ J dt = lim a(0+) d/.x^ f 

x->o+ Jo [x -t- 1 )-*- 1 — 0 + Jo 


= a:(0-f) 


fc - 1 


() (x -f- i)- 
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TlirOREU lOo // o{l) ti a tiomalufd Juwtion of bounded ranalion 
tnO S t ^ It for tvtry R, and tf the integral 

<■> 

conxerges then 

m .1/(1))* -«(!)- 0(0+) 

For the computations of the prt'wus scctioti “hovk tlval 

i, .)/(.)) a- 2 3 ) 

bincc 0 ( 0 ) “ 0 anil a(y> « o(y) as y bcroinM infinite wc haie after 
integration Lj parts 

(3) 

Diit bi Fulers theorem irganJing homoepfif^w futiflions 

^ r I. _ 3 r li*-'/ ] 

ou (.(w + y)*' J L(« + 

Hence 

t,J/W|.A|.jff^„.(v)* 

Consequent!) if 0 < « < f «e ha%e 

(4) f ”(»)./» 

Allonmg * to approach zero anil making use of Ixmma 10a nc liaie 

(5) £ / . .1/(1' I .(u - * ^ (/*/?)» 4^ 

To the integral on the nght «e now apph Corolhirj 8c J, taking ^(u) » 
atM)/u Ue thus obtain 

li!" it .l/U)Jrf*» - a(f) - o(0+) 

Set /(t) «• /i(z) 4- /i(z), whcre/i(r)athe integral ( 1 ) from 0 to I Py 
a change in onier of integration 

£ IU.(/L(i)ll<iii S 4"' I 
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By §3 (3) there is an upper bound M for i a{y) j y Mn (1 ^ y < “o), 
so that 

- -“(1)* I “(sX® - “) in + yr« * 

I 1 S I «(1) I & + W.M /»"*■*!( (0 S « < 1). 

Hence the integral of | L^JfJ | from 0 to 1 exists, so that 


f Lk,ulf(x)]du = f Li.,ulf(x)]du, 
Jo+ Jo 


and our theorem is proved. 

CoROLLAKY 10a. 1. If ce(() IS coutinuous in a ^ t ^ b, then (2) holds 
uniformly in a' ^ t ^ b', where a < a' < b' < b if a > 0 and a' = 0 if a 
= 0 . 

To prove this one would use the fact that 


a(iy) — a(t) = o(l) 


(y-*- 1) 


uniformly for < in (a' ^ i g b'). 

Corollary lOa.2. A function f{x) cannot have two different repre- 
sentations in the form (1). 

For, if it had the representation (1) and also the representation 



dm 

x-^e 


where oc{t) and /3(i) are both normalized, then we should have 


0 




' dim - m\ 

X 1 ' 

Then by Theorem 3c 

«(0+) - /3(0+) = 0 

and by Theorem lOo 

«(<) - m = 0 

We thus have a new proof of Theorem 5b. 
Corollary lOa.3. If a{K>) exists, then 


(0 < t < oo). 


lim [ LUf(x)]dt = a(oc) - a(0+). 

A — *00 
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For we Imp from I^omma lOo afterjrplacmgr lij i“'an<5lb) r‘ 


Jf we allow I to become infinite >a equation (5) we obtain 


- o(0+)I 

Now allottinR 1. to become infinite we obtain the tlcsimJ result 
Uenow gi\e another equivalent tti'cr-ion formula for the integral (1) 
Tjieohem iWi t TtdcT the emdtUons of Theorem lOo 


For by use of the equation 




ly) 

(» + y)’ 


we hate b) direct computation 


-2)» 4 « + 


i{y)rfy 


Bui thw integral is prcci>c!> the integral on the nghl liand sutc of (5) 
and we ha^e s«n that it lends to a(f) a« k becomes infinite 
Companni; equation* (5)aml (6) wean* led to conjecturt thefollowing 
result 

Tjiloreii lOf If f(r') htu o dmtrtlire of order {2it — 1) t5en 


t.J/WI- "Wl" 


Tins IS cerfainb true if /fj) ha.s the representation {1} Jor then (5) 
and (G) gixc 


On difiennliatinRlxHVi sides of this equation with re«pect to t we obtam 
tilt desired result Iloweier the result i-* true for an) function baling 
the frqui ite numfxT of dmiatne-i El'llrntl) «c must fhow tfiat 

0) x‘’(xVWl““-(r“'V‘'W 
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The proof consists merely in computing both sides of the equation by 
Leibniz’s rule. In each case we obtain 


E 


p=0 


(2/b — 1) !fc! 

{2k — p — l)!p!(^: — p)v 


Or we could prove the result without computation by observing that 
both sides of (7) are zero if f{x) is any one of the {2k — 1) linearly inde- 
pendent functions 


X 


n 


{n = ~k, —k I, • • • ,k — 2). 


The coefficient of f‘^^~^^{x) in the expanded form of each side of (7) is 
clearly x^~^ 

To illustrate Theorems 10a and 105 take J{x) — As we have 
just observed, — 0- On thn other hand a{t) = 1 for 0 < i < «> , 

a(0) = 0. Since 

lim f Li,u[x~^]du = 0 = a{i) — a(0-]-), 

k-^eo ^0 


Theorem 10a is verified in this special case. For Theorem 106 we have 


(-ir^ 

k]{k - 2)1 





and this tends to unity for all positive i as k becomes infinite. 


11. The Jump Operator 

We now define the operator which serves to compute the saltus of 
a(0 at a given point in terms of f{x). 

Definition 11. An operator lk,tlf{x)] is defined by the equation 

KtlKx)] = 2t-n^'%-^'^Lk,iW)]. 

For example, if h,t[f(x)] = (1 + x)~\ 


lUfix)] = 2^^'%-V{t + 1 )“^‘, 


where dk is the constant defined in Section 8. 
Theorem 11. If the integral 



da{t) 

X -b t 


lim lk,t[f{x)] = a(<-f ) — a{t—) 


converges, then 

( 1 ) 


(0 < t < OO). 
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For, djfwt computation p^es 

Bj the change of \anaWc a ■» il, ihw teconiM (assuming «(0) « 0) 

" "Ki) *1 "'"’Simp''' 


Let 4 be a pa'itise number less than uml\, and break the latter integral 
into the mm of four otheri and Aft), corresponding 

to the intenals (0, 1 - 4). (J - 4. \), (1. 1 + 4), and (1 + i, *). 
respectively To integrals /»{t) and /j(A) ive apply Theorems 8a and S5 
of Chapter Ml Lor example 

wo - -Ke)”* 

Taking the function A(/) of Theorem Sa e<iusl to Jog |j(r + 1)"‘) and 
^(i) equal to + 1)"' ne obtain 


a(tf) 


a-«). 


since A"(l) «• — J As m the proof of Tlieorcm 0 vie ece hj u«c of 
Stirlings fonnuh that 

(2) rfa-2“-W''’ a-**) 


Combining Uic<e remits nc have 

(3) hmhH) -att-f) 


In a cimihr way 

(4) hmi,(l) - -q(/-) 

Since e*(t + J)~** is increasing and q{c 0 ta bounded in 0 S c S 1 •* 
«e have by u«e of (2) 

where A is a suitable piw^itive constant Since 

4(1 - i) . , 
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it is clear that Ii(k) tends to zero with 1/k. By §3 (3) we have for a 
suitable positive constant B, 




_ poat-i 0 - + 


■£ 


i+s (v + !)• 


■ dv. 


It is easily seen that each term on the right approaches zero with 1/k 
since 

4(1 + 5) ^ , 

(2 + 5)- ■ 


That is, Ii(k) also tends to zero. Hence taking account of (3) and (4) 
we have (1). 

To illustrate the theorem take f(x) = (x + 1)~\ so that a{t) = 1 
for i > 1 and a{t) = 0 for i < 1. Then by use of (2) we have 

u(x + in~y^. »--«). 


The right-hand side clearly approaches zero with 1/k for any positive t 
not unity since 

4i < (< + 1)' (t ^ 1); 

but for f = 1 it is equal to unity for all k. Since a{t) is continuous 
except at i = 1 where it has a unit jump, the theorem is verified in this 
special case. 


12. The Variation of a{t) 

We now wish to obtain a formula which will express the variation of 
a{t) in terms of /(.t) and its derivatives. The result is expressed in the 
follovdng theorem. 

Theorem 12. If a{t) ha^ variation V{R) in the interval 0 ^ t ^ R 
and if the integral 



da({) 
X 4- t 


lim [ |Li,,[/(a:)]ldt = V{R) - 7(0 -b). 

A— »oo •'0 


converges then 
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Jt IS ‘tifiiciciit topro\c lhethfornnnith<»(0+) “ o(0) •» I (04-) “ 0 
I^l S srd ^ be any tT\o pctfrtnpimmbrft ft < S Set 




Then 


I'lUiJU)) tits I" hiJM) 


“ A(t) + m 


\\ e «cc at once tint 

Bt Theorem lOa the nght hand «ide of tliw inequalitj approaches 1 (It) 
oa il becomes uiGnite fo that 


S i(ft) 


On the other hand Ij equation {10 (3) 

- -«./* - .(S) * 

If 0 g u S /? the mxairaum of the function y*{u + y) ** eon iJctcil 
as a function of y occurs out'idc the lutmal ? S y < •:, and u 
dernatne with re<poct to y wnegatjn throughout that mtenal lienee 

Then procntJing as in Section JO wc Ime 

/,«) £ * jT «(») - «(S) I (1^^ 

But “infe It < S the nglil hand mrmlnr clmrb tends to it ro a* Jr 
becomes infinite Hence 

(1) jm ^ dl S r(B) 


Now fCl 


a*{f) ** Lt til/tz)Jdu 


(0Sf< *) 
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li U , ti , • • ■ ,tn form a subdivision of (0 ^ ^ i2) we have 


S I ai{U+i) - aiiU) I ^ f I i 

1=0 •'0 


and allowing k to become infinite and using Theorem 10a 


Z) I a(fi+i) - «(0 1 ^ Um f I I du. 

t=0 »co •'0 


The left-hand side can be brought as near to V {R) as desired by choice 
of the points U . Hence 

(2) V{R) ^ Ijm f " I Li. J/(a:)] | du. 

A . -^00 •'0 

Combining (1) and (2), the theorem is established. 

Corollary 12. 7/7(a>) < co, then 

7(oo) - 7(0+) = lim [ \Lafix)]\dt. 
i—M Jq 


The proof is the same as that of Corollary 10, Chapter VII, and is 
omitted. 


13. A General Representation Theorem 

Following the analogy with Section 11 of the previous chapter we 
should expect that for a very large class of functions /(a:) we should have 


to 

A ,— *00 •'0 "l i 


dt — f{x). 


This is in fact the case. It is sufficient that/(a:) should have derivatives 
of all orders and that these derivatives behave in a specified way at 
X = 0 and at x = oo . 

Theorem 13. If fix) has derivatives of all orders inO < x < oo which 
satisfy the conditions 

(1) /''’(x) = o(x“^~') ix 0+, A: = 0, 1, 2, . . . ), 

= oix~^) oo, A: = 0, 1, 2, ... ), 

then 


lim fhAm 

A— »oo »'0+ 2/ t 


dt = fix) 


(0 < a: < oo). 

t 
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Set j;{0 — {i + 0”* Then for a fixed positu c x 

(2) p"’«)*0(J) a-»0+,fc = 0 1, ) 

*0{r*"‘) («— 00,1=0 1, ) 

Consequently 

i/ either integral exists For when ire integrate by parts the integrated 
part IS of the form 

= (P = l,2 ,i), 

iihere the a, are constants B> (I) each teiro in the summation u 
as < — » 0+ and is oil*) asl -* » Hence bj (2) 

[(• - «<i) (1 ^ o+, ( -. « ) 

This establishes (3) on the assumption that either integral exists Nov 
integrate the ngbt hand member of (3) bi parts The integrated part 
has the form 

- (p - 0 1 , ) - 2) 

irhere the b, are constants Again using (1) and (2) we see that 

' '’W = o(I) (f ”) 

= o(t*) ((-►O-f-} 

Hence 


if either integral exists But the integral on the nghVhand side is 

and it IS clear from (I) that this mtegral com erges absolutely for large!: 
Hence 


(4) 


r u,i/M] ,, _ (21 ~ j)t 

A+ x + t tUt-2)» 


r 


(Z + O’* 


mdi 
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By Theorem 8c the right-hand side of this equation tends to f{x) as k 
becomes infinite, so that the proof is complete. 

Corollary 13. Under the hypotheses of Theorem 13 

>00 "0+ "f“ 0 

For, take g{x) = (a: -|- t)~^. Then relations (2) are satisfied a fortiori 
so that 

r = (-!)«) r 

Jo+ Jo 

This equation is obtained from the above calculations by one less inte- 
gration by parts. But by Euler’s theorem employed earlier 

^ ^ _± i"'~' 

dt x’‘~^(x + dx x^~^(x -]- 0 *"^^ 




al-2 A+1 

\k-2 O t 


^ ~ *• 

etk-2 xk-i(x -t- i)‘+2 ^ ’ 3x^-2 (X + <)'=+■- 

_(2A:-1)! t’‘^^ 

(fc-b 1)! (x + <)'*■ 


Hence 


r uAfjx)] 

Jo+ (x + ty ' 


^ (2fc-l)! f 

k\(k - 2 )! Jo 


{ 2 k-i)\ r x'-"7‘+‘ 


k\{k-2)lJo {x + t)^ 


fit) dt. 


By Theorem 8c the right-hand integral approaches —f'(x) as k becomes 
infinite, and the corollary is established. 


14. Order Conditions 

It will sometimes be convenient to replace condition 13 (1) by others 
of somewhat different type. We introduce the latter in the present 
section. We assume throughout that/(x) is a function which has de- 
rivatives of all orders in the interval (0 < x < oo). 

Lemma 14. If for a fixed positive integer k 

(1) = ocn (i-^o-f), 

then 
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For if 0 < * < jntegralioo parts gives 

/_' 

-(2J1 + I)/ il« 

By (1) the second term on the right approaches zero inth i and the 
integral 

j(' «“/»-"{«) iu 

exists Hence 

£ iu - - (21 ^-l)f >I» 

Again using (1) ne see that both tenns on the nght are as t 

approaches zero so that the desired result is proved 

Tkeoreu 14« // tAe tnfejirab 

(2) (*.-1,2 ) 

all estsl, then Oure ts a omstant A tueh that 

(z^0+,l-0,l,2, ) 

Taking A 1 in (2) tve see that os z approaches zero the function 
zf{,x) approaches a lumt ntuch we denote bj A In particular /(z) = 
0(z *) as I approaches zero B e proceed mduction and assume that 

(3) /'’<!) = 0(i~^') (i — 0+ , p = 0 I ,1.-1) 

and seek to prove (3) for p = A By (2) with A replaced b} A + 1 it 
IS clear that 


Hence 

- 0(1) 

(X 0+) 


1 !«”*y’(»)i”Y» - o(z) 

(1^0+) 

Also 

approaches a limit ^ as z approaches 

zero Hence 


[i"+'/'"(j)l» ” - = 0(1) 

(1^0+) 
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By successive integrations we obtain 

r ^ pj^(a.) _|. o(a;'-+^) (x 0+), 

Jo 

where Ph{x) is a polynomial of degree k at most. By Lemma 14 this 
integral is itself 0(a:*'*'*) so that 

Pu{x) = 0(a:"+') {x 0+). 

But this is impossible unless PiiiP) is identically zero. But in the 
course of the above integrations we had at one stage 

= PI(x) + 0(x’') {x — >0+). 

Hence 

= 0(x-'-*) (x -> 0+), 

and the induction is complete. By Theorem 4.4 of Chapter V we n.ow 
have 

(-l)Y^>(x)~^’ (X-.0+), 


and the theorem is established. 
This result enables us to prove: 
Theorem 146. If 


(4) 

r LMx)]dt = 0(x) 

Jo + 

(x-> oo;/b = 1, 2, ...), 

then 



(5) 


(x — > 0+ ; fc = 0, 1, 2, • • • ) 

(6) 

f^\x) = 0(x-‘) 

(x CO ; fc = 0, 1, 2, • • • )^ 

where 



A = lim xf{x). 

®--» 0 + 

Hypothesis (4) implies the existence of the integrals (2) so that (5) 
follows from Theorem 14a. On the other hand the relation 


(x — > oo) 
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itQphes that 

(7) - OW 

»“ V® “W » 0(i‘) 

from which (6) is e\adent 

16 General Representation Theorems 
Bj use of the results of the prevwus sectcon we can now modifj the 
form of Theorem 13 as follows 
Theorem 15 // 

(1) = ), 

and =0 then 

(2) + d (,>0), 

«A«re 

A « lim j/(i) 

The enstence of the constant A is assured by Theorem 146 Set 
q(x) “ f(x) - ~ 

Then by Theorem 145 and the hypothesis /(«) * 0 we have 

=■ (x -♦ 0+ , A e 0, 1, ) 

= o(t“*) (r — ♦ w , fc = 0, 1, ) 

Consequently we may apply Theorem 13 to p(s) Since 

we have (2) at once 
Corollary 15 I // 

(3) ub ll<tj/(x)l| < ® (A»l,2 ), 

and «//(«>) = 0, then (2) holds 

For, it IS clear that (3) implies (1) 

Corollary 152 If /gr some ttsudbet p $ 1 

(4) » (1-1,2 ), 

then (2) holds 
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For, if p = 1, then 

fl [«/(«)]'!*< “ 

Jo 

so that/(«>) = 0. Moreover for p = 1, relation (4) clearly implies (1). 
If p > 1 we have by Holder’s inequality 

r* r "|Wp 

I |Lu[/U)]!df^ I \LMxWdtj 

This imphes (1). In particular for A: == 1 it gives 

x/(x) = (*->“), 

whence /(w) = 0. Hence the result is established. 


16. The Function ci{l) of Bounded Variation 

We are now in a position to study what functions are Stieltjes trans- 
forms. We treat first the case in which a{t) is of bounded variation in 
(0, 00 ). We introduce: 

Definition 16. A function f(x) satisfies Conditions A if it has deriva- 
tives of all orders in (0 < x < <» ) and if there exists a constant M such that 

(1) f ” I LUfix)] \dt<M (/^ = 1, 2, . . . ) . 

Jo 

We observe that (1) is equivalent to 

f 1 I dt < Mk\(k - 2) ! (fc = 1, 2, . . . ), 

Jo 

or to 

[ 1 I dt < Mkl(k - 2) ! (A; = 1, 2, . . .). 

Jo 

As an example, the function /(x) = (x -f 1)“^ satisfies Conditions A. 
For, in this case the left-hand side of (1) becomes {k — 1)/A: and M 
may be taken equal to unity. 

Theorem 16. A necessary and sufiicient condition that 


(2) = r ^ 

Jo x-\- t 

mth a{t) of hounded variation in (0, oo) is that fix) should satisfy Condi- 
tions A. 

We showed earlier that if (2) converges then 


Luifix)] 


i2k - 1 )! r 

k\ik-2)\io 


daiu) 
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Hence 

provided the iterated integral <ai the nght exists It clearly does under 
our hjpotheses and has the ralue 

Hence ne maj take the total variation of a(t) as the constant M of our 
theorem 

Conversely if (1) holds then Corollarj 152 with p = 1 gives 

m - Ira r * -1- £ (i > 0) 

A -• lim 2/(2) 

t—** 

Each function 

(3) «.(()=■ I' (i-12 ) 


clearly has total variation less than it by (1) tVe may consequently 
apply Theorem 1C 3 of Chapter 1 and obtain a sequence a* (t) selected 
from the sequence (3) which approaches a function a(C) of bounded 
variation in (0 Hence 

m - iTOjf + j (•> w 


Integrating by parts and applying Lebe«igues limit theorem 
after a second integration by parts 




have 


Since the term A/x is it«elf an integral (2) with «f£) a step-function dis- 
continuous only at the ongm our result is established 
CoKOLURi 16 // /(2) saltsjies Condtltoru A then 

(4) 

easts 

For, by Theorem 10 equation (2) kdds with the total variation of a(0 
finite Then by Corollary 12 we obtain the existence of the hrmt (4) 
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17. The Function a{t) Non-decreasing and Bounded 

For a{t) to be non-decreasing the basic condition is that LkASi^)] = 0 
as one would expect from analogy with the previous chapter. For a{t) 
to be also bounded we need a further condition on the behavior of fix) 
at infinity. We prove first two preliminary theorems.* 

Theorem 17a. If 

(1) ^0 (/c = 1, 2, . . . ; 0 < a: < oo), 

and if 

(2) lim xf{x) = B, 

z— *00 

then 

(3) (x->«>;fc = 0,l,2,...). 

It is evident that inequalities (1) are equivalent to 

U.iU(sc)]^0 (^- = 1, 2, ... ;0 < i < CO). 

Integrating (1) from 1 to a: we have 

^ 0(1) (x-^ ~). 

Repeating the operation sufficiently often gives us 
(-l)'-'-'[x“~‘/''-“(x)] ^ 0(x'"') 

(4) {-lf-Y'‘-^\x) ^ 0{x~’^) (x->=o). 

Take k = 3 in (4). This condition with (2) enables us to apply Corol- 
lary 4.4a of Chapter V. The conclusion is (3) with /j = 1. Then step 
by step we obtain (3) generally. 

Theorem 17fi. If f{x) is non-negative for ■positive x and if 

(5) {-lf-\xYx)r~'' 10 (0 < X < <» ; jfc =r 1, 2, . . . ), 

then xf{x) has a limit A as x approaches zero and 

(6) /(x) ~(-l)*^; (a;_>0-f;/c = 0, 1,2, ...). 

Inequalities (5) are clearly equivalent to (1). By (5) with k = 1 
we see that xf{x) is non-decreasing. Since it is also non-negative the 
existence of A is assured. It is no restriction to suppose that A is zero. 

*lhese two theorems are special cases of a much more general theorem of 
R. P. Boas [1937], Theorem 2, p. 643. 
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For, clearly the function g(z) ~ f(x) — Ax"' also satisfies (5) If we 
can show that 

(7) j>“W - 0 ( 1 -*-') 0+, 1 - 0 1 2 ) 

it Will follow that (6) also holds 

We use induction Suppose that (7) with g(c) replaced by /(z) holds 
forA; = 012 ,p — 1 Then 

(8) “ = o(z) (Z-.0+) 

By (5) 

SO (0 < z < ») 

That 13 «s non-decreastng It ts consequentlj 

bounded above m (0 < ar ^ 1) or (— is bounded below 
Repetition of this reasoning shows that is bounded below 

That IS 

^ 0(1) (z-^0+) 

Then aforhon 

(B) l»”VW) S 0(1 ') (1^0+) 

Using (8) and (9) we may apply Theorem 4 4 of Chapter V and obtain 
(i’*'/(x)|W . 0 ( 1 ) ( 1 ^ 0 +) 

If we expand by Leibniz s rule ive obtain by use of (7) with I < p 
j'”/' (z) = o(l) (r “► Q+) 

and the induction is complete 

We are now in a position to prove the mam result of the section 
Theorem 17c Necessary and sufficient conditions that 

(10) Jiz) - C 

utlh ait) non-decreasing and bounded are that 

/(X) ^ 0 

(11) (-1)‘ V/(x)J”"'” so (Q<r<«fc*12 ) 

and that xj{t) should approach a hmU B as x becomes infinite 
\\ e prove first the necessity these conditions It is clear from (10) 
that fix) cannot be negative for positive x and that if a(Q) *= 0 
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Moreover, 

= (2fc - 1)! jf dc.{i) (fc = 1, 2, . . .), 

so that (11) is also evident. 

To prove the converse we employ Theorem 16. By (1) Conditions A 
become 

(12) r dt<M (fc = 1, 2. . . . ). 

/c!(/c ^ Z)\ Jo 

But by use of Theorems 17a and 175 it is a simple matter to compute 
this integral. The left-hand side of (12) is seen to be 

^ 

where A and B are the constants defined in Theorems 17a and 175' 
Taking M = B - A, we see that Conditions A are satisfied. Hence 
/(x) has representations (10) rvith a(t) of bounded variation in (0, «>). 
By Theorem 10a 

ait) — a(0-]-) = lim [ Lk,u[f(x)] du, 

^-*oe Jo 

f 

so that ait) is the limit of non-decreasing functions and hence is itself 
non-decreasing. Finally, ait) is bounded since it is of finite tota^ 
variation. In fact 

a(oo) — a(O-t-) = lim [ Lulfix)]dt, 

k—*oo Jo 

as we saw in Corollary 16. 

18. The Function ait) Non-decreasing and Unbounded 

We wish to treat next the case in which a(i) may increase without 
limit. We show first that if L*:.j[/(x)] is non-negative for all h and t 
then fix) necessarily approaches a limit as x becomes infinite. 

Theorem 18a. If 

(-l)*-‘[x““y“-”(x)]^*> ^0 (fc = 1, 2, . . . ; 0 < X < oo), 

then f ice) exists. 

Our hypothesis is the same as §17 (1). Since §17 (4) was proved 
without use of §1/ (2) we see that §17 (4) holds under our present 
hypotheses. In particular 

fix) < ^ (1 ^ X < oo) 
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for some constant M If I < i < y we have bj mtegraling (1) 

* V 
and 

nro/(j/) + ^ 

Jsow letting X become infinite 

so that/(«) cither exists or is — «o The Utter case is impossible since 
§17 (4) for A: *a 1 giv es 

Ax)>o(‘) (X-..) 

whence 

Ijm/f*) £ 0 

This completes the proof of the theorem 

Treorek 18J The com/Uwns 

(if) m a 0 

(3) S 0 (0<x<«fc-l,2 ) 

arc necessary and sn^cicnt Ikal /(z) should haie the form 

tchere a{f) is non-decrtasing and P ts a non-negaltve conslanl 
The necessit) of the conditions is evident 

To prove the sufficiency we observe Hiat by Theorem 176 there exists 
a constant A nich that 

(4) (I-.0+ 1-0 1,2 ) 

By Theorem 18a we see that /(«>) exists Set it equal to By |17 (4) 

and Theorem 4 4 of Chapter ^ we have 

/'“(Z) C{X-*) 


<z— »,* = !, 2 ) 
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Thus it is clear that the function 

9 (x)=f(x)-^-E 

satisfies all the conditions of Theorem 13, so that 

ita f di = JW 

t— *00 *'0 *4“ t 


{0 < X < «>), 


or 

(5) 

Now set 


lim f 

k-*oo 


di = Six) - E. 
x + i ■' X 


m - f 


du. 


By (2) and (3) the integrand is non-negative so that 

0,(1) g 

Jo -f 1 

This integral converges by Theorem 13. But by §13 (4) 


( 6 ) 




By (4) the function uf(u) is bounded in the neighborhood of the origin. 
And since /( 00 ) exists, f(u) is bounded in the neighborhood of infinity. 
Hence there exists a positive constant M such that 

f(u) ^ M(u-^ -M) (0 < M < co), 

and making use of this in (6) we have 

Mt) ^ Ar(n- < 2M (0 ^ i< oo). 

Since the 0/i(i) form a uniformly bounded sequence of non-decreasing 
functions, we may pick a subsequence, which approaches a non- 
decreasing function 0(t) by Helly’s theorem. 

Now consider the integral 
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By (5) it approaches J(x) — Ax~‘ — E as i becomes infinite On the 
other hand if we integrate by parts we have 




A (0 
[x + ty" 


Since the functiona (?* (0 are unrfonnly bounded we may take the hunt 
under the sign and obtain 
A 


m - ' 


T.di 


m 


^ (X 4- iy 


oil) - j( <” + ')<!«(“) (0 S ( < »), 

0 that o(0 IS noQ-decreasmg Integrating (8) by parts giv'es 

/M - ^ - B - /(l) - rt-) + I' 




' * da[l) 
x + t 


Since IS a non-decreasing function it is clear that |8(«) ^ /(I) 
B> (2) the constants A and E cannot be negative so that 

. A rMO 

I JQ X + t' 


lix) = P + 


where 

P = /(I) - ^(«») + E 6 0 

By adding a step-function »7th a positive jump A to a(0 the fermdr 
may be absorbed into the integral and our theorem is established 

19 The Class l/,p>l 

We next treat the case of representation in the form 




* + < 


where ^{t) is a function of X/' ^ > 1) m (0 w) That is 
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Definition 19. A function f{x) satisfies Conditions B if it has deriva- 
tives of all orders in (0 < x < «> ), if 

(1) lim xfix) = 0, 

1 — 0 + 


and if there exist constants M and p (p > 1) such that 


(2) 

r\LMxWdt<M 

Jo 

(fc = 1, 2, • . 


The relations (2) 

are equivalent to 




cl [ 1 \’’dt<M 

Jq 

(k = 1,2,. 


or to 





cl. f 1 \^dt<M 

Jo 

{k = 1,2,. 


where 





1 

jfc!(A:-2)! 

(k = 2,3,. 



Cl = 1. 




As an example, the function log (1 + x“*) satisfies Conditions B for 
any p greater than unity. This could be shown directly by computing 
the integral (2), but the computations are somewhat long. The fact 
will follow from 

Theorem 19o. Conditions B are necessary and sufficient that 


(3) 

fix) - f '^f dt. 


Jo X + t ’ 

where 


(4) 

[ 1 <p(i) \'’ dt < CO. 

Jo 


We first prove the necessity of the conditions. We assume then that 
relations (3) and (4) are true. But 

lim x/C-x) = a(0+), 

1 — 0 + 



where 



THE STIELTJES TRANSPORAI 


370 


[Ch a III 


That IS, ^^e have estabhshed (1) FurtViermore, direct computation 
giios 


L, ,I/b)l - i i"' [ pM -i“ (1-1,2, ), 

here 

d, = 12i - l)ict 

hese integrals converge absolutely since Holder's inequahtj 


>+'-1 

p « 


Furthermore, for i « 2, 3, , tve ha\e by Holder's mequahtj 

I' I U ,1/(«)1 r * £ <11 [ I p(») i’ <!» 


For K ^ i theabose argument faib since m that csise the second integral 
on the right-hand side of (5) diverges In this case «e make use of an 
uiequality of Hilbert * it states that if K(t, u) b positive and homo- 
geneous of degree —1, then 

K(I,a)|p(»)|d»]’ i [jC Kil. jT'lpMI’dB 

if the integrals on the right exist We have 

Take 


Jv(^ W) = T 


•See for example G JI Hirdj.J P Littleaood and G Pdlja (1934) p 229 
Theorem 319 
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Set 


•'0 


r ^ 

Jo r(2) 


Then 

riLUf(x)]\’’dt ^ f 

Jo Jo 

If M is taken as the integral (4) or times that integral, whichever is 
larger, (2) clearly holds. 

Conversely, if Conditions B hold we have 

IJ I LUf(x)] I dt S [j[" 1 LMx)] r d<] 

(7) ^ 

f LuAfix)] dt = 0{x) (a; CO ; = 1, 2, . . .). 

Jo 

Then by (1) and Theorem 14b 

(8) f\x) = o{x-’‘-^) (x 0+ ; = 0, 1, . . . ), 

(9) f\x) - 0(x-‘) (a: CO ; = 0, 1, . . . ). 

By (7) with A: = 1 we have 

[ [tf(t)y di = oix^'^) (x-^oo), 

Jo 

whence 

f(x) = O(x~‘'0 (x co), 

/(co) = 0. 

Hence (9) implies 

/'^’(x) = o(x~'') (x — s- CO ; A: = 0, 1, . . . ). 

By use of (8) and (9) we are now able to apply Theorem 13 to obtain 

(10) /(a:) = lim 

*-.00 ao X -f- 1 

Inequality (2) enables us to apply Theorem 17a of Chapter I. There 
exists by virtue of that theorem a set of positive integers ki , kz , • ■ ■ and 
a function <p(t) of class in (0, oo ) such that 


i— *00 vO ^ ^ 



<p{t) 
X + i 


dt, 



372 


THE STIELTJES TRANSFORM 


{Cb \III 


or by (10) 

This completes the proof of the theorem 

\\ e now see easily that log (1 + x ’) satisfies Conditions B For 

so that the corresponding fiiDction «»(/) belongs to L* for anj p 
THXoni,M 19b f/ ^(a) lais the rtpresentatwin (3) (4) then 

(11) im » jJ* MO r* 

For by (6) 

( 12 ) 

By Fatoua lemma* 

(13) 

Or, we may use Theorem 17a of Chapter I Inequalities (12) and (13) 
imply equation (11) 

20 The Function ^(0 Bounded 

M e now consider representation m the form §19 (S) 'Mthv{t) bounded 
DcriMTiov 20 A funclton f(x) satisfies Condthonr C if it has dema 
tnes of oti orders »n (0 < x < ») if 

(1) Iim xfl.x) =* 0 

(2) lim/{i) - 0, 
and if there fusts a constant V swfA that 

(3) \Lt<lf(.x)]i< V (0<t<»,fc = 23 ) 

\\ e shall prove that Conditions C are necessary and sufficient for the 

representation m question But first we wish to call attention to the 
contrast between them and Conditions C of Chapter VII The mam 
difference is that k — la e'schided from the inequalities (3) Equation 
(2) might be thought of as replaemg it To see the reason for this 

* See for example E C TitehiasMh 0982J p 346 
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change we look at what becomes of Conditions B as p becomes infinite. 
We had §19 (6) for A; = 2, 3, ■ ■ • and 

(4) r I LUf(x)] r r I <pM !" du 

Jo Jo 

If we allow p to become infinite in §19 (6) we do indeed obtain (3) where 
M is an upper bound of | ^(u) |. But this fails in (4) since r clearly 
becomes infinite with p. 

Theorem 20a. Conditions C are necessary and sufficient that 


(5) 



X + t 


dt, 


with (p{t) hounded in (0, oo). 

The conditions are necessar 3 ^ For, if | ip{t) | < M for (0 < i < «), 
then 


<M (0 < A < oo;A; = 2, 3, •••), 

so that (3) holds. Also 


lim 


lim [ 

x—*eo •'0 


r r dt = 0 

Jo X + t «-* 0 + Jo 
dt = 0, 


0+ Jo X t 

<pit) 

'o X + t' 


so that (1) and (2) also hold. 
Conversely, (3) clearly implies 


(7) [ Li.,,[f(x)] dt = 0(x) 

Jo 


(x 00 ; fc = 2, '3, •••)• 


From (1) and (2) we have for A: = 1 

j[ LMx)\dt = jf imYdt = x/(x) = o(x) (x^ oo), 

so that (7) also holds for A: = 1. Then by Theorem lib, using (1) and 
(2) M^e have 

f"\x) = o(x"‘~') (x 0+ ; A; = 0, 1, . . . ) 
= o(x"") (a;-^ oo; A: = 0, 1, ...). 
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Then by Corollary 13 


Iim j 


(* + 0 * 






Furthermore bj Theorem 176 <rf Chapter I we see that (3) guarantees 
the existence of a subset A of the positive integers and s bounded 
function if>{l) such that 




Now let 0 < 2 < y and integrate this equation from * to y Since 
the mtegral on the nght is umfonnlj convei^ent for x S A > 0 we haie 


Smce/<«i) 


« 0 bj hjiiothesis we hate for any fixed x 


v(0 


(* + t)(y + <) 


^/(x) 

y 


The function v.(t) is bounded so that for any fixed x 


y(l) 
* + < 


KO 


(y-* ») 




Consequently v e are in a position to apply Theorem 5o of Chapter \ 
The conclusion is that 


and our result is established 

Theorem 20fa // f{z) has the reprcjentetion (5) mth <*(0 bounded 
then 


lim u b \Lit I *= true max 1 «?(0 i 
- »<»<■• *s <• 

The proof is similar to that of Theorem lCf> Chapter \ II 


21 The Class L 

If p IS =et equal to unity in Conditions B they become essentially 
Conditions A Hence it is evident that Theorem 19a is no longer 
I sUd R i<?a jp — J T<? di'veiss nepneseotatioB la the /otki §l 9 (3) with 
<p(f) of class L rve introduce 

Defimtiok 21 A /unction /(i) satires Cortdiltons D^tt has den a 
lues oj dll orders tn {0 < i < «) and tf 
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( 1 ) 

( 2 ) 

(3) 


[ \Li,i[f(x)]\dt <00 (fc = 1, 2, 

Jo 

lim f [ Lu,,[f(x)] — Li.tlf(x)]dt = 0 




lim xf(x) = 0. 

z-*0+ 


The essential meaning of these conditions is that Lk,t[f{x)] converges 
in the mean (exponent unity) as k becomes infinite. 

Theorem 21. Conditions D are necessary and sufficient that 

(4) 

Jo X t 

where 


(5) 


[ 1 <p(i} \di < CO 

Jo 


For the necessity of the conditions, assume (4) and (5). As we have 
seen several times before 


lim [ dt = lim f <p(t) dt = 0, 

*-* 0 + Jo X t !t— 0 + Jo 


so that (3) is established. Also 


1 \L,Am\dt^d,l dtl ^^_^^^^\^{u)\du 

(* = 1, 2, . 


where di = 1 and 



^ (2A;-1)! 

* fc!(A;-2)! 

{k = 2, 3, . 



Then by Fubini’s theorem 


I \LMx)]\dt^d,j^ ^p^,dt 

^ [ \(p{u)\du (A: = 1, 2, • . 

Jo 

so that (1) is proved. Next we have 

-flO — 1 I 

I — <p(t) I < di ^ ^^21 I ~ I du 

r u'‘ 

- 1 I ~ I 
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Hence 

(6) jf’ 1 1 , .[/Mi - pW 1*5*1" «(“) * 

where 

ff (m) = I p(to) — AO ' 

But we saw jn Lemma 17 of Chapter \ II that tends to zero as u 
approaches unity and that there exists a constant M for which 

|p(«)| <3 /(b-‘ + I) (0<a<«) 

Hence by Theorem 8c the nght-hand «tdc of (6) tends to zero with 
1/A. Therefore L* ({/(*)) converges in the mean to on (0 «) «o 
that (2) IS established 

Conterstb the assumption (2) implies the existence of s function 
^(t) of class L such that 

(7) Um^'ll,.|/MI-»<()|*-0 

(8) ]im |*|i,.l/(i)|l* » j[* 


As in Section 17, Chapter \ II we see bj use of Theorem 16 tliat 


/M-i" 


d«(t) 
i + f' 


where aft) is a normalized function of bounded \anation in (0 ») 
But 

|j[' i*.[/(r)]dt - jJ" ^ |L*,[/(z)} - AOldl 

(0<«<«=A=12 ) 

or by (7) 

Im I’ t. ,,(1) dl 


But by Theorem 10a 


lun j 


Lk.\f{x)]dl = o(u> - a(0+) 
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By (3) we see that a:(0+) = 0, so that 

a{u) = / <p{i)dt, 

Jo 

from which (4) follows at once. 

Corollary 21. If fix) has the representation (4) (5) then 

lim f I Lulfix)] Idt = f I (p(t) I di. 
j,-*M Jo Jo 

This follows by Fatou’s lemma as in Section 19 or directly from (8) 


22. The Function a(i) of Bounded Variation in Every Finite Interval 

We wish to conclude our discussion of representation theory with an 
extension of Theorem 16 to the case in which a(t) is no longer restricted 
to be of bounded variation in the infinite interval. We introduce a new 
differential operator corresponding to the kernel (x + t)~^. 

Definition 22. The operators are defined by the equations 

MMx)] = tfit) 

(fc = 2, 3, . . . ) 

It is easily seen that Mi^tlfix)] is a linear differential operator that 
annuls the 2k — 2 linearly independent functions 

x~’’ ip = k, k - 1, d, 2) 

(p = 0, 1, . . . , A: - 2). 

it 0+; n = 0, 1, • • •) 
(f-^ oo;7i = 0, 1, ...), 

^3) lim / ^pj^di=fix) 

K-^fo •'0 (iC “1“ 

To prove this we return to equation §13 (3) and observe that in its 
derivation we used the full force of §13 (1) only in the first integration 
by parts. In the remaining ones (1) and (2) are clearly sufficient. 
Hence 


Theorem 22a. If 
( 1 ) 

(2) 

then 


f’'\t) = oit-”-^) 
= o(r") 


r” M. 


/ [t^-Y’^-'\t)f-^'g'it)dt 

Jo+ 


(_1)I 

JO 
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Consequently, instead of 513 (4) we haire 


<s + 0’ 


(2fc - 1)1 r 
kf[k-2)lJ, 


[x + 1 )“ 


fiDdt, 


and we saw m Section 13 that the integral on the nght tends to f(x) 
as k becomes infinite, so that our result is established 
\Ve prove next a representation theorem for the kernel [x 4- t)~* 
T^eokem 226 A necessary and euj^icient condition that 

where is bounded, ts that there should exist a constant N such that 

(5) I ilf* i[/(*)l I < AT (0<i<w,fc = 1.2, > 


To prove the necessity we have, assuming (4), 

U/I.I/W11S ub I KOI— (1 = 2,3, ) 

(«<•<-) * 

{M,AS(t)]\< ub («.(t)l 


Hence (5) is established, N being any upper bound of 1 1»(0 | 
Convereely, if (5) holds, then it is dear that |14 (7) holds afortion 
in the present case from which <2) is evident It is also clear that 

/(l)-o(i) (1-0+) 

Use induction, assuming that 

(6) /'■’«)“ 0 (, -Si) <1 — 0+,n-0, 1,2, ,21-2) 

Since 

(T) - 0(1) (l-*0+) 


it IS clear by integration that no also have 

(S) = 0(J) (i-»0+) 

Then from (6) and (8) we see that (6) also holds for n = 2i. — I Finally 
using (7) we see that (6) also holds for n *= 2i., «o that the relation (6) 
holds for all integers n But clearly f/it) approaches zero with t, so 
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that (1) holds by Theorem 4.4 of Chapter V. Hence Theorem 22a is 
applicable and (3) holds. The proof of the theorem is now concluded 
in a familiar way by use of Theorem 17h of Chapter I. We call atten- 
tion to the contrast between the present theorem and Theorem 20o by 
reason of the absence of any conditions of type §20 (1) and §20 (2). 
This difference results from the fact that the present kernel, (x -f 
belongs to L on (0, «> ) as a function of t, whereas (x -f does not. 

We now prove a representation theorem in which Lk.tlfix)] rather 
than Mk,t[S{^)] appears. 

Theorem 22c. A necessary and sufficient condition that fix) should 
have the representation (4), with ^(<) bounded and satisfying 

(9) [ (fliu) du At il—>- 0-}-) 

Jo 

for some constant A, is that 

(10) f I//.-,„[/(x)] du < N (0 < f < CO ; k = 1 2, • • . ) 

1 •' 0 + 

for some constant N. 

If fix) is given by (4), then 

By Corollary 2a of Chapter V we see, using (9), that 

(x-0+;J, = 0,l,2,...) 

But this shows that 

(11) t UMx)]du = MMx)] - (-1)^-* (^-^) A 

Jo+- \ \ k ^ 

(fc = 2, 3, ...) 

(12) f LiJfix)]du = Mulf(x)] - A. 

Jo+ 

By Theorem 22h the right-hand sides of equations (11) and (12) are 
bounded uniformly in k and t, so that the necessity of conditions (10) 
is established. 

On the other hand if (10) holds then the integrals §14 (2) exist, and 
by Theorem 14a there exists a constant A such that 

(-«*/“« ~§; 


(x-^0+;k = 0, 1, 2, ...) 
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Hence (11) and (12) are again correct equations and (10) implies (5) 
B> Theorem 22& /(i) has the representation (4) with viO bounded 
It remains onij to establish (9) Tins follows from 

(1-^0+) 

and the boundedness of v(0 by use of Theorem 56 of Chapter \ 

'V\e can non pro^e the mam result of this section 
Theorem 22d A necessary and tufficunl amdtUon that 

inhere «(0 is a normalized Junction oj hounded fartaiion in nery finite 
interval and ts hmtnded tn the trtfimU intertal ts that there should ezist a 
constant 1/ and a positive /unction iV(() »ic6 tAat 

(13) (R> 0,1 -1,2, ) 

(U) WR) (R>0,1 = 12 ) 


If f{x) has the representation described, then 

«(u)du~«(0+>l (l-rO+), 

SO that Theorem 22c is applicable and (10) or (13) follows Also 
(16) to j‘ |tii«,))|dl - vm - V(0+) 


by Theorem 12 so that the existence of N(R) is assured * 
Comer^ly, by Theorem 22c (13) implies that /(z) has the form(15) 
with a(0 bounded and 

a(a)d«~ it (t— »0+) 

Set 


nil) - [ L, .(/(J)liiu - itjjm - (-1)“ 't-jJ A 


The extsteace ot the integral (W) (or it 1 is easily established 
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Recall that 


3/a,, [/( a:)] 


(2fc - 1)1 r 

M{k -2)\ Jo 


(t + 


a{u) dll. 


Bj" Theorem 8c this integral approaches a{f) except perhaps in a set E 
of measure zero. But the variation of a^il) in (0, R) is not greater than 
N{R) (14). Hence a{i) is a normalized function of bounded varia- 
tion in (0, R) if suitably redefined. This redefinition has no effect on 
J{x) since E is of measure zero. But 



aji) fii — _ “ 

(x -H 0" a; -j- f 0 



da{i) 
a: -f- r 


The integrated term is zero since a(i) is bounded and since a(0) = 0. 
Hence the theorem is established. 


23. Operational Considerations 

It is instructive to consider our inversion operator as a linear dif- 
ferential operator of infinite order. Since a fundamental system of 
solutions of the linear differential equation 

( 1 ) = 0 

is 


(2) f(x) = a:'’ (p = -k, -k + 1, • ■ ■ , k - 2), 

we can easily set up a sj^mbolic operator which will be equivalent to 
J'l.Af]- Consider the operator 

(3) -xD ]J' fl + 

P=-A+2 \ p / 

where the prime indicates that there is no factor in the product cor- 
responding to p = 0, and where the symbol D indicates differentiation 
w ith respect to x. To apply the operator one applies the separate factors 
step by step. For example 

(l + — )/(a:) =f(x)+^. 

\ P / p 

It is easily seen that the order of application is immaterial. But 

(l + y)/(a:) 

IS zero if j{x) = x~^ . That is, the operator (3) also annuls the func- 
tions (2). Since (3) is a linear differential operator of order 2/0 -f 1 it 



382 


THE STIELTJES TRANSFORM 


(Ch vm 


1* the same as LkJJl if it has the «ame cwffiaent of the highest denva* 
tive But this coefficient in each case is ~ 2)’) Hence 

the two operators are identical 

Id our inversion of the Stieltjes transform we let h become infinite, 
so that the inversion operator is symbohcatly 

i;W- -.i>n;_(i + y)/(ri, 

or, making use of the infinite product expansion of the sine, 


(4) 


It is a familiar fact that an Euler differential equation such as (1) 
can he reduced to one with constant coefficients bj means of the trans- 
formation X ■* e‘ Thus (4) becomes 

(I -A 


where Dt indicates differentiation mth respect to l 
Let us sow use the power senes expansion of the sine instead of the 
infinite product, first setting 

310 *P | ___ j^„0, _ 

But the exponential operator is identified as the translation operator 
as follows 

e*®V(0 = + ff'(Oa + g '(<) + * fl(a -f 0 

Hence 

- e-"-" W) = 

and reierting to the lanable x 

(5) _ sin rzD ^ ~ /(xe*') 


But this 15 the complex inversioa operator §7 (5) which we obtained 
earlier Thus the infinite product expansion of the sine leads to the 
real inversion operator, the power senes expansion to the complex 
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The operator LkAfi^)] can be expressed as a product in still another 
way By considerations similar to those above we have 

tt/I 3 3 5 2k- 5 2k- 3\2k - 

~ 2\2'2'4‘4 2k - 4:' 2k - 4/2fc - 


9i 


By Wallis’s product 


-3 2k- 1 
2' 2k ■ 


2-nr 


2ft — 1 2ft + 


IT n i \ 2ft 


2ft 




we have 


( 6 ) 


L[f(x)] = lim Li,x[/(a:)] = (cos 7ra:D)('\/a:/(a:)). 


r-.M ’T's/i 


The expansion of this operator in power series gives 

■;^{coB^xD)iV^f{x)) = ^ ^ , 

and this is equivalent to (5) But the form (6) of the operator shows 
the relation of our work to certain results of Paley and Wiener.* 

24. The Iterated Stieltjes Transform 

We wish now to discuss briefly the work of R. P. Boas and the author 
on the iterated Stieltjes transform. If /(x) has the representation 

giy) 


where 


fix) = f 

Jo 

giy) = , , 

Jo i + 2/ 


'o a: + 2 / 
(pit) 


dy, 

dt, 


then one has formally 

fix) = f ^ f ^dt = f .piodt r 

Jo a: + 2/ Jo i + 2 / Jo Jo 


dy 


ix + y)it + y) 


_ r log ix/t)<pit) 


-L 


dt. 


X — t 

This is again an integral equation 

fix) = f K(x, t)(pit) dt 
Jo 

* N. Wiener [1934] pp. 41-44. 
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Tihere the kernel Ilo^^ has the fono 

K{x, t) = Pog {x/Cf^x — 


Since the equation was obtained by iteration of the Stieitjes transform 
It IS natural to suppose that two applications of the operator Lt .\J{x)] 
will solve or iniert it This is in fact the case One can show* that 


(1) 

where 


= j[" Fiix,uUiu)du, 


Fk{x , «) = 


r v^'dt 
V <z + t)«(u + {r' 


d* 


(2fe - 1)^ 


It can then be pro\ed by methods stiutlar to those of sectwn 9 that 
the integral (1) tends to ^(r) as K becomes infinite for almost all positive 
1 alues of X Starting from this fundamental inversion one may develop 
a complete theory of the iterated transfonn entire!} analogous to the 
results of the present chapter 

26. ApplicaboQ to the Laplace Transform 
tte may u<ie our inversion formula for the StieUjes transform to ob* 
tain a new inversion of the Laplace transform For suppose that 

fix) *= j[ « *V(<)df, 

w-here for definiteness let <f(JL) belong to L m (0 «), 

^ j¥<t)|iit< 


Then, by Fubini's theorem 

F{y) = e^'‘f{x)dx = e'^'^WdL 

(I) na = r 

■lo t + y 


R P Boas and D V Widder (1939] p IS 
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If we now invert the integral (1) we obtain (pit). Explicitly, we shall 
show that 

LUFiy)] = c,(-l)S/-‘ f 

Jo 


To prove this ve need 

Lemma 25. If fix) is any function of class &, then 


dx’^ 


. 1-1 Jy 


j-yf Ak) 

^k+i 



This follows successive application of Euler’s theorem for homo- 
geneous functions. Thus 



since (x/y)' ^fiy/x) is homogeneous of order zero Successive applica- 
tion of this result gives 


dx*- 


-i-i 




By’- L 


ifii 

X \x 


and if ve cany out the indicated differentiation on the right-hand side 
of this equation our result is established. 

63'- use of this result we now prove. 

Theorem 25a. If (pit) belongs to L in (0, «>) and if 

fix) = r e-^‘.pii)dt, 

Jo 

then 

® r M 

for almost all positive values of y. 

For, let us compute LK,v[Fiy)], Avhere Fiy) is defined as the Laplace 
transform of fix). We have 

( 3 ) LUFiy)] = i-l)^rW‘-'F^'-'\l/)f^ 

But 



THE STIELTJES TRANSFOKAl 


(Ca vm 


where we have set xy ^ t Usmg l.emma 25 we have 


Here weha%eagam set ay = / Thus the integral (2) is precisely equal 
to (3) By by Theorem 9 we know that as I becomes infinite 
approaches ie(y) for almost all posiine y Observe that this formula 
depends on the v alues of all the dem alives of /(i) over the whole range 

(0, CO) 

Another form of the result is obtained by appljing the operator 
Zi y to the Laplace integral directly Thus 

i.,lF(v)l - f L,,(e-"Ufe)di 


In appljing the operator to i is of course held constant If we 
make the computation, we obtain 


where 


Ptt-i(0 


- 1) ' /i) (-1)**-*-’ 

i'() -2)' w (2le - P - D' 


M e can thus establish 

Tbeoresi 25b Under the fiypol/tescs of Tkeorem 25a 


(4) = <p(y) 

for almost all positive y 

The importance of this result hes m the fact that the left hand side 
of (4) depends only on the values of /(i) m (0 « ) and not on any of 
its derivatives One could emplqy (4) to obtam a whole new senes of 
representation theorems, m which the conditions involv ed w ould depend 
only on the values of /(x) This has been done m a paper by R P 
Boas and the author (I940aJ 
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( 1 ) 


26. Solution of an Integral Equation 
We wish to solve the integral equation 

m 


/(s) = X / 


■dt. 


o+s + t 

Various methods have been used.* We follow here the procedure of 
Hardy and Titchmarsh [1929], which solves the equation under the 
least restrictive conditions. 

By Corollary 2b. 1 any solution of (1) must be analytic in the s-plane 
cut along the negative real axis. Further necessary conditions are now 
obtained. 

Lemma 26a. If f{s) satisfies (1) then 


(2) 

(3) 


fire'^) = 0 ( 1 ) 

/(re’®) = o(l/r) 


uniformly in —■k/2 ^ 6 ^ ir/2. 
Set 


/3(0 = X 

•' 0 + 1 


W 1 + w 


du 


(r — > oo) 

(r ^ 0+) 


(0 g t < w) 


Since /3(oo) = /(l) we have | /3(0 ( < ikf for some constant M. By 
§2 (3) 

’M0-/3(~)j, , r Pit) 


fis) = 


I 


(s + 0" 


[ 

Jo 


'o {s + tfi 


dt. 


For s = re’®, — ir/2 ^ d ^ ■k/2, we have | s + i ^ r^ + To an 
arbitrary positive e we can determine R so that 


Then 


|/3(«) -^(co)l < £ iR^t<^) 




^ ‘K , 2MR , Mw 

= + + 

2 r 2r 


lim|/(s)i^f, 

r-*oo A 

so that (2) is proved. By §2 (4) we see that s~y(s“') is also a solution 
of (1), from which (3) follows. 

* See J. Hyslop [1924] and E. C Titchmarsh [1937], p. 310 
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Lemm\ 26b ///(a) IS o aoluljon £>/ (1) Ihen f{xs) and are also 

solutions 

For by use of (2) and (3) vie see bj contour integration that for 
any a not on the negative real axis 

and the result is proved 

This show's by Corollary 2b 1 that /(«) is analj tic for s on the imagi 
narv axis so that /(s) i% analytic on the negative real axis That is 
analytic continuation across this line is possible in either direction and 
5 = 0 IS the only po sible singuknl} of /(«) Another consequence i« 
that (2) and (3) hold uniformly for 0 S e < 2ir 
Lemma 2Gc // f(s) ts a tafufton o/ (1) then 
14) Rre ^ + 2iftA/(r> - Rre - 0 (0 <r < «=) 

This IS an immediate consequence of Theorem 7b 
Theorem 2G For any real ponhie X l/r the only eofutions of (1) 
arc 

(5) /(») * A«- + Bs" ’ 

u.here A and B are ariifrory constants and « ts a solution of the equation 
«iii or * Xt 

hetiveenOand 1 i/X < 1/ir and mlh real part 1/2 i/X > 1/ir IfX ^ l/x 
the only soJutions are 

(6) /M^ :^^iA + ehB‘l 

First suppose that/(s) is a solution of (I) with X positive but un 
equal to l/r Define o is in the statement of the theorem Set 

(7) ¥><8) = s*{/(s) + e ’y(se ')J 

(S) ^(s) = - c "f(se ')! 

By use of (4) one sees easily that ^(rc *) * ip(r) and ^(re ’) = ^(r) 
Hence »5(j) and ^(s) are single-valu^ functions Bj (2) and (3) ne 


have 



(9) 

s?(« *) = ofr*) 

(r- 

(10) 

#>(« *) =* o(r* *) 

(r-^0+) 
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uniformly for 0 ^ ^ 2Tr, where c is a if a is real and is 1/2 if a is com- 

plex. The function >A(s) satisfies a similar relation with c replaced by 
1 - c. 

It is now easy to prove that p(s) and ^(s) are constants. We treat 
with <p(s) only. By (10) the function s^(s) is bounded in a neighborhood 
of the origin. Riemann’s theorem* it can be defined so as to be 
analytic there. That is, ^(s) has at worst a pole of the first order at 
s = 0. Since c < 1 this contradicts (10) unless (p(s) is analytic at s = 0. 

By (9) ifl(s) = 0(1 s I) as ] s ( becomes infinite. Hencef <p(s) is a 
polynomial of at most the first degree. But this contradicts (9) unless 
the degree is zero. Now replace <p(s) and i/'(s) by constants in (7) and 
(8) and solve these equations for f(s). The result is (5). 

Next suppose X = I/tt. Set 

i7rx(s) = Vs [^/(se") - f(s)] 

(11) a)(s) = Vsf(s) - x(s) log s, 

using the principal value of the logarithm. Again appeaUng to (4) with 
X = I/tt we have xC^e””") = x(^) and w(re“’'') = w(r). It is clear by 
arguments similar to those employed above that w(s) and x(s) are con- 
stants. Then (11) is precisely (6) 

It remains to show that (5) and (6) are in fact solutions of (1). If 
the real part of a lies between zero and unity 

(12) X f -^di = Xr(a)r(l - a)s-“ = 8““ = 8““, 

Jo 8 -f- c Sin ira 


so that 8 “ is a solution. Equation (12) holds if a is replaced by 1 — a, 
so that 8““^ is also a solution. To verify that (log s)/Vs is a solution 
when X = l/ir we have 



\/i (8 -]- /) TT J_w 8-1-6* 


me'^- 


i_ r idi 

2tv J-oo cosh (8 — t) /2 

i- r 

27r cosh t/2 


i r df 

27 r jL„ cosh {t/2) 


By Theorem l-7a of Chapter VI the right-hand side is equal to 8, which 
establishes the result. 


* See W F Osgood [1923], p. 310. 
t See E C TitcKmarsh [1932] p. 87 
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27 A Related Intefrai E^iiabon 

Re ma> use the above result to solve the homogeneous Laplace m 
tegral equation 

(1) /(.)-x £«—;«)* 

Clearly, i/ /(?) is a solution, then 

/(•»)= hm f /(u)du=‘0 

Consequently the integral (1) craiverges for the real part of 8 positive 
Leuua 27 ///(«) ts a solution of (1) tt is afao o solutum of 

For if 0 < A < fl we have by unifoim convergence 

- X £/(» ’' ■ ' - yrfr .i, 


Allowing B to become mfiiute we have for every positive x 


A 

t + x 


« 0 ) 


(t-») 


we may applj Theorem 3a of Chapter V to obtain 

This completes the proof of the lemma 
'RiEQKEit 27 For any real X ±v the only saluttons of (1) are 

(3) /(») = A I VT(5) a'' =b VrU -oJ s' '] 

where A is an arbitrary constant and o w o sofution of the equation 
sin va S' XV 


heficccn zero and unity if X’ < l/» and with reel part 1/2 \f X' > 1/v 
Ifh^T^^the only solutions are 

(4) K.) - A/Vi 
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and if \ = —tt the only solutions are 

By the lemma any solution of (1) must satisfy (2). By Theorem 26 
it must then have the form §26 (5) or §26 (6). Thus the proof of the 
present result becomes merely a matter of verifying that §26 (5) and 
§26 (6) satisfy (1). We have 

X f e“’'[Ar“ + Be~^]dt = XAr(l - c)s“"^ + XBr(o)s~“. 

Jo 

Hence we must have 

XAr(l — a) = B \Br(a) = A 

x=*r(a)r(i - a) = = 1. 

sm ira 

Hence /(s) is a solution of (1) if it has the form (3). 

To treat the cases X = ±7r“‘^^ we must substitute §26 (6) in (1). 
From the formula 

r(x) = r e-’"u^-^du 

Jo 

we have by differentiation 

r'(|) = -n/tt log s + Vs [ e~’‘ dt. 

Jo VT 

Hence 

and this is to be equal to As + Bs log s. That is, 

B = — XB V rf 
A = XAV^ + BXr'(l/2). 

If X = we must take B = 0, after which A is arbitrary. This 
gives (4). If X = B is arbitrary and 

2A = -B^'(l/2)7r~''^ 

That is, /(s) must have the form (5). This completes the proof of the 
theorem. 
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